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PREFACE 

The  present  elementary  text-book  embodies  the  conn 

Solid  Coordinate  Geometry  which,  for  several  years,  it  ha* 
been  part  of  my  duties  as  Lecturer  in  Mathematics  at  the 
University  of  Glasgow  to  give  to  two  classes  of  students. 

For  the  student  whose  interests  lie  in  the  direeti- :-n  1 1 
Applied  Mathematics,  the  book  aims  at  providing  a  fairly 
complete  exposition  of  the  properties  of  the  plane,  the 
straight  line,  and  the  conicoids.  It  is  also  intended  to 
furnish  him  with  a  book  of  reference  which  he  may  consult 
when  his  reading  on  Applied  Mathematics  demands  a  know- 
ledge, say.  of  the  properties  of  curves  or  of  geodesies.  At  the 
same  time  it  is  hoped  that  the  student  of  Pure  Mathematics 
may  find  here  a  suitable  introduction  to  the  larger  treatises 
on  the  subject  and  to  works  on  Differential  Geometry  and 
the  Theory  of  Surfao  a 

The  matter  has  been  arranged  so  that  the  first  ten 
chapters  contain  a  first  course  which  includes  the  properties 
of  conicoids  as  far  as  confocals.  Certain  sections  of  a  less 
elementary  character,  and  all  sections  and  examples  that 
involve  the  angle-  or  distance-formulae  for  oblique  axes 
have  been  marked  with  an  asterisk,  and  may  be  omitted. 

Chapter  XI.  has  been  devoted  to  the  discussion  of  the 
General  Equation  of  the  Second  Degree.  This  order  of 
arrangement  entails  some  repetition,  but  it  has  compensat- 
ing advantages.  The  student  who  has  studied  the  special 
forms  of  the  equation  finds  less  difficulty  and  vagueness  in 
dealing  with  the  general. 

I  have  omitted  all  account  of  Homogeneous  Ooordim 
Tangential  Equations,  and  the  method  of  Reciprocal  Polars, 
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and  have  included  sections  on  Ruled  Surfaces,  Curvilinear 
Coordinates,  Asymptotic  Lines  and  Geodesies.  It  seemed 
to  be  more  advantageous  to  make  the  student  acquainted 
with  the  new  ideas  which  these  sections  involve  than  to 
exercise  him  in  the  application  of  principles  with  which  his 
reading  in  the  geometry  of  two  dimensions  must  have  made 
him  to  some  extent  familiar. 

In  teaching  the  subject  constant  recourse  has  been  had  to 
the  treatises  of  Smith,  Frost  and  Salmon,  and  the  works  of 
Carnoy,  de  Longchamps  and  Niewenglowski  have  been 
occasionally  consulted.  My  obligations  to  these  authors, 
which  are  probably  much  greater  than  I  am  aware  of,  are 
gratefully  acknowledged.  I  am  specially  indebted  to  Resal, 
whose  methods,  given  in  his  TMorie  des  Surfaces,  I  have 
found  very  suitable  for  an  elementary  course,  and  have 
followed  in  the  work  of  the  last  two  chapters. 

The  examples  are  very  numerous.  Those  attached  to  the 
sections  are  for  the  most  part  easy  applications  of  the  theory 
or  results  of  the  section.  Many  of  these  have  been  con- 
structed to  illustrate  particular  theorems  and  others  have 
been  selected  from  university  examination  papers.  Some 
have  been  taken  from  the  collections  of  de  Longchamps, 
Koehler,  and  Mosnat,  to  whom  the  author  desires  to  acknow- 
ledge his  indebtedness. 

I  have  to  thank  Profs.  Jack  and  Gibson  for  their  kindly 
interest  and  encouragement.  Prof.  Gibson  has  read  part  of 
the  work  in  manuscript  and  all  the  proofs,  and  it  owes  much 
to  his  shrewd  criticisms  and  valuable  suggestions.  My 
colleague,  Mr.  Neil  M' Arthur,  has  read  all  the  proofs  and 
verified  nearly  all  the  examples ;  part  of  that  tedious  task 
was  performed  by  Mr.  Thomas  M.  MacRobert.  I  tender  my 
cordial  thanks  to  these  two  gentlemen  for  their  most  efficient 
help.  I  desire  also  to  thank  Messrs.  MacLehose  for  the 
excellence  of  their  printing  work. 

EOBT.  J.  T.  BELL. 

Glasgow,  September,  1910. 


PREFACE  TO  THE  SECOND   EDITION 

In  this  edition  a  few  alterations  have  been  made,  chiefly  in 
the  earlier  part  of  the  book.  One  or  two  sections  have  been 
rewritten  and  additional  figures  and  illustrative  examples 
have  been  inserted. 

E,  J.  T.  B. 

Jane,  1912. 
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CHAPTER  I. 

SYSTEMS  OF  COORDINATES.     THE  EQUATION 
TO  A  SURFACE. 

1.  Segments.  Two  segments  AB  and  CD  are  said  to 
have  the  same  direction  when  they  are  collinear  or  parallel, 
and  when  B  is  on  the  same  side  of  A  as  D  is  of  C.  If  AB 
and  CD  have  the  same  direction,  BA  and  CD  have  opposite 
directions.  If  AB  and  CD  are  of  the  same  length  and  in 
the  same  direction  they  are  said  to  be  equivalent  segments. 

2.  If  A,  B,  C,  ...  N,  P  are  any  points  on  a  straight 
line  X'OX,  and  the  convention  is  made  that  a  segment  of 
the  straight  line  is  positive  or  negative  according  as  its 
direction  is  that  of  OX  or  OX',  then  we  have  the  following 
relations : 

AB=-BA;    OA  +  AB  =  OB,     or     AB  =  OB-OA, 
or     OA  +  AB  +  BO  =  0; 
OA  +  AB  +  BC+...  NP  =  OP. 
If  xx,  x2  are  the  measures  of  OA  and  OB,  ie.  the  ratios  of 
OA  and  OB  to  any  positive  segment  of  unit  length,  L,  then 

OA  =  #1L,  OB  =  .r2L, 
and  AB  =  (x.2  —  xx)  L , 

or  the  measure  of  AB  is  x.2  —  xx . 

3.  Coordinates.  Let  X'OX,  Y'OY,  Z'OZ  be  any  three 
fixed  intersecting  lines  which  are  not  coplanar,  and  whose 
positive  directions  are  chosen  to  be  X'OX,  Y'OY,  Z'OZ  ;  and  let 
planes  through  any  point  in  space,  P,  parallel  respectively 
to  the  planes  YOZ,  ZOX,  XOY,  cut  X'X,  Y'Y,  Z'Z  in  A,  B,  C. 
(fig.  1),  then  the  position  of  P  is  known  when  the  segments 
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OA,  OB,  OC  are  given  in  magnitude  and  sign.  A  con- 
struction for  P  would  be :  cut  off  from  OX  the  segment  OA, 
draw  AN,  through  A,  equivalent  to  the  segment  OB,  and 
draw  NP,  through  N,  equivalent  to  the  segment  OC.  OA, 
OB,  OC  are  known  when  their  measures  are  known,  and 
these  measures  are  called  the  Cartesian  coordinates  of  P 
with  reference  to  the  coordinate  axes  X'OX,  Y'OY,  Z'OZ. 
The  point  O  is  called  the  origin  and  the  planes  YOZ,  ZOX, 
XOY,  the  coordinate  planes.  The  measure  of  OA.  the 
segment  cut  off  from  OX  or  OX'  by  the  plane  through  P 


parallel  to  YOZ,  is  called  the  ^-coordinate  of  P ;  the  measures 
of  OB  and  OC  are  the  y-  and  z- coordinates,  and  the  symbol 
P,  (x,  y,  z)  is  used  to  denote,  "  the  point  P  whose  coordinates 
are  x,  y,  z."  The  coordinate  planes  divide  space  into  eight 
parts  called  octants,  and  the  signs  of  the  coordinates  of  a 
point  determine  the  octant  in  which  it  lies.  The  following 
table  shews  the  signs  for  the  eight  octants : 


Octant 

OXYZ 

OXYZ 

OX'Y'Z 

OXY'Z 

OXYZ' 

OXYZ' 

OX'Y'Z' 

OXYZ' 

X 

+ 

- 

- 

+ 

+ 

- 

- 

+ 

y 

+ 

+ 

+ 

+ 

- 

- 

2 

+ 

+ 

+ 

+ 

- 

- 

- 

- 

§§3,4]  SIGN   OF    DIRECTION   OF    ROTA1 

It  is  generally  mosl  convenient  bo  ehooee  mutually 
perpendicular  lines  as  coordinate  axes.    The  an  t}i<-n 

"rectangular,1  otherwise  they  are    oblique.1 

Ex.  1.    Sketch  in  a  figure  the  positions  of  the  points  : 
(8,0,3),  (-2,    -1,5),  (-4,  -2,0),  (0,0,  -6) 

Ex.  2.     What  is  the  locus  of  t>  i  *  -  point,  (i)  wl ■  coordinate 

(ii)  whose  ^-coordinate  is  2  and  whose  y-coordinate  is      I  i 

Ex.3.  What  is  the   locus  of  a   point   whose  coordinate 
(i)  x=0  and  y=0 ;  (ii)  x—a  and//  =  o  ;  (iii)x  =aandy=6;  (iv)*=c 

and  y  =  b  ? 

Ex.  4.  If  OA  =  «,  OB  =  b,  OC  =  c,  (fig.  1),  what  are  the  equations  t" 
the  planes  PNBM,  PMCL,  PNAL  >.     What  equations  are  satisfied  by 

the  coordinates  of  any  point  on  the  line  PN  1 

4.  Sign  of  direction  of  rotation.     By  assigning  positive 

directions  to  a  system  of  rectangular  axes  x'x,  YY,  ZZ.  we 
have  fixed  the  positive  directions  of  the  normals  to  the 
coordinate  planes  YOZ,  ZOX,  XOY.  Retaining  the  usual 
convention  made  in  plane  geometiy,  the  positive  direction 
of  rotation  for  a  ray  revolving  about  O  in  the  plane  XOY 
is  that  given  by  XYX'Y',  that  is,  is  counter-clockwise,  if  the 
clock  dial  be  supposed  to  coincide  with  the  plane  and  front 
in  the  positive  direction  of  the  normal.  Hence  to  fix  the 
positive  direction  of  rotation  for  a  ray  in  any  plane,  we 
have  the  rule:  if  a  clock  dial  is  considered  to  coin 
with  the  plane  and  front  in  the  positive  direction  of  tic 
normal  to  the  plane,  the  positive  direction  of  rotation 
for  a  ray  revolving  in  the  plane  is  counter-clockwise. 
Applying  this  rule  to  the  other  coordinate  planes  the 
positive  directions  of  rotation  for  the  planes  YOZ.  ZOX 
are  seen  to  be  YZY'Z',  ZXZX'. 

The  positive  direction  of  rotation  for  a  plane  can  also  be  found  In- 
considering  that  it  is  the  direction  in  which  a  right-handed  gimlet  or 
corkscrew  has  to  be  turned  so  that  it  may  move  forward  in  the  positive 
direction  of  the  normal  to  the  plane. 

Ex.  A  plane  ABC  meets  the  axes  OX,  OY.  OZ  in  A.  B.  C.  and 
ON  is  the  normal  from  O.  If  ON  is  chosen  as  the  positive  direction 
of  the  normal,  and  a  point  P  moves  round  the  perimeter  o{  the 
triangle  ABC  in  the  direction  ABC,  what  is  the  sign  of  the  direction 
of  rotation  of  NP  when  OA,  OB,  OC  are  (i)  all  positive,  (ii)  one 
negative,  (iii)  two  negative,  (iv)  all  nogai 
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5.  Cylindrical  coordinates.  If  xox,  y'oy,  z'oz,  are 
rectangular  axes,  and  PN  is  the  perpendicular  from  any 
point  P  to  the  plane  XOY,  the  position  of  P  is  determined 
if  ON,  the  angle  XON,  and  NP  are  known.  The  measures 
of  these  quantities,  u,  <p,  z,  are  the  cylindrical  coordinates 
of  P.  The  positive  direction  of  rotation  for  the  plane  XOY 
has  been  defined,  and  the  direction  of  a  ray  originall}'1 
coincident  with  OX,  and  then  turned  through  the  given 
angle  </>,  is  the  positive  direction  of  ON.  In  the  figure, 
u,  <p,  z  are  all  positive. 

If  the  Cartesian  coordinates  of  P  are  x,  y,  z,  those  of  N 
are  x,  y,  0.  If  we  consider  only  points  in  the  plane  XOY, 
the  Cartesian  coordinates  of  N  are  x,  y,  and  the  polar,  u,  <p. 
Therefore 

x  —  u  cos  (p,  y  =  u  sin  0 ;     u2  =  x2  +  y2,  tan  0  =  y/x. 


6.  Polar  coordinates.  Suppose  that  the  position  of  the 
plane  OZPN,  (fig.  2),  has  been  determined  by  a  given  value 
of  <p,  then  we  may  define  the  positive  direction  of  the 
normal  through  O  to  the  plane  to  be  that  which  makes  an 
angle  0  +  7r/2  with  X'OX.  Our  convention,  (§  4),  then  fixes 
the  positive  direction  of  rotation  for  a  ray  revolving  in  the 
plane  OZPN.  The  position  of  P  is  evidently  determined 
when,  in  addition  to  <f>,  we  are  given  r  and  6,  the  measures 


6]    CYLINDRICAL  AND   POLAB  -  OORDLN  \  I  Bfl 

ol  op  and   _zop.    The  quantities   r,  6    v  polar 

coordinates  of  P.  The  positive  direction  of  OP  i-  thai  of  a 
ray  originally  coincident  with  oz  and  then  turned  in  the 
plane  ozpn  through  the  given  angle  H.     In  the  figure,  om 

is  the  positive  direction  of  the  normal  to  the  plane  ozpn. 
and  /•.  d,  </>  are  all  positr 

It'  we  consider  P  as  belonging  to  the  plane  OZPN  and  OZ 
and  ON  as  rectangular  axes  in  that  plane,  P  has  I  artesian 
coordinates  z,  u,  and  polar  coordinates  r,  9.     Therefore 

z  =  r  cos  6,  u  =  rsm6;     rl  =  z'1  +  u2,  tan#  =  -. 

But  if  P  is  (x,  y,  z),  x  =  u  cos  <f>,  y  —  u  sin  <£. 
Whence  x  =  r  sin  6  cos  $,  y  =  r  sin  0  sin  <p,  z=r  cos  6: 

r*  =  a,?  +  yi  +  S2   tan  0  =  ^  v/'7'2  +  ?/".  tan  0  =  ''. 

z  ^     x 

Cor.     If  the  axes  are  rectangular  the  distance  of  (x,  y,  z ) 

from  the  origin  is  given  by  Jx2  +  y2-\-z'1. 

Ex.  1.     Draw  figures  shewing  the  positions  of  the  points 

What  are  the  Cartesian  coordinates  of  the  points  \ 

Ex.  2.  Find  the  polar  coordinates  of  the  points  (3,  4,  5),  (  -  2.  1 .  -  i ). 
so  that  r  may  be  positive. 

Ans.     (b>J%  |,  tan-1!),     (3'  I  +  tan_1^   |+tan~l2)> 

where  tan-1-,  tan-1^-^.  tan-1 2  are  acute  angles. 
3  5 

Ex.  3.     Shew  that  the  distances  of  the  point  (1,  2.  3)  from  the 

coordinate  axes  are  v'13,  s'lO,  v5. 

Ex.  4.     Find  (i)  the  Cartesian,  (ii)  the  cylindrical,  (iii)  the  polar 
equation  of  the  sphere  whose  centre  is  the  origin  and  radius  4. 
Ans.  (i)  .>--+//-  +  :-  =  16,     (ii)  n-  +  :-  =  16,     (iii)  r=4 

Ex.  5.  Find  (i)  the  polar,  (ii)  the  cylindrical,  (iii)  the  Cartesian 
equation  of  the  right  circular  cone  whose  vertex  is  O,  axis  OZ,  and 
semi  vertical  angle  a. 

Ans.         (i)  #  =  a,     (ii)  w=3tana,     (iii)  .>'-+;/-  =  :-  tan'-'a. 

Ex.   6.      Find  (i)  the  cylindrical,  (ii)  the  Cartesian,  (iii)  the  polai 
equation  of  the  right  circular  cylinder  whose  axis  is  OZ  and  radius  a. 
Ans.  (i)  u=a,    (ii)  .ra+«8=a8,     (iii)  rsin  9— a. 
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Ex.  7.     Find  (i)  the  polar,  (ii)  the  Cartesian  equation  to  the  plane 
through  OZ  which  makes  an  angle  a  with  the  plane  ZOX. 
Ans.  (i)  4>  =  a->     (ii)  ,y=#tan  a. 

7.  Change  of  origin.  Let  x'ox,  y'oy,  zoz  ;  clwol,  /6  w/8, 
yooy,  (fig.  3),  be  two  sets  of  parallel  axes,  and  let  any  point  P 
be  (x,  y,  z)  referred  to  the  first  and  (£  rj,  £)  referred  to  the 
second  set.  Let  oo  have  coordinates  a,  b,  c,  referred  to 
OX,  OY,  OZ.  NM  is  the  line  of  intersection  of  the  planes 
(3coy,  XOY,  and  the  plane  through  P  parallel  to  (3ooy  cuts 
OLwfi  in  GH  and  XOY  in  KL. 


Pig.  3. 


Then 

therefore 
whence 


OL  =  OM  +  M  L  =  OM  +  wH, 
x  =  a  +  g.         Similarly,     y  —  b  +  rj,  z=c+g; 
g=x  —  a,  r]  =  y  —  b,  £=z—c. 


Ex.  1.  The  coordinates  of  (3,  4,  5),  (  - 1  -  5,  0),  referred  to  parallel 
axes  through  (-2,  -3,  -7),  are  (5,  7,  12),  (1,  -2,  7). 

Ex.  2.  Find  the  distance  between  P,  (xx,  y1,  zx)  and  Q,  (x2,  ?/2,  s2), 
the  axes  being  rectangular. 

Change  the  origin  to  P,  and  the  coordinates  of  Q  become  x2  —  x1, 
y<i—y\,  H~z\\  an^  the  distance  is  given  by 

Ex.  3.  The  axes  are  rectangular  and  A,  B  are  the  points  (3,  4,  5), 
(  —  1,  3,  —7).  A  variable  point  P  has  coordinates  x,  y,  z.  Find  the 
equations  satisfied  by  x,  y,  z,  if  (i)  PA  =  PB,  (ii)  PA2+PB2  =  2F, 
(iii)  PA2-PB2  =  2£2. 

A  ns.     (i)  8x  +  2y  +  Mz  +  9  =  0, 

(ii)  2x2  +  2/  +  2s2  -  4x  -Uy  +  4z  + 109  =  2k2, 
(iii)  8x  +  2y  +  24z  +  9  +  2k2  =  0. 


§§7,8] 
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Ex   4.     Kind   Lli<'  r.,-i,\n-  <,!'  the   sphere  through  bh 
(0,0,0),  (0,2,0),  (1,0,0),  (0,0,  I).  •!"■    (i 

Ex.  5.     Find  the  equation  to  the  sphere  whose  centre  is(0,  I 
andradiusS.  4«*  .'■••t-//- +  ;'-'-  8y+2»-SL 

Ex.6.     Prove    thai    aP-y*+#-4&+2y+(te+l2    0    repreaenl 
right  circular  cone  whose  eertea  is  the  point  (2,  I,  -  :J),  whoa 
is  parallel  to  OY  and  whose  semhgertical  angle  is  US  . 

Ex.  7.     Prove    tliat    aP + y'L  +  i1  -  2x  +  4y  -  6z  -  2  =  0    reptf 
.sphere  whose  centre  is  at  (1,  -  2,  3)  and  radius  4. 

8.  To  find  the  coordinates  of  the  point  which  <ii  >•',<]<:<  //,,- 
join  of  P,  (xv  ylf  zx)  and  Q,  (x2>  y2,  z2)  in  a  given  ratio, 

Let  R,  (a?,  2/,  0),  (%•  4),  be  the  point,  and  let  planes  through 
P,  Q,  R,  parallel  to  the  plane  YOZ,  meet  OX  in  P',  Q',  R  . 


Fig.  4. 


Then,  since  three  parallel  planes  divide  any  two  straight 
lines  proportionally,  P'R' :  P'Q'  =  PR :  PQ=X: X+ 1.    Therefore 


x  —  x. 


x2—x1  x+r 

Similarly,  y 


and   x  = 


Xft'o  +  ft'i 
X  +  l   ' 


Xfo+ffx    „=Ml+-i 
x+i  '        x+i  ' 


These  give  the  coordinates  of  R  for  all  veal  values  o*(  \. 
positive  or  negative.  If  X  is  positive,  R  lies  between  P  and 
Q ;  if  negative,  R  is  on  the  same  side  of  both  P  and  Q. 

Cor.     The  mid-point  of  PQ  is  ^t/\  - 1  '""•  ''  t  ^ 
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Ex.  1.     Find  the  coordinates  of  the  points  that  divide  the  join  of 
(2,  -  3,  1),  (3,  4,  -  5)  in  the  ratios  1  : 3,  - 1  :  3,  3  :  -  2. 


Am  (1 4-i>  (l-¥'4>  <5>i8>-">- 


Ex.  2.  Given  that  P,  (3,  2,  -4)  ;  Q,  (5,  4,  -6)  ;  R,  (9,  8,  - 10)  are 
collinear,  find  the  ratio  in  which  Q  divides  PR.  Why  can  the  ratio  be 
found  by  considering  the  ^-coordinates  only  ?  Ans.  1  :  2. 

Ex.  3.  A,  fo,  yu  zj)  ;  B,  (x2,  y2,  z2)  ;  C,  (x3,  y3,  z3)  ;  D,  (xA,  y4>  z4) 
are  the  vertices  of  a  tetrahedron.  Prove  that  A',  the  centroid  of  the 
triangle  BCD,  has  coordinates 

x2+x3+x4     y8+y3+y4     z2+z3+z4 
3         '  3  3 

If  B',  C,  D'  are  the  centroids  of  the  triangles  CDA,  DAB,  ABC,  prove 
that  AA',  BB',  CC,  DD'  divide  one  another  in  the  ratio  3  :  1. 

Ex.  4.  Shew  that  the  lines  joining  the  mid-points  of  opposite 
edges  of  a  tetrahedron  bisect  one  another,  and  that  if  they  be  taken 
for  coordinate  axes,  the  coordinates  of  the  vertices  can  be  written 
{a,  b,  c),  (a,  —  b,  —  c),  (  —  a,  b,  -  c),  ( —  a,  —  b,  c). 

Ex.  5.  Shew  that  the  coordinates  of  any  three  points  can  be  put 
in  the  form  (a,  b,  0),  (a,  0,  c),  (0,  b,  c),  a  fourth  given  point  being  taken 
as  origin. 

Ex.  6.     The  centres  of  gravity  of  the  tetrahedra  ABCD,  A'B'C'D', 

(Ex.  3),  coincide. 

Ex.  7.  Find  the  ratios  in  which  the  coordinate  planes  divide  the 
line  joining  the  points  (  -  2,  4,  7),  (3,  -  5,  8).        Ans.  2:3,  4:5,  -7:8. 

Ex.  8.  Find  the  ratios  in  which  the  sphere  x2+y2+z2=504  divides 
the  line  joining  the  points  (12,  -  4,  8),  (27,  -9,  18).    Ans.  2:3,  -2:3. 

Ex.  9.  The  sphere  x2+y2+z2-  2x  +  6y  +  14z+3=0  meets  the  line 
joining  A,  (2,  -1,-4);  B,  (5,  5,  5)  in  the  points  P  and  Q.  Prove 
that  AP:PB=-AQ:QB  =  1:2. 

Ex.  10.  A  is  the  point  ( -  2,  2,  3)  and  B  the  point  (13,  -  3,  13). 
A  point  P  moves  so  that  3PA  =  2PB.  Prove  that  the  locus  of  P  is 
the  sphere  given  by 

x2+y2  +  z2  +  28x-  12?/+  10s  -247  =  0, 

and  verify  that  this  sphere  divides  AB  internally  and  externally  in 
the  ratio  2 :  3. 

Ex.  11.  From  the  point  (1,  -2,  3)  lines  are  di'awn  to  meet  the 
sphere  x2+y2  +  z2  =  4,  and  they  are  divided  in  the  ratio  2:3.  Prove 
that  the  points  of  section  lie  on  the  sphere 

5x2  +  by2  +  bz2  -  6x  + 1  ty  -  1 8z  +  22  =  0. 

9.  The  equation  to  a  surface.  Any  equation  involving 
one  or  more  of  the  current  coordinates  of  a  variable 
point  represents  a  surface  or  system  of  surfaces  which 
is  the  locus  of  the  variable  point. 


§9]  THE   BQ1  A'l  [ON   TO   a   B1  l:l  \\<  I. 

Tlifi  locus  of  all   points  whose  aj-coordinste*  qua! 

to  a  constant  oc,  is  a  plane  parallel  to  the  plane  yoz  and 
the  equation  x  =  <l  represents  that  plane.  It'  the  equation 
f(x)  =  0  has  roots  04,  oc2,  </..,,  ...  otn,  it  is  equivalent  to  the 
equations  x  =  clx,  x  =  (jlz,  ...  x=a,n,  and  therefore  repn  si  ate 
a  system  of  planes,  real  or  imaginary,  parallel  to  the  plane 
YOZ. 

Similarly,  f(y)  =  0,  f(z)  =  0  represent  systems  of  planec 
parallel  to  ZOX,  XOY.  In  the  same  way,  if  polar  coordii 
be  taken,  /(?')  =  0  represents  a  system  of  spheres  with  a 
common  centre  at  the  origin.  f(0)  =  O,  a  system  of  coaxal 
right  circular  cones  whose  axis  is  OZ,/(0)  =  O,  a  system  of 
planes  passing  through  OZ. 

Consider  now  the  equation  f(x,  y)  =  0.  This  equation  is 
satisfied  by  the  coordinates  of  all  points  of  the  curve  in  the 
plane  XOY  whose  two-dimensional  equation  is  f(x,  2/)  =  0. 


Fig.  5. 


Let  P,  (tig.  5),  any  point  of  the  curve,  have  coordinates 
x0,  y0,  0.  Draw  through  P  a  parallel  to  OZ,  and  let  Q  be 
any  point  on  it.  Then  the  coordinates  of  Q  are  xQ,  y0.  :„. 
and  since  P  is  on  the  curve,  f(x0,  y0)  =  0,  thus  the  coordinates 
of  Q  satisfy  the  equation  f(x,y)  =  i).  Therefore  the  co- 
ordinates of  every  point  on  PQ  satisfy  the  equation  and 
every  point  on  PQ  lies  on  the  locus  of  the  equation.  But 
P  is  any  point  of  the  curve,  therefore  the  locus  of  the 
equation  is  the  cylinder  generated  by  straight  lines  drawn 
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parallel  to  OZ  through  points  of  the  curve.  Similarly, 
f(y,  z)  =  0,  f(z,  x)  =  0  represent  cylinders  generated  by 
parallels  to  OX  and  OY  respectively. 

Ex.  What  surfaces  are  represented  by  (i)  x2+y2  =  a2,  (ii)  y2  =  4ax, 
the  axes  being  rectangular  ? 

Two  equations  are  necessary  to  determine  the  curve  in 
the  plane  XOY.  The  curve  is  on  the  cylinder  whose  equa- 
tion is  f(x,  y)  =  0  and  on  the  plane  whose  equation  is  z  =  0, 
and  hence  "  the  equations  to  the  curve  "  are  f(x,  y)  =  Q,z  =  0. 

Ex.     What  curves  are  represented  by 
(i)  x2+y2=a2,  2=0  ;     (ii)  x2+y2=di,  z—b  ;     (iii)  z2=4ax,  y=o% 


(The  surface  shewn  is  represented  by  the  equation 
a2xi  +  b'iy'i—zi.) 

Consider  now  the  equation  fix,  y,  z)  =  0.  The  equation 
z  =  k  represents  a  plane  parallel  to  XOY,  and  the  equation 
f(x,  y,  Z?)  =  0  represents,  as  we  have  just  proved,  a  cylinder 


§9]  THE   EQUATION   TO  A   81  l'l  \<  I.  n 

generated  by  lines  parallel  loOZ,  The  equal  ion  K.r,  y, /.)  =  () 
is  satisfied  at  all  points  where  f(x,  y,  z)  =  0  and  z  =  i 
simultaneously  satisfied,  i.e,  at  all  points  common  to  the 
plane  and  the  locus  of  tin-  equation /(a;,  ;>/,  z)  =  (),  and  hence 
/(./■,  y,  k)  =  0  represents  the  cylinder  generated  by  linec 
parallel  to  OZ  which  pass  through  tin-  common  points,  ( fi^r.  6  i 
The  two  equations  f(x,  y,  k)  =  0,  z  =  k  represent  the  curve 
of  section  oi*  the  cylinder  by  the  plane  z  =  J>;  which  is  the 
curve  oi"  section  of  the  locus  by  the  plane  Z—Tc  If,  now. 
all  real  values  from  —  cc  to  +x  be  given  to  k,  the  curve 
f(x,  y,  k)  =  0,  z  =  k,  varies  .continuously  and  generate  B 
surface.  The  coordinates  of  every  point  on  this  surface 
satisfy  the  equation  f(x,  y,  z)  =  0,  for  they  satisfy,  for  some 
value  of  /.',  f(x,  y,  k)  =  0,  z  =  k;  and  any  point  (xl,  y1}  ;,) 
whose  coordinates  satisfy  f(x,  y,  z)  =  0  lies  on  the  surface, 
for  the  coordinates  satisfy  f(x,  y,  zl)  =  0,  z  =  zl,  and  there- 
fore the  point  is  on  one  of  the  curves  which  generate  the 
surface.  Hence  the  equation  f(x,  y,  z)  =  0  represents  a 
surface,  and  the  surface  is  the  locus  of  a  variable  point 
whose  coordinates  satisfy  the  equation. 

Ex.  1.     Discuss  the  form  of  the  surface  represented  by 

.^/rt2+//762+32/c2=l. 
The  section  by  the  plane  z  =  k  has  equations 

;  =  k,     .t'2/a2+;?/2/Z>2=l  -/•-«■•-'. 

The  section  is  therefore  a  real  ellipse  if  A8<ca,  is  imaginary  if  k->r-, 
and  reduces  to  a  point  if  &2=c2.  The  surface  is  therefore  generated 
by  a  variable  ellipse  whose  plane  is  parallel  to  XOY  and  whose  centre 
is  on  OZ.  The  ellipse  increases  from  a  point  in  the  plane  -=  —  c  to 
the  ellipse  in  the  plane  XOY  which  is  given  by  :r-'<t-+jr  /»'-'=  1,  and 
then  decreases  to  a  point  in  the  plane  :  =  c.  The  surface  is  the 
ellipsoid,  (fig.  29). 

Ex.  2.     What  surfaces  are  represented  by  the  equations,  referred 
to  rectangular  axes, 

(i)  .r°+?f+:2  =  a'2,      (ii)  .r-  +  /r  =  2az? 
Ex.  3.     Discuss  the  forms  of  the  surfaces 

(i)':+;c-::=i,  <a)  4-£-5-i. 

'  a2     b"      c*  v       a-     ?>-      c2 

(i)  The  hyperboloid  of  one  sheet  (fig.  30). 
(ii)  The  hyperboloid  of  two  sheets  (fig.  31). 
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Ex.  4.     What  loci  are  represented  by 

(i)  f(u)=0,  (ii)  f(z)  =  0,  (iii)  f(r,  6)=0, 

(iv)  f(0,  <£)  =  0,        (v)  /(r,  <£)  =  0,        (vi)  /(«,  <£)  =  0  ? 

J.ws.  (i)  A  system  of  coaxial  right  cylinders  ;  (ii)  a  system  of  planes 
parallel  to  XOY  ;  (iii)  the  surface  of  revolution  generated  by  rotating 
the  curve  in  the  plane  ZOX  whose  polar  equation  is  f(r,  6)=0  about 
the  2-axis  ;  (iv)  a  cone  whose  vertex  is  at  O  ;  (v)  a  surface  generated 
by  circles  whose  planes  pass  through  OZ  and  whose  dimensions  vary 
as  the  planes  rotate  about  OZ  ;  (vi)  a  cylinder  whose  generators  are 
parallel   to  OZ,  and  whose  section  by  the  plane  2  =  0  is  the  curve 

f(u,  4>)=o. 

10.  The  equations  to  a  curve.  The  two  equations 
fx{x,  y,  z)  =  0,  f2(x,  y,  z)  =  0  represent  the  curve  of  inter- 
section of  the  two  surfaces  given  by  fx(x,  y,  z)  =  0  and 
f2(x,  y,  z)  =  Q.     If    we  eliminate   one   of   the   variables,   z, 


Pig.  7. 

Fig.  7  shews  part  of  the  curve  of  intersection  of  the  sphere 
x2  +  y"  +  zi  =  a2  and  the  right  circular  cylinder  x1  +  y'1  =  ax.  The 
cylinder  which  projects  the  curve  on  the  plane  x  =  0  is  also  shewn. 
Its  equation  is  a?(yi-z2)  +  z4  =  0.  The  projection  of  the  curve 
on  the  plane  ZOX  is  the  parabola  whose  equations  are  y  =  0, 
z2  =  a(a-x). 

say,  between  the  two  equations,  we  obtain  an  equation, 
<j>(x,  y)  =  0,  which  represents  a  cylinder  whose  generators  are 
parallel  to  OZ.  If  any  values  of  x,  y,  z  satisfy  fx{x,  y,z)  =  0 
and  f2(x,  y,  z)  =  0,  they  satisfy  (j>(x,  y)  =  0,  and  hence  the 
cylinder  passes  through  the  curve  of  intersection  of  the 


S3 1<>,  ii] 


SURFACES  or    REVOL171  [ON 


surfaces.     II'  the  axes  are  rectangular  <f>(n 
tlic   cylinder   which    projecl     orthogonally   the   cum 
intersection  on   the  plane  xoy   and   the  equations  to  the 
projection  are  </>(.'■,  //)  =  0,  z=Q. 

Ex.  1.     If  the  axes  are  rectangular,  whal  loci  are  represented  by 

(i)  xi  +  y2  =  a2,    zl  =  lr;     (\\)  .'■'-' 4- y'-'+ '--     "',    <r      I".:     (iil) 

Ex.  2.  rind  the  equations  to  the  cylinders  with  venerators  parallel 
to  OX,  OY,  OZ,  which  pass  through  the  curve  of  intersection  of  tin- 
surfaces  represented  l>y  .<■-+//-  +  2z'*=  12,  x— y+z—1. 

Ans.  2//-  -2//.:  +  :,:-  +  2>; -2z-  11=0,  2a8 +2xz+3z* -2x  2:  11  0, 
Zx*  -  4xi/  +  %-'  -  4x  +  l.v  -  10  =  0. 

11.  Surfaces  of  revolution.  Let  P,(0,y1,z1),  (fig.  8) 
be  any  point  on  the  curve  in  the  plane  YOZ  whose  Cartesian 

equation  is  f(y,  z)  =  0.     Then 

/(2/i,*i)  =  0 (1) 


Y' 


r              o 

•  •'•  \ 

*                      A               1 

/x 

z' 

Pro.  8. 


The  rotation  of  the  curve  about  OZ  produces  a  surface 
of  revolution.  As  P  moves  round  the  surface,  :,.  tin' 
^-coordinate  of  P  remains  unaltered,  and  u>,  the  distance 
of  P  from  the  s-axis,  is  always  equal  to  yv  Therefore, 
by  (1),  the  cylindrical  coordinates  of  P  satisfy  the  equation 
/(w,  z)  =  0.  But  P  is  any  point  on  the  curve,  or  surface, 
and  therefore  the  cylindrical  equation  to  the  surface  is 
f(u,  s)  =  0.  Hence  the  Cartesian  equation  to  the  surface 
'is/(v/^+p,  c)  =  0. 
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Since  the  distance  of  the  point  (x,  y,  z)  from  the  i/-axis 
is  Jz2  +  x'A,  it  follows  as  before  that  the  equation  to  .the 
surface  formed  by  rotating  the  curve  f(y,  z)  =  0,  x  =  0  about 
OY  is  f(y,  Jz2  +  x2)  =  0,  and  similarly  f(Jy2  +  z2,  x)  =  0  repre- 
sents a  surface  of  revolution  whose  axis  is  OX. 

Ex.  1.  The  equation  x2+y2  +  z2  =  a2  represents  the  sphere  formed 
by  the  revolution  of  the  circle  x2+y2  =  a2,  z=0,  about  OX  or  OY. 

Ex.  2.  The  surface  generated  by  the  revolution  of  the  parabola 
y2  =  4ax,  2=0,  about  its  axis  has  equation  y2  +  z2  —  Aax ;  about  the 
tangent  at  the  vertex,  equation  yi=16a2(z2  +  x2). 

Ex.  3.     The  surfaces  generated  by  rotating  the  ellipse  x2/a2 +y2jb2  =  1, 

qnii         o /2  __L  #2  <yi2     l_  y2         nilt 

s=0,  about  its  axes  are  given  by  '-o+'J^-5 —  =  1,  '- — 5 — (-"4  =  1. 
&  J  a2        b2  '     a2        b2 

Ex.  4.     Find  the  equations  to  the  cones  formed  by  rotating  the 
line  z  =  0,  y  =  2x  about  OX  and  OY. 
A ns.  4x2-y2  —  z2=0,  4.r2  -  ?/2  +  4s2  =  0. 

Ex.  5.     Find  the  equation  to  the  surface  generated  by  the  revolu- 
tion of  the  circle  x2+y2  +  2ax  +  b2  =  0,  z  —  0,  about  the  y-axis. 
Ans.  (x2+y2  +  z2  +  b2)2  =  4a2(x2  +  z2). 

Ex.  6.     Sketch  the  forms  of  the  surfaces  : 

(i)  {y2  +  z2) (2a  —  x)= x3,        (ii)  r2  =  a2  cos  20,        (iii)  u2 = 2ez. 

The  surfaces  are  generated  by  rotating  (i)  the  curve  y2(2a-x)=x3 
about  OX  ;  (ii),  the  lemniscate  in  the  plane  ZOX,  r2  =  a2cos20,  about 
OZ  ;  (iii)  the  parabola  in  the  plane  YOZ,  y2  =  2cz,  about  OZ. 

Ex.  7.     Prove  that  the  locus  of  a  point,  the  sum  of  whose  distances 

from  the  points  (a,  0,  0),  ( -  a,  0,  0)  is  constant,  (2k),  is  the  ellipsoid 

X      V  ~f~  zu 
of  revolution  -rs+ja 2  =  1- 
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12.  The  angle  that  a  given  directed  line  OP  makes  with 
a  second  directed  line  OX  we  shall  take  to  be  the  smallest 
angle  generated  by  a  variable  radius  turning  in  the  plane 
XOP  from  the  position  OX  to  the  position  OP.  The  sign  of 
the  angle  is  determined  by  the  usual  convention.  Thus,  in 
figures  9  and  10,  0X  is  the  positive  angle,  and  6.2  the  negative 
angle  that  OP  makes  with  OX. 


Fio.  0.  Fio.  10. 

13.  Projection  of  a  segment.  If  ab  is  a  given  segrru  nt 
and  A',  B'  are  the  feet  of  the  'perpendiculars  from  A,  B  to  a 
given  line  X'x,  the  segment  a'b'  is  the  projection  of  flic 
segment  AB  on  x'x. 

From  the  definition  it  follows  that  the  projection  of  BA 
is  B'A',  and  therefore  that  the  projections  of  AB  and  BA 
differ  only  in  sign. 

It  is  evident  that  A'B'  is  the  intercept  made  on  X'X  by 
the  planes  through  A  and  B  normal  to  X'X,  and  hence  the 
projections  of  equivalent  segments  are  equivalent  segments. 

14.  If  AB  is  a  given  segment  of  a  directed  line  MN 
whose  positive  direction,  MN,  makes  an   angle  0  with   a 
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given  line  XX,  the  projection  of  AB  on  X'X  is  equal  to 
AB .  cos  0. 

In  figures  11  and  12,  AB  is  positive,  in  figures  13  and  14, 
AB  is  negative. 


Fig.  13. 


Fig.  14. 


Draw  OQ  from  O  in  the  same  direction  as  WIN,     If  AB <  is 
positive,  cut  off  OP,  the  segment  equivalent  to  AB ;  then 
the  projection  of  AB  =  the  projection  of  OP, 

=  OP .  cos  0,     (by  the  definition 
=  AB .  cos  0.  of  cosine), 

If  AB  is  negative,  BA  is  positive,  and  therefore 
the  projection  of  BA  =  BA .  cos  0, 
i.e.   —  (the  projection  of  AB)  =  —  AB .  cos  0, 
i.e.  the  projection  of  AB  =  AB .  cos  0. 
15.    If  A,  B,  C,  . . .  M,  N  are  any  n  points  in  space,  the 
siim  of  the  projections  of  AB,  BC, ...  MN,  on  any  given  line 
X'X  is  equal  to  the  projection  of  the  straight  line  AN  on  X'X. 
Let  the  feet  of  the  perpendiculars  from  A,  B, . . .  M,  N,  to 
X'X  be  A',  B', . . .  M',  N'.     Then,  (§  2), 

A/B,  +  B'C'+...  M'N^A'N', 
which  proves  the  proposition. 


,^14~17]      PROJECTION   OF   A   CLOSED    FIGURE 
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16.  The  angle  between  two  planes  we  shall  tal 

the  angle  that  the  positive  direction  of  a   normal  to  oni 
makes  with  the  positive  direction  of  a  normal  to  the  other 

17.  Projection  of  a  closed  plane  figure.  //  the  pro- 
jections of  three  points  a,  B,  c  on  a  given  pla/ne  a/re  a',  b',  c'. 
then  AA'B'c'  =  cosf).  abc,  where  6  is  the  a/ngle  between  the 
'planes  abc,  a'b'c'. 

Consider  first  the  areas  ABC,  A'B'C'  without  regard  to 
sign. 

(i)  If  the  planes  ABC,  A'B'C'  are  parallel,  the  equation 
A  A'B'C'  =  cos  0  A  ABC  is  obviously  true. 

(ii)  If  one  side  of  the  triangle  ABC,  say  BC,  is  parallel  to 
the  plane  A'B'C',  let  AA'  meet  the  plane  through  BC  parallel 
to  the  plane  A'B'C'  in  A2,  (fig.  15).  Draw  A.2D  at  right 
angles  to  BC,  and  join  AD.     Then  BC  is  at  right  angles  to 

C 


Fig.  15. 

A2D  and  AA2,  and  therefore  BC  is  normal  to  the  plane  AA0D, 
and  therefore  at  right  angles  to  AD.  Hence  the  angle  A.,DA 
is  equal  to  0,  or  its  supplement. 

But  A  A'B'C'  =  A  A2BC, 

and  A  A2BC  :  A  ABC  =  A2D  :  AD  =  COS  L  A2DA  : 

therefore  A  A'B'C'  =  cos  6  a  ABC. 

(iii)  If  none  of  the  sides  of  the  triangle  ABC  is  parallel 
to  the  plane  A'B'C',  draw  lines  through  A.  B,  C  parallel  to 
the  line  of  intersection  of  the  planes  ABC,  A'B'C'.  These 
lines  lie  in  the  plane  ABC  and  are  parallel  to  the  plane 
A'B'C',  and  one  of  them,  that  through  A,  say,  will  cut  the 

B.G.  B 
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opposite  side,  BC,  of  the  triangle  ABC,  internally.  And 
therefore  the  triangle  ABC  can  always  be  divided  by  a  line 
through  a  vertex  into  two  triangles,  with  a  common  side 
parallel  to  the  given  plane  A'B'C',  and  hence,  by  (ii), 
A  A'B'C'  =  COS  9  A  ABC. 

Suppose  now  that  the  areas  ABC,  A'B'C'  are  considered 
positive  or  negative  according  as  the  directions  of  rotation 
given  by  ABC,  A'B'C'  are  positive  or  negative.  Then, 
applying  the  convention  of  §4  to  figures  16  and  17,  we 


Fig.  16.  Fig.  17. 

see  that  if  cos  9  is  positive,  the  directions  of  rotation  ABC, 
A'B'C'  have  the  same  sign,  and  that  if  cosO  is  negative, 
they  have  opposite  signs.  That  is,  the  areas  have  the 
same  sign  if  cos  9  is  positive,  and  opposite  signs  if  cos  9 
is  negative.  Hence  the  equation  AA'B'C'  =  cosO  A  ABC  is 
true  for  the  signs  as  well  as  the  magnitudes  of  the  areas. 

18.  If  A,  B,  c,  ...  N  are  any  coplanar  points  and 
A',  B',  C',  ...  N'  are  their  projections  on  any  given  plane, 
then  area  A'B'C' . . .  N' :  area  ABC  ...  N  =  cos  0, 

where  9  is  the  angle  between  the  planes. 

Let  O  be  any  point  of  the  plane  ABC  . . .  N,  and  O'  be  its 
projection  on  the  plane  A'B'C' ...  N'. 

Then     area  ABC...  N  =  AOAB+  AOBC+...  AONA, 
and         area  A'B'C' . . .  N'  =  A  O'A'B'  +  A  O'B'C'  + . . .  A  O'N'A'. 

But  A  O'A'B'  =  cos  9  AOAB,  etc.,  and  therefore  the  result 
follows. 
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19.  If  a„  is  the  a/rea  of  any  plant  curve  and  a  U  tkt 
area  of  its  projection  on  any  given  plane,  Asco80.Ae, 
where  6  is  the  angle  betwa  n  the  plan 

For  A0  is  the  limit,  as  n  tends  bo  infinity,  of  the  are 
an  inscribed  n-gon,  and  a  is  the  limit  ol  the  area  of  the 
projection  of  the   flagon,  .-unl.  by  vj  18,  the  ratio  of  tl 
areas  is  cos  6. 

Ex.  1.     AA'  is  a  diameter  of  a  gn  en  circle,  and  P  is  a  plane  tin 
AA'  making  an  angle  fj  with  the  plane  of  the  circle.     If  B  i 
point  on   the  circle  and  B'  is   its   projection    on    the   plane    P,   the 
perpendiculars  from  B  and  B'  to  AA'  are  in  the  constant  ratio  1  ; 
and  the  projection  Is  therefore  a  curve  Buch  that  its  ordinate  bo  AA'  Lb 
in  a  constant  ratio  to  the  corresponding  ordinate  of  the  circle  ;  that 
is,  the  projection  is  an  ellipse  whose  major  axis  is  AA'  and  whose 
auxiliary  circle   is   equal   to   the  given   circle.     The   minor   axis    La 
cos#.  AA';  therefore  if  AA'  =  2a  and  co80=&/a,  the  minor  axis  La  2b. 
By  §  19,  the  area  of  the  ellipse  =  cos  6 .  ird2  =  Tr"/>. 

Ex.  2.  Find  the  area  of  the  section  of  the  cylinder  10./-  +  9y2  =  144 
by  a  plane  whose  normal  makes  an  angle  of  60°  with  OZ.        Ans.  lM- 


DIRECTION-COSINES. 

20.  If  ol,  /3,  y  are  the  angles  that  a  given  directed  line 
makes  with  the  positive  directions  X'OX,  Y'OY,  Z'OZ  of  the 
coordinate  axes,  cos  rx,  cos  /3,  cos  y  are  the  direction-cosines 
of  the  lino. 

iZ  AZ 


Fig.  IS.  Fig.  19. 

21.  Direction-cosines   referred   to   rectangular    axes. 
Let  A'OA  be  the  line  through  O  which  lias  direction-cosines 

cos  a,  cos/3,  cosy.     Let  P,  (x,  y,  z)  be  any  point  on  A'OA, 
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and  OP  have  measure  r.     In  fig.  18,  r  is  positive ;  in  fig.  19, 

r  is  negative.     Draw  PN  perpendicular  to  the  plane  XOY, 

and  NM  in  the  plane  XOY,  perpendicular  to  OX.     Then  the 

measures  of  OM,  WIN,  NP  are  x,  y,  z  respectively.     Since 

OM  is  the  projection  of  OP  on  OX, 

x  =  r  cos  a.,  and  similarly,  y  =  r  cos  /3,  z  =  r  cos  y (1) 

Again  the  projection  of  OP  on  any  line  is  equal  to  the  sum 

of  the  projections  of  OM,  MN,  NP,  and  therefore,  projecting 

on  OP,  we  obtain 

r  =  x  cos  a+ y  cos  /3 +z  cos  y (2) 

But  x/r  =  cos  a,  y/r  ==  cos  /3,  z/r  =  cos  y ;  therefore 

1  =  cos2  a + cos2  (3  +  cos2  y (3) 

This   is  the   formula   in   three   dimensions   which   corresponds   to 
cos2#  +  sm2#  =  l  in  plane  trigonometry. 

Cor.  1.  By  substituting  for  cos  a,  cos  /3,  cos  y  in  (2)  or  (3), 
we  obtain  r2  =  x2  +  y2  +  z2,  (cf.  §6,  Cor.). 

Gar.  2.  If  (x,  y,  z)  is  any  point  on  the  line  through  O 
whose   direction-cosines  are  cos  a,  cos  /3,  cos  y,   we   have, 

by(1)'  _^_=_^_=^_ 

cos  a     cos  (3     cos  y' 

Cor.  3.  If  (x,  y,  z)  is  any  point  on  the  line  through 
{xx,  yx,  Zj)  whose  direction-cosines  are  cos  a,  cos/3,  cosy,  by 
changing  the  origin  we  obtain 

x  —  x1_y  —  yx_  z  —  z1 
cos  a.      cos  (3      cos  y 

Ex.  1.     Prove  that  sin2a.  +  sin2/3  +  sin2y  =  2. 

Ex.  2.  If  P  is  the  point  (#,,  yx,  z{),  prove  that  the  projection  of  OP 
on  a  line  whose  direction-cosines  are  lx,  m1,  nx  is  llxl+mxy1-\-n1zl. 

The  projection  of  OP  =  projn.  of  OM+projn.  of  MN 

+  projn.  of  NP,  (figs.  18,  19), 
=  llxl  +  mlyl  +  niz1. 

Ex.  3.  If  P,  Q  are  the  points  (xu  yt,  zj,  (#2,  y2,  z2),  prove  that  the 
projection  of  PQ  on  a  line  whose  direction-cosines  are  lu  ml5  nx  is 

k  (.r2  -  .rj)  +  m1  (y2  -  yx) + ?^1  (z2  -  zx). 

(Change  the  origin  to  P  and  apply  Ex.  2.) 


g§ 91, 22]  DIRECTION-COS]  2! 

Ex.  4.    The  projections  of  a  line  on  the  a  ■:,  8      W\ 

the  length  of  the  Line  ;  .1-7 

Ex.  5.  A  plane  makes  intercepts  OA,  OB,  OC,  whose  meat  ireaari 
</,  />,  <•,  on  the  axes  OX,  OY,  OZ.     Find  I ;he  area  of  the  triangle  ABC. 

Let  the  positive  direction  of  the  normal  from  O  to  the  plane 
ABC  have  direction-cosines  cos  a,  cob  (3,  cosy,  and  let  i\  denote  the 
area  ABC.  Then  since  AOBC  is  the  projection  of  /.ABC  on  the 
plane  YOZ,  cosoi. A=£oc,  and  similarly,  cos/?.  A=Aca,  cosy.A  =  WA 
Therefore,  si  nee 

cos2a  +  cos2/?  +  cos2y  =  1 ,     A  =  \ { 62c2  +  c-<i-  -f  </-//-' ;  - . 

Ex.  6.  Find  the  areas  of  the  projecl  ions  of  the  curve  .'•'-' 4-//--f-i2  =  25, 
,r  +  2y  +  2z  =  9  on  the  coordinate  planus,  and  having  given  that  the 
curve  is  plane,  find  its  area. 

(Cf.  Ex.  2,  $  10.)  Am.  16tt/3,  32- '3,  32-  3  :    N;- 

22.  If  a,  b,  c  are  given  proportionals  to  the  direction- 
cosines  of  a  line,  the  actual  direction-cosines  arc  found 
from  the  relations 

C<  )S  <L  _  C(  )S  ft  _  COS  y  _  v/c<  >sV  -f  (•(  )S-/8  +  COs'-y  +  1 

a     '    b  c  v/a2+oa+c2         ~JaF+W+(?' 

If  P  is  the  point  (a,  h,  c)  and  the  direction-cosines  of  the 
directed  line  OP  are  cos  a,  cos/3,  cosy,  then,  since  OP  is 
positive  and  equal  to  \/a2+&2+c2, 


OP     Jd>+V  +  c*  W^"^+P+^' 
c 

COS  V  =  --■  =. 

The  direction -cosines  of  PO  are 

— a  —6  — r 

Va3+62+c2'   >/a2+^+c2'   s/^+F+c2' 

Ex.  1.     Find  the  direction-cosines  of  a  line  that  makes  equal  angles 
with  the  axes. 

Am.  cosa.  =  cos^  =  cosy=  ±l/*Js  ;  (whence  the  acute  angles  which 
the  line  makes  with  the  axes  are  equal  to  54°  44). 

Ex.  2.     P  and  Q  are  (2,  3,  -6),  (3,  -4,  5).     Find  the  direction- 
cosines  of  OP,  OQ,  PO. 

^ J   3    -6      JT_ -4     1_      -2    -3    6 
<     <      7         5>v/2    5<v/2    n^2        7       7  '  7' 

Ex.  3.     If  P,  Q  are  (.>■,,  yu  .,),  (.,■,,  >/.,,  ?a)  the  direction-cosines 

of  PQ  are  proportional  to  .'\. -.-',,  /'--//,.  :.j--",. 
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Ex.  4.     If  P,  Q  are  (2, 3,  5),  (-1,3,  2),  find  the  direction-cosines  of  PQ. 

Am.   ~      0,   ~ 

s/2  V2 

Ex.  5.  If  P,  Q,  R,  S  are  the  points  (3,  4,  5),  (4,  6,  3),  (-1,2,  4), 
(1,  0,  5),  find  the  projection  of  RS  on  PQ.  Ans.  -§. 

Ex.  6.  If  P,  Q,  R,  S  are  the  points  (2,  3,-1),  (3,  5,  -3),  (1,  2,  3), 
(3,  5,  7),  prove  by  projections  that  PQ  is  at  right  angles  to  RS. 

23.  The  angle  between  two  lines.  If  OP  and  OQ  have 
direction-cosines  cos  a,  cos  /3,  cos  y  ;  cos  a!,  cos  j3',  cos  y, 
and  6  is  the  angle  that  OP  makes  with  OQ, 

cos  0  =  cos  a  cos  oJ  +  cos  /3  cos  /3'  +  cos  y  cos  y. 
If,  as  in  §21,  P  is  (x,  y,  z)  and  the  measure  of  OP  is  r, 
projecting  OP  and  OM,  MN,  NP  on  OQ,  we  obtain 
r  cos  6  =  x  cos  a-'  +  y  cos  /3'  +  z  cos  y. 
But  x  =  rcosa,  y  —  r  cos  /3,  s  =  r  cosy; 

therefore         cos  6  =  cos  a  cos  a'  4-  cos  /3  cos  /3'  +  cos  y  cos  y'. 
Cor.  1.     We  have  the  identity 

(I2 + m2 + w2)  {I"1  +  m'2 + w'2)  -{IV + mm  +  to')2 

=  (mn'  —  m'nf  +  (??i'  —  nil)2  +  (Im  —  I'm)2. 
(This   identity   is  known  as  Lagrange's  identity.     We 
shall  frequently  find  it  advantageous  to  apply  it.) 

Hence 
sin2(9  =  (cos2ot  +  cos2/3  +  cos2y)(cos2ot'  +  cos2/3' + cos2y') 

—  (cos  a  cos  a.'  +  cos  /3  cos  /3'  +  cos  y  cos  y')2, 
=  (cos  (3  COS  y  —  cos  y  cos  /3')2  +  (cos  y  cos  a.'  —  cos  OL  COS  y')2 
+ (cos  a  cos  /3'  —  cos  j3  cos  a')2. 

Cor.    2.     If   0    is    an    angle    between   the    lines    whose 
direction-cosines  are  proportional  to  a,  6,  c ;  a,  b',  c, 
+(aa'-\-bb'  +  cc') 


costf  = 


s]a2  +  b2  +  c2sja'2  +  b'2  +  c'2 


.     .     +sJ(b</-b'c)2  +  (ca'-c'a)2-\-(ab'-a'b)2 

and  sin  6  = ,--        -    „    •    _^. 

*Ja  2  +  b1-\-ci\Jal-\-bz  +  cl 
* 
Cor.  3.     If  the  lines  are  at  right  angles, 

cosacosoc'  +  cos/3cos/3'  +  cosy  cosy'  =  0,  or  aa'  +  66'  +  cc  =  0. 


§23]  ANGLE    BETWEEN   TWO   LINES 

Cor.  4.    If  the  lines  are  parallel, 

com  fi  cos  y  —  com  y  cos  fi'  =  0,  cos  y  cos  a!  —cos  a  cot  y  =  0, 
and  com  a  cos  ft  —  cos  /:$  cos  a' = 0, 

whence  cos  a  =  cos  a',  cos  /3  =  cos  fi',  and  C08y=C08y  (ae  is 
evident  from  the  definition  of  direction-cosines);  or 

a _b _  <■ 
a     b'     c' 

Ex.  1.  If  P,  Q  are  (2,  3,  -6),  (3,  -4,  r>),  find  the  angle  thai  OP 
makes  with  OQ.  -  ],«-  s  ■_ 

Ana.  cos  0=        =— . 
36 

Ex.  2.  P,  Q,  R  are  (2,  3,  5),  (  -1,  3,  2),  (3,  5,  -2).  Find  the  angles 
of  the  triangle  PQR.  A        ^  c0R_1N ,;  s  :, 

3"' 

Ex.  3.     Find  the  angles  between  the  lines  whose  direction-cosines 

are  proportional  to  (i)  2,  3,  4  ;  3,  4,  5  ;  (ii)  2,  3,  4 ;   1,  -  2.  1 . 

Am.  (i)  cos-1  J?L,  (ii)  90°. 
5>/58 

Ex.  4.    The,  lines  whose  direction-cosines  are  proportional  to  2,  1.1: 

4,  \/3  — 1,  -n/3-1  ;  4,  -V3-1,  V3-1   are  inclined  to  one  another 
at  an  angle  7r/3. 

Ex.  5.  If  lx,  ml,  nx ;  L2,  m.2,  n2 ;  l-^,  m3,  ns  are  the  direction-cosinee 
of  three  mutually  perpendicular  lines,  the  line  whose  direction-cosines 
are  proportional  to  fi+^  +  ^S)  J»1+m2+»i3,  ft1+»2+ns  makes  equal 
angles  with  them. 

Ex.  6.     Find  the  angle  between  two  diagonals  of  a  cube. 
Ans.  cos-1 1/3. 

Ex.  7.  Prove  by  direction-cosines  that  the  points  (3,  2,  4),  (4.  5,  2). 
(">,  8,  0),  (2,  -  1,  6)  are  collinear. 

Ex.  8.  A  line  makes  angles  u.,  (3,  y,  8  with  the  four  diagonals  of 
a  cube  ;  prove  that 

COS2oc  +  cos'2/^  +  cos-y  +  cos- 6"  =  4  3. 

Ex.  9.  If  the  edges  of  a  rectangular  parallelepiped  are  a,  6,  c, 
shew  that  the  angles  between  the  four  diagonals  are  given  by 


cos 


W- + />- +  r-  '" 


'  +  />-  +  < 

Ex.  10.  If  a  variable  line  in  two  adjacent  positions  has  direction- 
cosjnes  I,  m,  n  ;  /  +  67,  m  +  8m,  n+8n,  shew  that  the  small  angle.  80, 
between  the  two  positions  is  given  by  S0a=8P+om8+8ns. 

We  have  2P=1  and  2(?+8J)2=l,  therefore  2(8Q>= -22J8*. 

But  cos80=2Z(J+8Z)=l+2J8J. 

Therefore  2  sin-  Sf  =  -  2J  SJ  -  ^  2(80* 

That  is,  since  sin  (<^  -  ^,  80*  =  ^  (SO2- 
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Ex.  11.  Lines  OA,  OB  aie  drawn  from  O  with  direction-cosines 
proportional  to  (1,  -  2,  -  1),  (3,  -  2,  3).  Find  the  direction-cosines  of 
the  normal  to  the  plane  AOB.  .  4         3—2 

'  n/29'  V29'  J29 

Ex.  12.  Prove  that  the  three  lines  drawn  from  O  with  direction - 
cosines  proportional  to  (1,  - 1,  1),  (2,  —3,  0),  (1,  0,  3)  lie  in  one  plane. 

Ex.  13.  Prove  that  the  three  lines  drawn  from  O  with  direction-, 
cosines  lu  m^  nx ;  l2,  m2,  n2;  l3,  m3,  n3,  are  coplanar  if 


Zls  ml5  nx 


=  0. 


3)    ,l,3 

Ex.  14.  Find  the  direction-cosines  of  the  axis  of  the  right  circular 
cone  which  passes  through  the  lines  drawn  from  O  with  direction- 
cosines  proportional  to  (3,  6,  —2),  (2,  2,  —1),  (  — 1,  2,  2),  and  prove 
that  the  cone  also  passes  through  the  coordinate  axes. 

Ans.  1/V3,  1/n/3,  l/\/3- 

Ex.  15.  Lines  are  drawn  from  O  with  direction-cosines  proportional 
to  (1,  2,  2),  (2,  3,  6),  (3,  4,  12).  Prove  that  the  axis  of  the  right  circular 
cone  through  them  has  direction-cosines  —  1/-J3,  l/'Js,  l/\/3,  and  that 
the  semivertical  angle  of  the  cone  is  cos-1  l/v3- 

24.  Distance  of  a  point  from  a  line.  To  find  the 
distance  of  P,  (x',  y',  z')  from  the  line  through  A,  {a,  b,  c), 
whose  direction-cosines  are  cos  a,  cos  /3,  cos  y. 

Let  PN,  the  perpendicular  from  P  to  the  line,  have 
measure  S.  Then  AN  is  the  projection  of  AP  on  the  line, 
and  its  measure  is,  (Ex.. 3,  §  21), 

{x'  —  a)  cos  a.-\-{y'  —  b)  cos  fi  +  (z'  —  c)  cos  y. 
But  PN2  =  AP2-AN2, 

therefore 

6*2  ={{x'-  of  +  (y'  -  bf + (z'  -  cf }  (cos2oc + cos2/3  +  cos2y) 

—  { (x'  —  a)  cos  CL  +  {y'  —  b)  cos  j3  +  (z'  —  c)  cos  y  }  2, 
which,  by  Lagrange's  identity,  gives 

6,2={(2/,-6)cosy--0'-c)cos/3}2 

+  {(z—  c)cosa  —  (x'  —  a)cos  y}2 
+  {  (x'  —  a)  cos  /3  —  {y'  —  b)  cos  a } 2. 
Cor.     If  {x',y',z')  is  any  point  on  the  line,  e>  =  0,  and 

o^-a  =  y^-b  =  Zj-c     (Cf  s2l,  Cor.  3.) 
cos  a     cos  p     cos  y 


§§24,25]     DIRECTION-COSINES  -(OBLIQUE  AXES 

Ex.  1.     Find   the  distance  of  (  —  1,  2,  ■>)  from   the   line  through 
(3,  4,  6)  whose  direction-cosines  are  proportional  to  -. 

,      4\/(;i 

Ans.  — - — . 


Ex.  2.     Find   tin'  distance  of  A,  (1,  -2,  3)  from   the   line,   PQ, 

through  P,  (2,  -3,  ">),  which  makes  equal  angles  with  tin-  > 


*»  VI- 


Ex.  3.  Shew  that  the  equation  to  the  right  circular  com  whoa 
vertex  is  at  the  origin,  whose  axis  has  direction-cosines  cosr/.,  cos/?, 
cosy,  and  whose  semivertical  angle  is  8,  is 

(?/  cos  y  -  2  cos  (S)2  +  (z  cos  a.  -  x  cos  y  )2  +  (x  cos  /2  - .'/  cos  ol)2 

=  sin20(.».>2+//-  +  ;-). 

Ex.  4.  Find  the  equation  to  the  right  circular  cone  whose  vertex 
is  P,  axis  PQ  (Ex.  2),  and  semivertical  angle  is  30°. 

Ans.  4{ (>/ -  z  +  8)2  +  (s  -  x  -  3)2  +  (x  - y  -  5)a } 

=  3{(.r-2)2-K'/  +  3)2  +  (i-5)2}. 

Ex.  5.  Find  the  equation  to  the  right  circular  cone  whose  vertex 
is  P,  axis  PQ,  and  which  passes  through  A  (Ex.  2). 

Ans.  3 { (y  -  z  +  8)2  +  (z  -  x  -  3)2  +  (x  - y  -  5)2 } 

=  7{(^-2)2  +  (y  +  3)2  +  (;-*)-'!, 

Ex.  6.  The  axis  of  a  right  cone,  vertex  O.  makes  equal  angles  with 
the  coordinate  axes,  and  the  cone  passes  through  the  line  drawn  from 
O  with  direction-cosines  proportional  to  (1,  -  2,  2).  Find  the  equation 
to  the  cone.  Ans.  4x2  +  4y'i  +  4z-  +  9y:  +  9:j-  +  \\>y  =  0. 

Ex.  7.  Find  the  equation  to  the  right  circular  cylinder  of  radius  2 
whose  axis  passes  through  (1,  2,  3)  and  has  direction-cosines  pro- 
portional to  (2,  -  3,  (5). 

Ans.  9(2y  +  z  -  7)2  +  4(s  -  3.*:)2  +  (3r  +  2y  -  If  =  1 96. 


*25.  Direction-cosines  referred  to  oblique  axes.  Let 
X'OX,  Y'OY,  Z'OZ,  (tig.  20),  be  oblique  axes,  the  angles 
YOZ,  ZOX,  XOY  being  X,  /m,  v  respectively.  Let  A'OA  be  the 
line  through  O  whose  direction-cosines  are  cosoc,  cos/3, 
cos  y.  Take  P,  (x,  y,  z)  any  point  on  A'OA.  and  let  the 
measure  of  OP  be  r.  Draw  PN  parallel  to  OZ  to  meet 
the  plane  XOY  in  N,  and  NM  parallel  to  OY  to  meet  OX 
in   M.     Then,  since  the  projection  of  OP  is  equal  to  the 
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sum  of  the  projections  of  OM,  MN,  NP,  projecting  on  OX, 
OY,  OZ,  OP  in  turn,  we  obtain 

r  cos  a.  =  x  +  y  cos  v  +  z  cos  m,   ( 1 ) 

r  cos  /3  =  x  cos  v+y+z  cos  X,    (2) 

r  cos  y  =  x  cos  /x  +  y  cos  X  +  0,  (3) 

r  =  #cos<x+2/cos/3  +  3COSy (4) 

(z 


Fig.  20. 


Therefore,  eliminating  r,  cc,  y,  0,  we  have  the  relation 
satisfied  by  the  direction-cosines  of  any  line 

1,  cos  v,  cos  ^  cos  a    =0, 
cos j/,         1,  cosX,  cos/3 

cos  fx,  cos  X,  1,   cos  y 

cosoc,  cos/3,  cosy,         1 

which  may  be  written, 

X  sin2X  cos2oc—  22(cos  X  —  cos  /x  cos  y)cos  /3  cos  y 

=  1  —  cos2  X  —  cos2  [X  —  cos2  v + 2  cos  X  cos  ya  cos  j/. 

Cor.  1.     Multiply  (1),  (2),  (3)  by  x,  y,  z  respectively,  and 
add,  then 

x2  +  y'2  +  z2  +  2yz  cos  X  +  2zx  cos  /x  +  Ixy  cos  1/ 
=  r  (x  cos  oc  + 1/  cos  /3  +  z  cos  y), 
=  r2,  [by  (4)] (A) 

Cor.  2.     If  P,  Q  are  (x1?  yx,  zx),  (x2,  i/2,  02),  PQ2  is  given  by 
2(x2  -  x1f+2X(y2  -  yx)(z2  -  %)cos  X. 


§§25-27]      THE  ANGLE    BETWEEN   TWO   LINES 
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Ex.1.  If  P,  (.',//,  .)  is  any  point  on  the  plane  through  O  at  right 
angles  to  OX,  the  projection  of  OP  on  OX  u  zero,  and  then 

./•+// ci  >s  v  +  I  C08  /'.  —0. 

Ex.  2.  If  P,  (.v,  y,  z)  is  any  point  on  the  normal  through  O  to  the 
plane  XOY,      x+y  cos  v  +  .jcos/a  =  0  =  .>cos  r  +  </  +  2cos  A. 

*26.   If  a,  b,  c  are  given  proportionals  to  tin-  direction- 
cosines  of  a  line,  the  actual  direction-cosines  are  given  by 
cos  a  _  cos  ft  _  cos  y 
a  b  c 

+  { 2  sin'- A  cos-a  —  22(cos  A  —  cos  /n  cos  i  }cos  ft  cos  y)- 
{ 2  sin2 A .  a2  —  22  (cos  A  —  cos  fx  cos  v)  be }  * 
_  +  { 1  —  cos2  A  —  cos2  //.  —  cos2v+ 2  cos  A  cos  /x  cos »/}' 
{ 2  sin2  A .  a2  —  22(cos  A  —  cos  /u  cos  v)bc  }' 

*27.  The  angle  between  two  lines.  If  OQ  has  direction- 
cosines  cos  ex.',  cos  ft',  cos  y',  and  makes  an  angle  0  with  OP. 
projecting  on  OQ,  we  obtain 

r  cos  Q  —  x  cos  cn'+y  cos  /3'  +  0  cos  y' (5) 

Therefore  eliminating  x,  y,  z,  r  between  equations  (1), 
(2),  (3)  of  §  25,  and  (5),  we  have 

1,    cos  i',    cosyu,  cos  a    =0,     or 
cos  v}  1 ,    cos  A,  cos  ft 

cos/*,    cos  A,  1,  cosy 

cos  a',  cos  ft',  cos  y',   cos  6 
2 (sin2  A  cos  a.  cos  a')  —  2  { (cos  A  —  cos  /u  cos  v) 

X  (cos  ft  cos  y  +  cos  ft'  cos  y) } 
=  cos  0(1  —  cos2  A  —  cost*  —  cos2 v + 2  cos  A  cos  m  cos  v). 
Cor.     The    angles    between    the  lines  whose    direction  - 
cosines  are  proportional  to  a,  b,  c :  a',  b',  c'  are  given  by 

n         +  { 2(aa'  sin2  A)  —  2(6c'-f  6V)(cos  A  —  cos  a  cos  1)} 

cos  9=      ~  l — 7 

{ 2a2sin2 A  —  226c  (cos  A  —  cos  u  cos  v) }  - 

x  { 2a'2 sin2 A  —  226V  (cos  A  —  cos  /u  cos  1 )} 

Ex.  1.  If  A  =  /u,  =  v  =  7T  3.  find  the  angles  between  the  lines  whose 
direction-cosines  are  proportional  to 

(i)  2,  3,  4:  3,  4,  5;     (ii)  2,  3,  4;  1,  -2,1. 

Ans.  (i)  cos-1^^=:    (ii)  7r/2. 
Tv'lO 
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Ex.  2.  Prove  that  the  lines  whose  direction-cosines  are  propor- 
tional to  I,  m,  n  ;  m  —  n,  n-l,  l  —  m  are  at  right  angles  if  A=/a=v. 

Ex.  3.  The  edges  OA,  OB,  OC  of  a  tetrahedron  are  of  lengths 
a,  b,  c,  and  the  angles  BOC,  COA,  AOB  are  A,  /a,  v  ;  find  the  volume. 

Take  OA,  OB,  OC  as  axes,  and  draw  CN  at  right  angles  to  the 
plane  AOB.     Then  if  CN  is  of  length  p,  and  V  denotes  the  volume, 

V  =  s'- — ~ Vt  an(^  /0  =  ccosz_OCN.     But  the  direction-cosines  of 

CN  are  0,  0,  cosZ.OCN,  therefore,  by  §  25, 

sin2v  cos2/.  OCN  =  1  -  cos2 A,  -  cos2/*  —  cos2v  +  2  cos  A  cos  /x  cos  v, 

:.   V  =  —  { 1  -  cos2 A  -  cos2//.  -  cos2v  -+-  2  cos  A  cos  /a  cos  v}  -r. 


DIRECTION-RATIOS. 

28.  Let  OL  be  drawn  from  O  in  the  same  direction  as  a 
given  directed  line  PQ  and  of  unit  length.  Then  the  co- 
ordinates of  L  evidently  depend  only  on  the  direction  of 
PQ,  and  when  given,  determine  that  direction.  They  are 
therefore  called  the  direction-ratios  of  PQ. 

If  the  axes  are  rectangular  the  direction-ratios  are  the 
same  as  the  direction-cosines. 

29.  If  P,  (x,  y,  z)  is  any  point  on  a  given  line  A'OA 
tuhose  direction-ratios  are  I,  m,  n,  and  the  measure  of  OP 

is  r,  then 

j    tii  if  ^ 

£=-,    m  =  ->     n=  — 


In  fig.  21,  r  is  positive,  in  fig.  22  r  is  negative.  LK,  PN 
are  parallel  to  OZ;  KH,  NM  are  parallel  to  OY.  Then  since 
the  parallel  planes  PNM,  LKH  cut  X'OX,  A'OA  proportionally, 

OP:OL  =  OM:OH, 
where  OP,  OL,  OM,  OH  are  directed  segments. 


§§28-30]  DIRECTION  I:  .VI 

But  the  measures  of  om  and  oh  are  x  and  I  respectii 
and  therefore  I  -xfr.     Similarly   m     y  r  n     i  r. 

('or.  1.     II'  p,  (./■,  y,  :)  is  any  point  <>n  the  line  through  o 
whose  direction-ratios  are  I,  m,  n, 

'.'=  !l  =  ''■     (Cf.«2l,  Cor   2.) 

Cor.  2.    If  (.'•,  y,  :)  is  any  point  on  the   line  through 

(x,  y',  z)  whose  direction-ratios  are  I.  m,  n, 

K^JVjZjLjLZ^.    (Cf.  821,  Cor.  3.) 

Cor.  3.     If   P,  Q   are   (xv  yx,  zx),  (o?2,   y2,   :._.),  and    tin- 
measure  of  PQ  is  r,  the  direction-ratios  of  PQ  are 

•'■••-•'•|     H-Vi     **-*l 


Ex.  1.  Find  the  direction -ratios  of  the  lines  bisecting  the  angles 
between  the  lines  whose  direction-ratios  are  llt  ml9  n1  ;  I.,,  m.:.  o... 

If  L,  L'  are  (o,,  mt,  «,),  (I.,,  m2,  «,),  then  OL  and  OL'  are  the  lines 
from  O  with  the  given  direction-ratios,  and  OL  and  OL'  are  of  unit 
length. 

The  raid-point,   M,  of  LL'  has  coordinates,    'J"  -,  '"'     '"-',  -'     "-, 
0  2  2  2 

and  OM  =  cos    ,  where  L  LOL'  =  0,  therefore  the  direction-ratios  of  OM 

111'  *l 

/,  +  /._,         ;»,+'/»2        nx  +  tu 


2  cos  0/2'    2  cos  0/2'    2  cos  0/2 

Similarly,  the  direction-ratios  of  the  other  bisector  are  — \ — ^—,  etc. 
J  2sin0/2 

Ex.  2.     OX,    OY,    OZ   are  given  rectangular  axes  ; 

OX1;  OY15  OZx  bisect  the  angles  YOZ,  ZOX,  XOY  ; 

OX,,  OY2,  OZ2  bisect  the  angles  Y,OZ,,  ZjOX,.  X,OY,. 
Prove  that  _  Y1OZ1  =  ^Z1OX1=_X,OY1  =  s-  3,  and  that 
Z.Y2OZ2  =  lZ,OX,  =  _X:,OYo  =  cos-15  (!. 

Ex.  3.  A,  B,  C,  are  the  points  (1.  2,  3),  (3,  5,  -3),  (-2,  6,  1">). 
and  the  axes  are  rectangular.  Find  the  direction-cosines  of  the 
interior  bisector  of  the  angle  BAC.     j;w.  \  >''1S2,  67  5^182  G  5n/182. 

*30.  The  direction -ratios  of  any  line  satisfy  the  equation 
(§25,  Cor.  1,  (a)), 

P  -f  m2  +  n2  +  2m  n  cos  A  +  2  n I  cos  ^  +  2/ m  cos  i  =  1 . 
which  it  is  convenient  to  write,  </>(/,  m,  ii)  =  l. 


30  COOEDINATE   GEOMETEY  [ch.  ii. 

*31.  To  find  the  direction-cosines  of  the  line  ivhose 
direction-ratios  are  I,  m,  n. 

Project  OL,  (tigs.  21  and  22),  on  the  axes  and  on  itself, 
and  we  obtain,  as  in  §  25  (1),  (2),  (3),  (4), 

cosa  =  t  +  mcosy+%cos^  =  -  ^y, 

cos  8  =  1  cos  v+m+ncos\  =-  —2, 

2  dm 

COS  y  =  L  COS  u  +  m  COS  A  +  %  =  ~  ^-, 

l  =  £cosa+mcos/3-|-'n-cosy.     (Cf.  §21  (3).) 

*32.  To  find  the  angles  between  the  lines  whose  direction- 
ratios  are  I,  m,  n  ;  £',  mf,  n'. 

Let  OL',  the  unit  ray  from  O  which  has  direction-ratios 
V,  m',  n',  make  an  angle  6  with  OL.  Then  projecting  OL' 
on  OL,  we  obtain, 

cos  0  =  1'  cos  a + m'  cos  /3 + n'  cos  y, 


-ft 


l+™'H+»t)>  ^§31>> 


=  tt' + mm' + m' + (mn' + m'%)  cos  A 
+  {nV  +  n'Z)  cos  ju  +  (Zm'  +  £"m)  cos  v, 

"2V3?/+m3m'  +  ^W/" 
Cor.     If  the  lines  are  at  right  angles, 

?>l         am        on 
which  may  be  written  in  the  forms, 

V  cos  oc+m'  cos  {3-\-n'  cos  y  =  0 
or     ^cosa'  +  mcos/3'  +  wcosy'  =  0, 
where  cos  a',  cos  /3',  cos  y'  are  the  direction-cosines  of  OL'. 

Ex.  1.     If  X=fi=v=ir/3,  find  the  direction-ratios  of  the  line  joining 
the  origin  to  the  point  (1,  2,  - 1).     Find  also  the  direction-cosines. 

Ans    11^].    JL  _2_  _5_ 
*Jf>  sib'  \lb  '    2\Fb  n/E'  2*/5 


§§31,32]  DIEECTION-RATiPfi  :;i 

Ex.2.    Shew  that  the  direction-ratios  ol  a  normal  to  the  plane  XOY 

are  given  by 

I  _  m  n  I 

cos  vcos  A  -  cos  jj     cos  //  cos  v  -  cos  A     sin'-V    siii  . 

where  A  =  1  -  cos2  A  -  cos-/*  -  cos2^  +  2  cos  A  cos  \)  cos  v. 

Ex.  3.     Prove  that  the  lines  which  bisect  the  angle-   YOZ.  ZOX. 
XOY,  internally,  have  direction-cosines 

cos  u  +  cos  v  A  A     _. 

r  \  , — ,    cos  -,    cos  -  ;  etc., 

2  cos  A/2    '  2'  2  ' 

and  that  the  angles  between  them  are 

cos-ifl+cosA+cos/x+cosA  ^ 
\        4  cos  n/2  cos  vj2       I 


[CH.  III. 


CHAPTER  III 
THE  PLANE. 

33.  Let  ABC,  (fig.  23),  a  given  plane,  make  intercepts  OA, 
OB,  OC  on  the  axes,  measured  by  a,b,  c;  and  let  ON,  the 
normal  from  O  to  the  plane,  have  direction- cosines  cosoc, 
cos  /3,  cos  y,  and  have  measure  p,  (p  is  a  positive  number). 

Equation  to  a  plane,  (i)  To  find  the  equation  to  the 
plane  ABC  in  terms  of  cos  a,  cos  /3,  cos  y,  p. 

4Z 


Pig.  23. 

Let  P,  (x,  y,  z)  be  any  point  on  the  plane.  Draw  PK 
parallel  to  OZ  to  meet  the  plane  XOY  in  K,  and  KM  parallel 
to  OY  to  meet  OX  in  M.  Then  the  measures  of  OM,  MK,  KP 
are  x,  y,  z  respectively,  and  since  ON  is  the  projection  of 
OP  on  ON,  and  therefore  equal  to  the  sum  of  the  projections 
of  OM,  MK,  KP  on  ON, 

p  =  x  cos  a + y  cos  /3 + z  cos  y . 
This  equation,  satisfied  by  the  coordinates  of  every  point 
on  the  plane,  represents  the  plane. 


35]  THE   EQUA'J  [ON    TO   A    I'l. 

(ii)  To  find  the  equation  tothepla/ne  vn  termi  of  a  I 
ON  =  projection  of  oa  on  on    OAcosol; 
.-.  p=acoacL    Similarly,  0 cos /8=c cosy =p. 

Hence,  by  (i),  the  equation  to  the  plane  ifi 
x  <•<  is  a  .  y  cdl  &  .  z  cos  y  _ 
P  P  2^ 

a     b     c 

Ex.  Find  the  intercepts  made  on  the  coordinate  axes  by  the  plane 
x  +  2//  —  2z  =  9.  Kind  also  the  direction-cosines  of  the  normal  t<>  the 
plane  if  the  axes  are  rectangular.  Ans.  9,  9/2,  -9/2  ;   I,  |,  -  $. 

34.  General  equation  to  a  plane.     TV  general  equation 
oj  tin1  first  degree  in  x,  y,  z  represents  aplane. 
For  AflJ  +  By -f  C :  +  D  =  0  can  be  written 


—  DA       —  D/B       -D/C 

and  therefore  represents  a  plane  making  intercepts  —DA, 
—  D.'B,  —  D  C  on  the  axes. 

35.    If  A^  +  B?/  +  Cr  +  D  =  0andp  =  a;cosa  +  i/cos/8+rcosy 
represent  the  same  plane, 

cos  a.  _  cos  8  _  cos  y  _  p 
-A  "    -B  _  ^C  ~  D  ' ' 

therefore  the  direction-cosines  of  the  normal  to  the  plane 
Ax+By  +  Cz-\-D  =  Q  are   proportional  to  A,   B.   C.     If  the 

axes  are  rectangular,  each  of  the  ratios  in  (1)=-==  =. 

n/a2  +  B-  +  C2 

But  p  is  a  positive  number ;  therefore  if  D  is  positive, 
D  -A 


p  =    ,  ,    cos  a  = 


J  A-  +  B2  +  C2'  J  A-  +  B-  +  C- ' 

cos  f3  =        o   — = .    and    cos  y  = 


A-  +  B-  +  C'2  s/A2+  Br  +  C" 

If  D  is  negative,  we  must  change  the  sign  of  vA2+B2+C*. 

B.G.  C 
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Cor.     If  the  axes  are  rectangular,  the  angle  between  the 
planes     ax  +  by+cz+d=Q,     ax  +  b'y  +  c'z  +  d'  =  0 

±(aa'  +  bb'  +  cc') 


IS     cos 


.,  f        ±{aa'+bb,+cc')        1 

W  +  ^  +  c2  v/a'2  +  &'2  +  c/2J' 


Ex.  1.  If  the  axes  are  rectangular,  tind  the  angle  between  the 
Planes  (i)  2x  -y  +  z  =  6,     x+y  +  2z  =  3; 

(ii)  3fl?+4y-5z=9,     2x+6y  +  6z=7. 

J;; 5.  (i)  -/3,  (ii)  -/2. 

Ex.  2.  If  the  axes  are  rectangular,  find  the  distance  of  the  origin 
from  the  plane  Qx  -  Zy  +  2z  - 1 4  =  0.  Ans.  2. 

Ex.  3.  Shew  that  the  equations  by+cz  +  d=0,  cz  +  ax+d=0, 
ax+by+d=0  represent  planes  parallel  to  OX,  OY,  OZ  respectively. 
Eind  the  equations  to  the  planes  through  the  points  (2,  3,  1),  (4,  —5,  3) 
parallel  to  the  coordinate  axes. 

Ans.  y  +  4z-7  =  0.     #-2-1=0,     4r  +  ?/-ll=0. 

Ex.  4.  Find  the  equation  to  the  plane  through  (1,  2,  3)  parallel 
to  3x  +  4y-5z  =  0.  Ans.  3.r  +  4y  -  5z  +  4 = 0. 

Ex.  5.  Prove  that  the  equation  to  the  plane  through  (gl,  (3,  y) 
parallel  to  ax+b?/  +  cz=0  is  ax  +  by  +  cz= aa-+bf3  +  cy. 

Ex.  6.     If  the  axes  are  rectangular  and  P  is  the  point  (2,  3,  —  1 ), 
find  the  equation  to  the  plane  through  P  at  right  angles  to  OP. 
Ans.  2x+3y-z=U. 

Ex.  7.     Prove  that  the  equation  2x2-6y2-12z2  +  18yz  +  2zx  +  xy=0 
represents  a  pair  of  planes,  and  find  the  angle  between  them. 
Ans.  cos-1 16/21. 

Ex.  8.     Prove  that  the  equation 

ax2  +  by'2  +  cz2  +2fyz  +  2gzx  +  2hxy  =  0 

represents  a  pair  of  planes  if  abc  +  2fgh  —  af2  —  bg2  —  ch2=0. 

Prove  that  the  angle  between  the  planes  is 

ten-i  (  2{f2+g2+h2-bc-ca-ab)h 
\  a+b+e  I 

Ex.  9.  A  variable  plane  is  at  a  constant  distance  p  from  the  origin 
and  meets  the  axes,  which  are  rectangular,  in  A,  B,  C.  Through  A, 
B,  C  planes  are  drawn  parallel  to  the  coordinate  planes.  Shew  that 
the  locus  of  their  point  of  intersection  is  given  by  x~2+y~2+z~2=p~2. 

36.  Plane  through  three  given  points.  The  general 
equation  to  a  plane  contains  three  arbitrary  constants,  and 
therefore  a  plane  can  be  found  to  satisfy  three  conditions 
which  each  involve  one  relation   between  the  constants ; 


§§35-37]    DISTAN(  K  FEOM   A   POINT  TO  A   PLANE 


'.//.  a  plane  can   be  found  to  pass  through   any  three   non- 
col  linear  points. 

To  flint   the   fuiurturih   to    the   plana   th/TOUgh    (SBj,    .'/, .    '~x) 
(x.2>  y.,,  z.,),  <r..,  //,.  ;..,. 

Let  the  equation  to  the  plane  be  CKC+6y+C8!+cJ=0. 
Then  "'!  +  %!  + cr, +^/  =  0, 

ax.2  -f  by2 + cz2  +  d  =  0, 

axs  -f  by8 + cz3 +d  =  0. 
Therefore,  eliminating  a,  b,  c,  d,  we  obtain  the  required 


equation, 


=  0. 


•^2'    2/'2'    Z2.>    -'■ 
^3'    2/3»    ^3»    ■*■ 

Ex.  1.     Find  the  equation  to  the  plane  through  the  three  points 

(1,1,0),     (1,2,  1),     (-2,2,-1). 
A  as.   -2.r  +  3//  -  3:  =  5. 

Ex.  2.  Shew  that  the  four  points  (0,  -1,  0),  (2,  1,  -1),  (1,  1,  1), 
(3,  3,  0)  are  coplanar. 

37.   Distance  from  a  point  to  a  plane.     To  find  the 
distance  of  the  point  P,  (x',  y',  z')  from  the  plane 
j ,  =  x  cos  OL-\-y  cos  /3  +  z  cos  y. 

Suppose  that  p  is  a  positive  number  so  that  cos  a,  cos/3, 
cosy  are  the  direction-cosines  of  the  normal  from  the  origin 
to  the  plane.  Change  the  origin  to  (x',  y ',  z'),  and  the 
equation  to  the  plane  becomes 

p  =  {x  +  x)  cos  a. + (y  +  y')  cos  (3 + ( :  + : ' )  cos  y, 
or  p  =  x  cos  a.  +  y  cos  fi  +  z  cos  y, 

where     p'  =  p  —  x  cos  a  —  y'  cos  /3  —  s'  cos  y. 

Hence  the  distance  of  (.'•'.  y\  z").  the  new  origin,  from  the 
plane  is         p'  =  ^  _  r'  cos  a  _  ^'  cos  fi  _  5'  cos  y 

If  P  is  on  the  same  side  of  the  plane  as  the  original 
origin  O.  cosoc,  cos/3,  cosy  are  still  the  direction-cosines  of 
the  normal  from  the  new  origin,  P,  to  the  plane,  and  there- 
fore p'  or  p  —  x'  cos  a  —  y'  cos  8  —  :'  cos  y  is  positive.     If   P 
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and  O  are  on  opposite  sides  of  the  plane,  cos  a,  cos/3,  cosy 
are  the  direction-cosines  of  the  normal  from  the  plane  to 
P,  and  therefore  p'  or  p  —  x'  cos  OL  —  y'  cos  (3  —  z'  cos  y  is 
negative.     Hence,  if  p  is  positive, 

p  —  x  cos  ol—ij  cos  /3  —  z'  cos  y 

is  positive  if  (x\  y ',  z')  is  any  point  on  the  same  side  of  the 
plane  as  the  origin,  and  negative  if  (x'f  y',  z')  is  any  point 
on  the  side  of  the  plane  remote  from  the  origin. 

Cor.  1.     The  distance  of  (x,  y ',  z)  from  the  plane 

ax-\-by  +  cz-\-d  =  0, 

.„  ,,  <  i  •  •  t  ax  +by'  +  cz'  -\-d 
it  the  axes  are  rectangular,  is  given  by  ,  =• 

If  d  is  positive  the  positive  sign  is  to  be  taken,  as  it  gives 
a  positive  value  for  the  perpendicular  from  the  origin. 

Cor.  2.  If  cl  is  positive,  the  expression  ax  +  by'  +  cz  +  d 
is  positive  if  (x,  y',  z)  and  the  origin  are  on  the  same  side 
of  the  plane  ax-\-by-\-cz  +  d  =  0,  and  negative  if  they  are 
on  opposite  sides. 

Ex.  1.  If  P  is  {x\  y',  z'),  shew  that  the  projection  of  OP  on  the 
normal  to  the  plane 

P  =  xcosol+?/cos  (3  +  z cosy  is  .r'cosa.+y'cos/3  +  .s'cos  y, 
and  deduce  the  results  of  §  37. 

Ex.  2.     Find  the  distances  of  the  points  (2,  3,  —  5),  (3,  4,  7)  from 
the  plane  x+2y  —  2z  =  9.     Are  the  points  on  the  same  side  of  the  plane  ? 
Ans.  3,  4,  No. 

Ex.  3.  Find  the  locus  of  a  point  whose  distance  from  the  origin 
is  7  times  its  distance  from  the  plane  2x  +  3y  —  Gz  =  2. 

Ans.  3x2  +  8i/'i  +  35z?-myz-24:ZX+l2,xy-8.v-12y  +  24z  +  4  =  Q. 

Ex.  4.     Find  the  locus  of  a  point  the  sum  of  the  squares  of  whose 
distances  from  the  planes  x+y  +  z  =  0,  x  —  z=0,  x-2y+z  =  0,  is  9. 
Ans.  x2+y2+z2  =  9. 

Ex.  5.  The  sum  of  the  squares  of  the  distances  of  a  point  from  the 
.planes  x+y+z=0,  x  —  2y-\-z  —  0  is  equal  to  the  square  of  its  distance 
from  the  plane  x  =  z.  Prove  that  the  equation  to  the  locus  of  the  point 
is  y2  +  2xz  =  0.  By  turning  the  axes  of  x  and  z  in  their  plane  through 
angles  of  45°,  prove  that  the  locus  is  a  right  circular  cone  whose  semi- 
vertical  ansde  is  45°, 
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38.  Planes  bisecting  the  angles  between  given  planes. 
To  jlnd  the  planes  bisecting  the  angles  between  tht  given 
planes  ax+by+cz+d—0,  a'x+b'y+c'z+d'  0,  the  axet 
being  rectangular. 

We  can  always  write  the  equations  so  thai  d  and  d 
positive.    Then  the  equation 

ax  +  by  +  cz-\-d  _  a'x  -f  b'y  +  c'z  4-  d' 
J<(?  +  tP+<*  Va'2+6'2+c'2 

represents  fcbe  locus  of  points  equidistanl  from  fche  given 
planes,  and  since  the  expressions 

ax -\-by  +  cz  +  d,  a'x  +  b'y  +  c'z  +  d' 
in  the  equation  have  the  same  sign,  fche  points  are  on  the 
origin  side  of  both  planes  or  on  the  non-origin  side  of  both. 
The  locus  is  therefore  the  plane  bisecting  that  angle 
between  the  given  planes  which  contains  the  origin. 
Similarly, 

ax  +  by  +  cz  +  d  _     a'x+  b'y  +  c'z  +  d' 
Jor  +  W  +  c2  *Ja'*  +  b"  +  c'2 

represents  the  plane  bisecting  the  other  angle  between  the 
given  planes. 

Ex.  1.  Shew  that  the  origin  lies  in  the  acute  angle  between  the 
planes  #+2^+2«=9,  4#-3,y +  12z+13=0.     Find  the  planes  bisecting 

the  angles  between  them,  and  point  out  which  bisects  the  acute  angle. 
A  ns.  Acute,  25i  + 1  ly  +  622  -  78  =  0  ;  obtuse,  x  +  35 y  -  10s  -  1 56  =  0. 
*Ex.  2.     Shew  that  the  plane  ax+by+cz+d =0  divides  the  join  of 
(ri>  Uii  zdi  (,572)  Il'ii  h)  'n  the  ratio 

q,f ,  +  fry,  +  cr ,  +  d 
a.v.2  + by.2  + cz.,  + d' 

[The  point  (AfSL+fi,  M±fl,  ^2±£l\  lies  on  the  plane  if 
V    A  +  1         A  +  l        A  +  1    / 

X.(ox2+by2+cs2+d)+ax1+by}+czl+d=0.] 

*Ex.    3.      Hence    shew    that    the     pianos    u  =  ax+by+cz+d=0, 

v  =  a'.v+b';/-\-c';;  +  d'  =  (\  u+X.V=0,  lt-\v=0  divide  any'  transversal 
harmonically. 

Let  P, (a'l,//,,  r,)  be  on  the  plane  ;/  =  0,  then  u1  =  ax1  +  by1+czi+d=0. 
Let  Q,  (.»'._,, //._,,  :.j)  be  on  the  plane  »=0,then  >\2  =  ti.v.2  +  b'//.2  +  c':.:  +  d' =  0. 

The  planes  w±  Av=0  divide  PQ  in  the  ratios 


/.('.  divide  PQ  harmonically. 


a,  ±  Ac,    ■        Ac, 

»■•>  +  A  i'.2  Ujj 
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*Ex.  4.  If  A,  P,  B,  Q  are  any  four  collinear  points,  the  anharmonic 
ratio,  or  cross-ratio  of  the  range  APBQ,  is  defined  to  be 

AP^AQ         AP.QB 
PB  *  QB  °r  AQ.PB' 

Prove  that  four  given  planes  that  pass  through  one  line  cut  any 
transversal  in  a  range  of  constant  cross-ratio. 

If  u  —  0,  v  =  0  are  two  planes  through  the  line,  the  equations  to  the 
four  given  planes  can  be  written,  u  +  krV  =  0,  r=l,  2,  3,  4.  Let  A,  B, 
(x\i  V\i  z\)i  (x2>  Vii  zi)  ^e  on  ^he  planes  m+A1w=0,  m  +  A3v=0 
respectively.  Then  u1  +  Xlv1  =  0  and  u2  +  \3v2  =  0.  If  P,  Q  lie  on 
the  planes  u  +  X2v  =  0,  m  +  A4v=0,  then  by  Ex.  2, 


and  therefore 


AP_     u1  +  \2v1     AQ  _     ux  +  A4^ 
PB        u2  +  X2v2    QB        M2  +  A,4tf2' 

AP.QB  _(A1-A2)(A8-A4) 


AQ.PB     (A3-A2)(A1-A4) 
This  constant  cross-ratio  is  called  the  cross-ratio  of  the  four  planes. 

*Ex.  5.     P,  Q,  R,  S  are  four  coplanar  points  on  the  sides  AB,  BC, 
CD,  DA  of  a  skew  quadrilateral.     Prove  that 

AP   BQCR   DS 
PBQCRDSA 


THE  STEAIGHT  LINE. 

39.  The  equations  to  a  line.  Every  equation  of  the 
first  degree  represents  a  plane.  Two  equations  of  the  first 
degree  are  satisfied  by  the  coordinates  of  any  point  on  the 
line  of  intersection  of  the  planes  which  they  represent,  and 
therefore  the  two  equations  together  represent  that  line. 
Thus  ax  +  by  +  cz+  d  =  0,  a'x  +  b'y  +  c'z+d'  =  0  represent  a 
straight  line. 

40.  Symmetrical  form  of  equations.  The  equations  to 
a  straight  line  can  be  found  in  a  more  symmetrical  form. 
If  the  line  passes  through  a  given  point  P,  (x,  y',  z')  and  has 
direction-ratios  I,  m,  n, 

,    x—x'  y  —  v'  z—z' 

t= j    m  =  - — —j    n= > 

r  r  r 

where  Q,  (x,  y,  z)  is  any  point  on  it,  and  the  measure  of 
PQ  is  r,  (§  21,  Cor.  3 ;    §  29,    Cor.  3).     And  therefore  the 
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coordinates  of  any  point  on  the  line  satisfy  the  equatii 

X  —  r!  _  If  —  'lf'_Z  —  z'         

I  m  n 

These  equations  enable  us  to  express  the  coordinates  of  a 
variable  point  on  the  line  in  terms  of  one  parameter  r,  for 

x  =  x'  +  lr,     y  =  y'-\-mr,     z  =  z'-\-nr. 

Conversely,  any  equations  of  the  form 

x—a_y—b_z—c 

I  in  a 

represent  a  straight  line  passing  through  the  point  (",  b,  c) 
and  having  direction-ratios  proportional  to  I,  m,  n. 

v  —  1     v  —  2     r  +  3 
Ex.  1.     Find   where  the  line  ' =  ■'- =  12—    meets    the    plain.' 

Ex.  2.     Find  the  points  in  which  the  line  - — =•' -  =  — -  cute 

the  surface  Ux2-  5y*+z2=0.  ~ ]   ,      ?        ,   2 

Am.  (1,2,  3),  (2,  -3,1). 

Ex.  3.     If  the  axes  are  rectangular,  find  the  distance  from  the  point 

(3,  4,  5)  to  the  point  where  the  line =d- =- — -  meets  the  plane 

x+g+z=2.  '  2  2  A,,s.  -6. 

Ex.  4.      Find  the  distance  of  the  point  (1,  -2,  3)  from  the  plane 

x~//  +  z  =  5  measured  parallel  to  the  line  -=•-  =  — -, (rectangular axes). 
/       ,  *  2     3     -(i 

Arts.  1. 

Ex.  5.     Shew  that  if  the  axes  are  rectangular,  the  equations  to  the 
perpendicular  from  the  point  (oc,  j3,  y)  to  the  plane  OJC+by+cz+d=Q 

are —•'  ,  P  =  - — -t,  and  deduce  the  perpendicular  distance  of  the 

a  b  c 

point  (a.,  j3,  y)  from  the  plane. 

Ex.   6.     If   the   axes   are   rectangular,   the   equations    to    the    line 
through  (a.,  ft,  y)  at  right  angles  to  the  lines 

x  _  y  _  z      x  _  y z_ 

y-i8  _    —y 


m1w2  -  m2?ii    ni^2 —  M2^i    'V'"  ->  ~~  hm  i 

Ex.  7.     If  the  axes  are  rectangular,  shew  that  the  equations  to  the 

planes  through  the  lines  which  bisect  the  angles  between 

x/ll=y/ml=z/n1   and   xfl%=yJ7ni=  i  '"._., 
and  at  right  angles  to  the  plane  containing  them,  are 
(?l  +  ?.,).v  +  (mi±m2)>/  +  ()il±n2):  =  Q. 
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Ex.  8.  A  line  through  the  origin  makes  angles  a.,  ft,  y  with  its 
projections  on  the  coordinate  planes,  which  are  rectangular.  The 
distances  of  any  point  {x,  y,  z)  from  the  line  and  its  projections  are 
d,  a,  b,  c.     Prove  that 

d?  =  (a?  —  x2)  cos2oc  +  (b2  -  y2)  cos2  ft  +  (c2  —  z2)  cos2y. 

41.  Line  through  two  points.    If  p,  q  are  (xv  yx,  sL), 

(x2,  y2,  z2),  the  direction-ratios  of  PQ  are  proportional  to 
x2  —  xv  y2  —  ylt  z2  —  z1,  and  therefore  the  equations  to  PQ 
are  x  —  x1  _  y  —  yi_  z  —  zx 

x2  —  xx    y2  —  y1    z2  —  zx 
By  §  8,  the  coordinates  of  a  variable  point  of  the  line  in 
terms  of  one  parameter,  X,  are 

Aftg  +  a?!  Xy2  +  yi  Xvf% 

x~  x+i  '    y-T+T'  x+i  " 

Ex.  1.  Find  the  point  where  the  line  joining  (2,  1,  3),  (4,  -2,  5) 
cuts  the  plane  2x+y  —  2  =  3.  Am.  (0,  4,  1). 

Ex.  2.  Prove  that  the  line  joining  the  points  (4,  -  5,  -  2),  ( - 1,  5, 3) 
meets  the  surface  2.r2  +  Sy2  -  4z2  =  1  in  coincident  points. 

42.  Direction-ratios  from  equations.  The  planes  through 
the  origin  parallel  to 

ax  +  by  +  cz  +  d  =  0,     a'x-\-b'y  +  c'z  +  d'  =  0 
are  given  by 

ax  +  by  +  cz  =  0,    ax  +  b'y  +  c'z  =  0. 
Hence  the  equations 

ax  +  by-\-cz  =  0  =  a'x  +  b'y  +  c'z 
together  represent  the   straight   line   through   the   origin 
parallel  to  the  line  given  by 

ax-\-by  +  cz-\-d  =  0  =  a'x  +  b'y  +  c'z  +  d'. 
They  may  be  written 

x  y  z 

be'  —  b'c     ca  —  c'a     ab'  —  a'b ' 
and  therefore   the   direction-ratios   of   the   two   lines   are 
proportional  to  be'  —  b'c,  ca'  —  c'a,  ab'  —  a'b.     Again  the  second 
line  meets  the  plane  0  =  0  in  the  point 
fbd'  —  b'd     da'  —  d'a 


\ab'  —  a'b '    ab'  —  a'b ' 


0 
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therefore  the  equations  bo  the  second  line  in  the  symmetrical 
form  are  //'/-/  /  '     /- 

hil  —  hi/  (In   —d  ii 

•'—     i,         ,,        'l—i'         ■, 

ul>  —  a  Ii      '        iih  —ill)  z 

he  —In'  CQ/—CQ  (lb'  —  (i'b 

Ex.  1.    The  equations  to  a   line  through  (a,  >>,  c)  parallel  to  the 
plane  XOY  are  , 

■'■   "   y    ''  i 

l         in        o 

since  the  direction  ratios  arc  /,  mt  0.     Again  the  line  lies  in  the  plane 
s=c,  and  therefore  its  equations  can  be  written 

m{x-a)=l(g-b\  z=c, (2) 

and  (I)  is  to  be  considered  the  symmetrica]  form  of  (-). 

Ex.  2.     Find  the  equations  to  the  line  joining  (2,  4.  3),  (  -3,  5,  ■".). 
The  equations  are  — — =2 =- — -.    Therefore  the  line  is  parallel 

to  the  plane  XOY,  as  is  evident,  since  the  ^-coordinates  of  two  points 

mi  it  are  equal  to  3.     The  equations  can  also  be  written 

x  I  ■>//    22,  5=3. 

Ex.  3.     The  equations  to  the  straight  line  through  (a,  6,  •  )  parallel 

i     <-\t         x  —  a     y  —  b    :-<•  j 

to  OZ  are =«. = or  .v  =  a,  y  =  b. 

0  <)  1 

Ex.  4.      Prove  that  the  equations  to  the  line  of  intersection  of  the 
planes  4,v  +  4//-bz  =  \2,  8x+  L2y  —  13z=32  can  be  written 

x-\  _j/-2_z 
2      :    3    ~~4- 

Ex.  5.     Shew    that    the    line    2x+fy-z-6=0=2x+Zy-z-8    is 

parallel  to  the  plane  ?/  =  0,  and  find  the  coordinates  of  the  point  where 
it  meets  the  plane  x=0.  Arts.  (0,  _,  -2). 

Ex.  6.      Prove  that  the  lines 
2x  +  3i/-4z  =  0  =  'S.v-4i/+s,    5a?-#-3a+12=0=:p-7y+6*-6 
are  parallel. 

Ex.  7.     Find  the  angle  between  the  lines 

x  -  -lii + z = 0 = x+y  -  -,     x  +  2y  +  : = 0 = 8x  +  1  -2j/  +  bi . 
(rectangular  axes).  Ans.  C0S-18/> 

Ex.  8.      Find  the  equations  to  the  line  through  the  point   (],  _.  3) 
parallel  to  the  line  .»•  -y  +  2s=5,  &<•+//  +  ;  =  6. 

Ins  ■''-1_.'/-2_--3 
-3  ~    5    :=    4 
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43.  Constants  in  the  equations  to  a  line.    The  equations 

x  —  a  _  y  —  b  _  z  —  c 
I  77i         n 

may  be  written  x  =  —  y  +  a 


m  m 

711      ,    7        711C 

which  are  of  the  form     x  —  lKy-\-^\ 


(2) 


y  =  Cz+D)' 

and  therefore  the  general  equations  to  a  straight  line  con- 
tain four  arbitrary  constants.  The  equations  (1)  represent 
the  planes  passing  through  the  line  and  parallel  to  OZ  and 
OX  respectively,  and  by  a  choice  of  such  planes  to  define  any 
given  line  its  equations  can  be  put  in  the  form  (2),  which 
is  the  form  with  the  smallest  possible  number  of  arbitrary 
constants. 

Ex.  1.     Prove  that  the  symmetrical  form  of  the  equations  to  the 

, .         .         ,                     7                   ,  .    x  —  b     y    z  —  d 
line  given  by  x  =  ay  +  b,  z  =  cy  +  d  is  =  j = ■ 

Ex.  2.     Prove  that  the  lines 

x  =  ay  +  b,    z  =  cy  +  d,    x  =  a'y  +  b',    z  =  c'y  +  d', 
are  perpendicular  if  aa+cc'  +  l  =0. 

Ex.  3.  Find  a,  b,  c,  d,  so  that  the  line  x  =  ay  +  b,  z  —  cy  +  d  may  pass 
through  the  points  (3,  2,  -4),  (5,  4,  -6),  and  hence  shew  that  the 
given  points  and  (9,  8,  —  10)  are  collinear. 

Ans.  a  =  l,  6  =  1,  c=  —1,  d=  -2. 

Ex.  4.  Prove  that  the  line  x=pz  +  q,  y  =  rz  +  s,  intersects  the  conic 
z  =  0,  gp>;2  +  &?/2  =  1,  if  aq2  +  bs2  =  l. 

Hence  shew  that  the  coordinates  of  any  point  on  a  line  which 
intersects  the  conic  and  passes  through  the  point  (<x,  /3,  y)  satisfy  the 
equation  a(yx  -  oJf  +  b  (yy  —  jiz)2  =  (z  —  y)2. 

Ex.  5.     Prove  that  a  line  which  passes  through  the  point  (oc,  /3,  y) 
and  intersects  the  parabola  y  =  0,  z2  =  4ax,  lies  on  the  surface 
(fiz  -  yy)2  =  4:a(/3-y)(l3x  -  a.y). 

Ex.  6.     Find  the  equations  to  the  planes  through  the  lines 
(i)  X-^L  JL^-  =  £Z_!      (ii)  2x  +  3y  -  5*  -  4  =  0  =  Zx  -  4y  +  hz  -  6, 

parallel  to  the  coordinate  axes. 

Ans.  (i)  5?/ -4s +  1  =  0,    2z-5x  +  2=0,   2.r-y-l=0; 
(ii)  \7y-25z  =  0,   5z-l7x  +  M  =  0,   5.r-;/-10  =  0. 
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*Ex.  7.     If  the  axes  ;u«-  oblique  the  di  tance  of  the  point  (  •  . 
from  the  plane  cue  I  by+cz+d    o  is  given  by 

i  (a.v    \-  />//'  +  cz'  +  <l){\  —  COS2 A  -  COS2/Z  —  COS2|/  +  2  COH  A  COH  /l  COS  y)  * 

{EahivPX     226c(cosA    C0S/4CO8I')}* 

*Ex.  8.     The  distance  of  (.#.■',  //,  z')   from    the   line  ■>  "  =i/jb  =  z/c 
is  given  by 


,2  _  2(6z  -  cyf  sin2A  4-  22(&g  -  az)(a?/  -  bx)(coe  /i  cos  i/  -  cos  A) 
a2  +  ft2  4-  c2  +  2bc  cos  A  4-  2ca  cos  /a  4-  2ab  cos  v 

#Ex.  9.     Prove  that  the  direction -cosines  of  the  normal   to  the 
i 
\- 
plane  OXY  are  0,  0,  -=-, 

sin  v 

where  A  =  l  -cos2A  —  cos2/x  -  cos2v  4- 2  cos  A  cos /t  cob  v. 

If  the  angles  that  OX,  OY,  OZ  make  with  the  planes  YOZ,  ZOX, 
XOY  are  «.,  (3,  y,  prove  that 

sin  a.  _  sin  /3  _  sin  y  _.; 
cosec  A    cosec  \l    cosec  v 
If  the  angles  between  the  planes  ZOX,  XOY,  etc.,  are  A,    B,   C, 
prove  that  ^  cog  ^  _  cog  ^  cog  „_8jn  ^  sjn  v  cos  /^ 

/•■N  sin  A     sin  B     sin  C 

(ll)  -r-T  =  ~. =-. • 

sin  A     sin  \i      sra  v 

44.  The  plane  and  the  straight  line.    Let  the  equations 

ax  +  by  +  cz+d  =  Q,  ■ — -, —  =- — —  —  - — —  represent  a  given 

plane   and    straight   line.     Their   point   of   intersection    i.s 

(a.  +  lr,  fi-\-mr,  y  +  nr), 
where  r  is  given  by 

r(al  +  bm  +  en)  +  aa.  +  b/3  +  cy  +  d  =  0. 
But  r  is  proportional  to  the  distance  of  the  point  from 
(a,  fi,  y).  Therefore  the  line  is  parallel  to  the  plane  if 
al  +  bm+c»=()  and  aoi  +  b(3  +  cy-\-d=\=Q. 
If  the  axes  are  rectangular,  the  direction-cosines  of  the 
normal  to  the  plane  and  of  the  line  are  proportional  to 
a,  b,  c ;  I,  m,  n ;  and  therefore  if  the  line  is  normal  to 
the  plane,  l_m_n 

a      h      c 
Cor.     The   conditions   that   the   line    should    lie    in    the 
plane  are  al+bm  +  en  =  0 

and  aoL  +  bfi+cy+d=0. 
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Ex.  1.  Prove  that  the  line  ^_— —•/__  — 1H_  is  pai'allel  to  the 
plane  4x+ At/- 5z=0. 

Ex.  2.  Prove  that  the  planes  2x-3y-7z  =  0,  Sx-  \4y -13s =0, 
8x  —  3ly  —  33z  =  0  pass  through  one  line. 

Ex.  3.  Find  the  equation  to  the  plane  through  (2,  -  3,  1)  normal 
to  the  line  joining  (3,  4,  —  1),  (2,  - 1,  5),  (axes  rectangular). 

Ans.  o?+5^ -6s  + 19  =  0. 

Ex.  4.  Find  the  equation  to  the  plane  through  the  points 
(2,  - 1,  0),  (3,  -  4,  5)  parallel  to  the  line  2x=Zy  =  4z. 

Ans.  29.r  -  27?/  -  22* = 85. 

Ex.  5.  Prove  that  the  join  of  (2,  3,  4),  (3,  4,  5)  is  normal  to  the 
plane  through  (-2,  -3,  6),  (4,  0,  -3),  (0,  —  1,  2),  the  axes  being 
rectangular. 

Ex.  6.     Find  the  distance  of  the  point  (  —  1,  -5,  —10)  from  the 

v  —  2     ?/  + 1      s  —  2 
point   of   intersection  of   the  line         ^=^ = and  the   plane 

x—y+z=5,  (rectangular  axes).  "  Ans.  13. 

Ex.  7.  Find  the  equations  to  the  planes  through  the  point 
( —  1,  0,  1)  and  the  lines 

4x-'Sy+l=0=y-4z  +  l3  ;     2x -y-2=0=z -5, 

and  shew  that  the  equations  to  the  line  through  the  given  point 
which  intersects  the  two  given  lines  can  be  written 

x=y-l=z-2. 

Ex.  8.     Find  the  equation  to  the  plane  through  the  line 
x  —  o._y  —  (3  _  z  —  y 
I  m  n 

parallel  to  the  line  '-  =  -^-=— ,. 

1  L     m      n 

Ans.  2 (x  -  a.) (mn'  -  m'n)  =  0. 

Ex.  9.  The  plane  lx  +  my  =  0  is  rotated  about  its  line  of  inter- 
section with  the  plane  z  =  0  through  an  angle  ex..  Prove  that  the 
equation  to  the  plane  in  its  new  position  is 

Ix  +  my  ±  z  s/l2  +  m2  tan  ex. = 0. 

Ex.  10.  Find  the  equations  to  the  line  through  (f,g,  h)  which  is 
parallel  to  the  plane  lx  +  my  +  nz  =  0  and  intersects  the  line 

ax  +  by  +  cz  +  d=0,     a'x  +  b'y  +  c'z  +  d'  =  0. 
fl(x-f)  +  m(y-g)  +  n(z-h)=0, 
Ans.  X  gx+by  +  cz  +  d     a'x  +  b'y  +  c'z+d' 
I  af+  bg  +  ck  +  d~a'f+  b'g  +  c'h  +  d'' 
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Ex.  11.  The  axes  being  rectangular,  Bnd  the  equation!  to  th< 
perpendicular  from  the  origin  to  the  line 

■r  +  2y  +  32  +  4  =  0,     2x+dy-\  U  |  5     0. 

Kind  also  the  coordinate!  of  the  foot  of  the  perpendicular. 

(The  perpendicular  is  the  line  of  Intersection  of  the  plane  through 
Un<  origin  and  the  line  and  the  plane  through  the  origin  pei  pendicutai 
to  the  fine.) 


Ins  H-JL-J--    (I  zl       !  | 
I      -l~-4'     U     3  '     3  J' 


Ex.  12.     The   equations  to  AB   referred   to  rectangular   a.\< 
'-  =  -^-  =  -.     Through  a  point  P,  (1,  2,  5)  PN  is  drawn  perpendicular 

to  AB,  and  PQ  is  drawn  parallel  to  the  plane  &F+4y+B$=0  to  meet 
AB  in  Q.      Find  the  equations  to  PN  and  PQ  and  the  coordinate 
N  and  Q. 

a       x—\_y—W_z—hm    %—l_y—2_z—5  . 


/52    -78    156\       /3    "9    g\ 
V49'     49"'  "49  /  '     V  '  "  2  '  V 


Ex.  13.     Through  a  point  P,  (x\  y',  z)  a  plane  is  drawn  at  right 

angles  to  OP  to  meet  the  axes  (rectangular)  in  A,  B,  C.     Prove  that 

iA 
the  area  of  the  triangle  ABC  is — — — ,  where  r  is  the  measure  of  OP. 

i,r  >i  z 

Ex.  14.     The  axes  are  rectangular  and  the  plane  x/a+ylb  +  z/c=l 
meets   them    in    A,    B,    C.      Prove    that    the    equations    to    BC    are 

-=£  =  —  ;    that  the  equation  to  the  plane  through  OX    at   right 

angles  to  BC  is  by  =  cz  ;  that  the  three  planes  through  OX,  OY.  OZ, 
at  right  angles  to  BC,  CA,  AB  respectively,  pass  through  the  line 
ax  —  by  —  cz\  and  that  the  coordinates  of  the  orthocentre  of  the 
triangle  ABC  are  : 

a-1  b-1  c-1 

rt~-  +  />_"  +  c-2'     a~2+&~9+c-a'     a~- +  b~- +  (■--' 

Ex.  15.     If  the  axes  are  rectangular,  the  distance  of  the  poinl 
(#0)  .'An  zo)  from  the  line 

u  =  ax+by+cz+d=Q,    v=a'x+b'y+cfz+d'=0 

is  crivpn   lw  J  (tt'Mp  -  CLVqY  +  (&'»,)  ~  K)'  +  (c'ttp  -  Cl\t)-  )  S 

-Y  I    (bc'-b'cf  +  (ca'-c'ay  +  (ab'-a'bj-    J    ' 

where      v0  =  ax0  +  by0  +  cz0  +  d,    and    v0  =  a'x0  +  b'y0  +  c':0  +  d'. 

Ex.  16.     Find  the  equation  to  the  plane  through  the  line 
u  =  ax  +  by  +  cz  +  d  =  0,     r  =  a'x  +  b'y  +  e':  +  d'  =  0, 
parallel  to  the  line  xjl=yjm  =  zh). 

Ans.  u(a'l  +  b'm+c'n)  =  r(al  +  l»h  +cn). 
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Ex.  17.     Find  the  equation  to  the  plane  through  the  lines 

ax  +  by  +  cz  =  0  =  ax  +  b'y  +  c'z,     cu)-\-f3y  +  yz  =  0  =  cl'x  +  fi'y  +  y  's. 


Ans. 


=  0. 


d°~- 


x,  y,  z 

be'   —  b'c,      ca'  —  c'a,      ab'  —  a'b 
fiy'  -  fi'y,     yoJ  -  y'a.,     a.fi'  -  cl'/3 

Ex.  18.     Prove  that  the  plane  through  the  point  (a.,  (3,  y)  and  the 
line  x=py+q=rz+s  is  given  by 

i  x,     py  +  q,  rz  +  s  I  =»  0. 

a.,      p/3  +  q,  ry  +  s\ 

1,1,  1       I 

Ex.  19.     The    distance    of    the  point    (£,    77,    ()   from    the   line 

.v  —  a._y  —  p  _*  —  y^  measured  parallel  to  the  plane  ax  +  by  +  cz—0,  is 

(  m  n 

given  by 

(a2  +  b2  +  c2)?{m(y-Q-n(l3-71)}2-{?(a.-$)(bn-cm)¥ 
{at  +  bm  +  en)2 
Deduce  the  perpendicular  distance  of  the  point  from  the  line. 

v  —  oc     v  —  (3     z  —  y 
*Ex.  20.     If  the  axes  are  oblique,  the  line  ' — -, —  =' = '-  is 

normal  to  the  plane  ax  +  by  +  cz  +  d=0,  if 

3<£    ?)<f>    ^^ 

E=5=— •     (See  §31.) 
a        b        c 

*Ex.  21.     Shew  that  the   equation  to  the  plane  through  OZ  at 
right  angles  to  the  plane  XOY  is 

.r  (cos  jx  cos  v  —  cos  A)  =y(cos  v  cos  A  —  cos  ju,). 

*Ex.  22.     Shew  that  the  planes  through  OX,  OY,  OZ,  at  right 
angles  to  the  planes  YOZ,  ZOX,  XOY,  pass  through  the  line 

^(cos  jx  cos  v  —  cos  A)  —y  (cos  v  cos  A  —  cos  li) =,s(cos  A  cos  /x  —  cos  v). 

*Ex.  23.     The  planes  through  O  normal  to  OX,  OY,  OZ  cut  the 
planes  YOZ,  ZOX,  XOY  in  lines  which  lie  in  the  plane 


+ 


y 


+- 


=0. 


cos  A      COS  jX     cos  V 

*Ex.  24.     Shew  that  the  line  in  Ex.  22  is  at  right  angles  to  the 
plane  in  Ex.  23. 

*Ex.  25.     If  P  is  the  point  (x',  y\  z')  and  the  perpendiculars  from 
P  to  the  coordinate  planes  are  j^,  p2,  p3,  prove  that 

P1  sin  A  _  p2  sin  /x_p3  sin  v  _  A 

x  y'  z' 

Deduce  that  the  planes  bisecting  the  interior  angles  between  the 
coordinate  planes  pass  through  the  line 


sin  A     sin  /x    sin  v 
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*Ex.  26.    Shew  thai  the    quare    of  the  di  tana     oi  P 
from  i  be  coordinate  a  ■■<    are 

//"-sin- 1'  I-  :"-s\h-/i  I-  2//'. '(<■<..   A      CO 

*Ex.  27.     Prove  I  bal  the  equation  t<>  the  plane  through  O  normal  t" 

sin  a    sin  /<     sin  v 

-\.+u+v  ,           A    u+v  .          \+fi-v 
is  a?  cos ~- h//cos ^ Hz  cos £ =0. 

45.   The  intersection  of  three  planes.     Before  proceeding 
to  the  general  discussion  of  the  intersection  of  three  given 
planes  we  will  consider  three  typical  numerical  cases. 
Solving  the  equations 

:;.,-  4//  +  5z  =  10, 

2x-   y+    :  =   3, 

X-3y  +  2z  =    1, 

we   obtain  0J  =  1,  ?/  =  2,  0  =  3,   and   hence  the  three    planes 

represented  by  the  given  equations  pass  through  the  poinl 

(1,  %  3). 

Let  us  now  attempt  to  solve  the  equations 

(i)  2x  -4//  +  2c  =  5, 

(ii)  5.r—    y  —    z  —  8, 

(iii)    oj+   //-    c  =  7. 

Eliminate  o  from  (ii)  and  (iii),  then  from  (i)  and  (ii).  and 

we  get  4a; -2y  =  l,    4.r-2</  =  7. 

Whence  subtracting,     0 .  x i  +  0 .  y  =  6. 

Similarly,  eliminating  vy  from  (i)  and  (ii),  then  from  (ii) 
and  (iii),  we  get 

G.«-2s  =  9,    Gx -2c  =  15, 

whence  0 .  x  +  0  .  z  =  6. 

There  are,  therefore,  no  iinite  values  of  x,  y,  z,  which 
satisfy  all  the  given  equations.    The  equations  0 .  aj+0 .  y  =  6, 

O.oj  +  0.  0  =  6,  are  limiting  forms  of  V  +  '7,  =  6.  ',+,"  =  6.  as  k 

A'      A'  A'      A' 

tends  to  infinity,  and  hence  we  may  say  that   any  point 

whose  coordinates  satisfy  the  three  given  equations  is  at  an 
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infinite  distance.  We  easily  find  that  the  lines  of  inter- 
section of  any  two  of  the  planes  are  parallel  to  the  line 

x  _y  _z 

and  it  is  evident  that  no  two  of  the  planes  are  parallel,  so 
that  the  three  planes  form  a  triangular  prism.  Thus  if  we 
are  given  the  three  equations  to  the  faces  of  a  triangular 
prism,  and  we  attempt  to  solve  them,  we  obtain  a  para- 
doxical equation  of  the  form  k  =  0,  where  k  is  a  number 
different  from  zero. 

Consider,  in  the  third  place,  the  equations 
(i)  12x-   y  +  2z  =  S5, 
(ii)     Sx  +   y  +   z=   7, 
(iii)       x  +  2y  +   z  =   0. 
Eliminating  z  between  (i)  and  (ii),  and  then  between  (ii) 
and  (iii),  we  obtain 

6x-3y  =  21,    '2x-y  =  7. 
Similarly,  if  we  eliminate  x  in  any  way  between  the 
equations,  we  get  5y  +  2z-\-7  —  0. 

Thus  all  points  whose  coordinates  satisfy  the  given  equa- 
tions lie  upon  both  of  the  planes  2x  —  y  =  7,  5y  +  2z-\-  7  =  0, 
or  the  common  points  of  the  three  planes  lie  upon  a  straight 
line,  that  is,  the  three  planes  intersect  in  a  straight  line. 

Ex.  1.     Examine  the  nature  of  the  intersection  of  the  seta  of  planes  : 
(i)  2x-by  +   2=3,       x+  y  +  Az  =  S>,  x  +  3y  +  6z  =  1 

(ii)  3x  +  4y  +  6z  =  5,     6x  +  5y+9z=10,  3x  +  3y+5z=5 

(iii)     x  +  y+   2=6,     2x  +  3?/  +  4s  =  20,  x-  y+  2  =  2 

(iv)     x+2y  +  3z=6,     3x  +  4y  +  oz  =  2,  5x+4:y  +  3z+18  =  0  ; 

(v)  2x+3y  +  4z  =  6,     3x+4y+5z=20,  x  +  2y  +  3z  =  2  ; 

(vi)  2x-  y+  2  =  4,     5x  +  7y  +  2z  =  0,  3x  +  4y-2z+3  =  0  ; 

(vii)  3x-  y+  2  =  5,     2x  +  ty+  2  +  10=0,     6x-2y  +  2z  +  9  =  0. 
Ans.  (i)  Planes  form  prism  ;  (ii)  planes  pass  through  line 
3x—5_y_    2 
2      -1  =  ^T' 
(iii)  planes  intersect  at  (1,  2,  3) ;  (iv)  planes  pass  through  line 
■r  +  10_?/-8_2  . 
1      _'~^2~_1  ' 
(v)  planes  form  prism;  (vi)  planes  intersect  at  (1,  —1,1);   (vii)  two 
planes  parallel,  third  intellects  them. 
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Ex.2.     Prove   that   the   three    planes    2x+y+i    3,    i 
x+z=2,  form  ;i  triangular  prism,  and  find  the  area  of  a  norn 
of  the  prism.  \  '■'>  18. 

We  shall  now  consider  the  general  cum-. 
Let  the  equations  to  the  planes  be 

ux  =  a ,'+/', //  +  cxz  +  dx  =  0,  i  I  | 

u2  =  a2x  +  b.,y  +  i-.2z  +  d2  =  0,  (2) 

u3  =  <!...'■  +  bsy  +  c.jZ  +  r/3  =  0 (3) 

Solving  the  equations  (1),  (2),  (3),  we  obtain : 

x  —  y  z  —  1 


Oj,   Cj,  ctx 

62,  c2,  '/. 

fr3,  c8,  a3 

al> 

Cj ,    Cfrj 

a2, 

c2,  c£2 

a.v 

c3,  d8 

av 

&i> 

dy 

a2, 

&2, 

d2 

«3, 

K 

d3 

av 

6l. 

Cl 

«2> 

6,, 

C2 

"3- 

^3. 

C3 

which,  by  contracting  the  denominators,  we  may  write, 
x  —  y  z  —  1 


0.,       C.)  ,       '  <  -J    1                  |    £'  J  ,      Cq  ,       Ct'jJ    1 

1  «i.  &2>  ^3 1 

Let         A  =  |  ax,  62,  cs| , 

A           9A         t 

0         9A       /                         N 
Bl-36"-(C2aS~CS«2)3 

C>^< 

Then 

aH  &2»  CS 

(62cs-6sc2), 


....(4) 


-  ("A~a3^-');  etc. 


B2C3  —  BSC2  =  ax A,  C2A3  —  C3A2  =  bx A,  A2B.$  -  A3B.,  =  c, A  ;  etc. 
Therefore,  if  A  =  0, 


Bj 

B0 


c. 


and     *-fc-A 


.(5) 


"3       "3       v3  "1       "1       vl 

If  A=f=0,  tlie  equations  (4)  give  finite  "alues  of  x,  y,  z, 
and  therefore  the  three  given  planes  have  a  point  of 
intersection  at  a  finite  distance. 

But  if  A  =  ()  and  |  bx,  c2,  d.,  \=f=0,  the  given  equations  are 
not  satisfied  by  any  finite  value  of  x.     Since 
\bx,  c2,  d3\  =  dxAx  +  d.A2  +  d.A3, 
Ai>  A2>  A3  cannot  all  be  zero,  and  therefore  the  three  planes 
are  not  all  parallel.     Again,  the  lines  of  intersection  of  the 
planes  are  parallel  to 


A, 


y  _ z    x  _  y  _ 


A, 


B, 


C, 


X 

A.. 


y 

B. 


C, 
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and  hence,  by  (5),  are  parallel.  If  two  or  more  of  the 
quantities  A1?  A2,  A3  are  different  from  zero,  no  two  of 
the  given  planes  are  parallel,  and  the  planes  therefore  form 
a  triangular  prism.  If  one  only,  A1  say,  of  the  three 
quantities  is  different  from  zero,  the  planes  1^  =  0,  w2  =  0 
may  be  parallel,  and  if  so,  u3  =  0  meets  them  in  parallel 
lines.  We  have  then  a  limiting  case  of  a  triangular  prism 
when  one  of  the  edges  is  at  an  infinite  distance.  Thus,  if 
A  =  0  and  \bv  c2,  d3\=j=0,  the  three  planes  are  parallel  to 
one  line. 

It  is  to  be  noted  that  in  this  case 

A1u1  +  A2u2  +  A3u3  =  I  bv  c2,  d3\=f=Q, 
that  is,  when  three  planes  are  parallel  to  one  line  their 
equations  can  be  combined  so  as  to  form  a  paradoxical 
equation  k  =  0,  where  A;  is  a  quantity  different  from  zero. 
Conversely,  if  three  numbers  I,  m,  n  can  be  found  so  that 

lily  +  mu2 + nu3  =  k, 
where  k  is  independent  of  x,  y,  z,  and  is  not  zero,  then  the 
three  planes  are  parallel  to  one  line,  and  if  no  two  of  them 
are  parallel,  form  a  triangular  prism.     For 

a{l + a.2m + a3n  =  0,     bj  +  b2m  +  b3n  =  0, 
c-J,  +  c.2m  +  c3n  =  0,     dxl  +  d2m + d3n  =f=  0. 

Therefore     J  al3  b2,  c3 1  =  0     and    |  \,  c2,  d3 1=/=0. 

Suppose  now  that  A  =  0,  |61}  c2,  d3\  —  0  and  A^O,  (Ax  is 
one  of  the  common  minors  of  A  and  \bt,  c2,  d3 1).  As  in  the 
last  case,  the  three  planes  are  parallel  to  one  line.  But 
since  \b1}  c2,  d3\  =  Q,  the  three  lines  in  which  the  planes 
cut  the  plane  YOZ,  viz., 

£  =  0,     b1y-\-c1z-\-d1  =  0; 
x  =  0,     b.2y+c2z  +  d2  =  0; 
x  =  0,     b3y  +  c3z+d3  =  0 
are  concurrent.     Their  common  point  is  given  by  x  =  0, 

V        =         *         =  ! 

and  since  Ax=f=0,  it  is  at  a  finite  distance.     Hence,  since  the 
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three  planes  are  parallel  to  <>u>-  line  and  pass  through  a 
point  in  the  plane  yoz,  they  pass  through  one  line. 

It  follows  dow  that  \alt  '•.„  'A.  and  ",,  bt,  <L,  ,  the 
remaining  two  determinants  m   (4);  are  zero.     For  since 

the  planes  pass  through  one  line,  their  lines  of  intersection 
with  the  plane  ZOX,  viz., 

y  =  0,   alx  +  clz  +  dl  =  0;    ?/  =  0,   ap  +  c2z  +  d2  =  0 ; 

y  =  o,  «.,./• + c^s + d8 = 0 

are  concurrent.     Therefore  |"p   c2,  '/3|  =  0,  and  similarly, 

Again,  if  1^,  &,,  cZ3|  =  0,  |ap  c2,  cZ3|  =  0  and  hjL,—  a.< /.,. 
(any  one  of  the  common  minors),  is  not  zero,  the  lines 
of  intersection  of  the  given  planes  with  the  planes  ZOX 
and  XOY  are  concurrent.  The  points  of  concurrence  are 
given  by 

o  x  l 


s=0, 


a  2/  1 


b2dz  —  63cZ2     fZ2«3  —  dza2    a2b.2  —  b.so  s ' 
and    since    d2az  —  dza2=f=Q,   they  are    not   coincident.     The 
planes  have  therefore  two  common  points  and  thus  pass 
through   one  line.     It   follows  then  that  J  ctj ,  b2,  c3    and 
|  bx ,  c2 ,  d3  |  are  both  zero. 

If,  therefore,  any  two  of  the  determinants 

| bx,  c2,  ds\,    | av  c2,  ds\,     \ 04,  b.2,  ds\,    | ax,  &2J  c, \ 
are  zero,  and  one  of  their  common  minors  is  not  zero,  the 
remaining  two  determinants  are  zero  *  and  the  three  planes 
have  a  line  of  intersection  at  a  finite  distance. 


*  This  is  easily  proved  algebraically.    If  A  =  0,    /)j ,  c,2,  d3  =0,  and  Aj  ^=  0, 

then,  since  A  _      »    ,      A    ,      «       n 

A  =  a^Aj  +  a2f\.,  +  a  A, =0, 

and  I  ?>! ,  c, ,  d3  \  =  tf ,  A,  +  d,A2  +  d.A,  =  0, 

At       =       A8       =       A8 

a,2ds  -  a3d2    asdx  -  OjC?.;    a^i,  -  a.2d1 

_  b^  +  KA^  +  h.A,  _  o,  A,  +  C.A.,  +  c.A., 

—  I «i ,  b.2,  d3       '    -|ai>  c."  ' 

Therefore,  since  26^=0,  2^=0,  and  Aj  -  0, 

|«i>6s>dsl=0    and     «j,  Cj,  d3 |=Q, 


we  have 
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The  conditions  for  a  line  of  intersection  are  often  written 
in  the  form, 

0, 


a13 

K 

ci> 

<h 

a2> 

h, 

C2> 

<*» 

a3, 

K 

C3> 

d3 

the  notation  signifying  that  any  two  of  the  four  third-order 
determinants  are  zero.  They  may  also  be  obtained  as 
follows.  Any  plane  through  the  line  of  intersection  of 
1^  =  0,  u2  =  0  is  given  by  X1u1-\-\2u2  =  0.  If  the  planes 
1^  =  0,  u2  =  Q,  u3  =  0  pass  through  one  line, 

X1'Z61  +  X2u2  =  0     and     u3  =  0 

must,  for  some  values  of  X15  X2,  represent  the  same  plane, 
and  therefore 

Xxux  +  X2u2  =  —  \3u3, 

or  Xxux  +  \2u2  +  X3u3  =  0. 

Conversely,  if  Xx,  X2,  X3  can  be  found  so  that 
\{iix + X2u2  +  X3U3  =  0, 
then  XjWj  +  \2u2  —  ~~  \us  > 

and  therefore  the  plane  w3=0  passes  through  the  line 
of  intersection  of  ux  =  0  and  u2  =  Q.  Considering  the  co- 
efficients in  X^  +  X^  +  XgUg^O,  we  have 

ax\ + a2\2  +  a3\3  =  0,  W  +  62X2  +  b3\3  =  0, 

Cl\  +  C2^2  +  C3^3  =  ^>       an(^       ^Al  +  ^2^2  +  ^3^3  =  0. 

Therefore,  eliminating  \,  X2,  X3,  we  obtain 

0. 


av 

K 

ci> 

d, 

ct2, 

b2> 

c2, 

d2 

a3, 

K 

c3, 

d3 

Ex.  3.     Prove  that  the  planes 

x  +  ay  +  (b  +  c)  z  +  d = 0, 

x  +  by  +  (c  +  a)z  +  d=0, 

x  +  cy  +  (a  +  b)z+d=0 
pass  through  one  line. 

Ex.  4.     Prove  that  the  planes  x  =  cy  +  bz,  y  =  az  +  cx,  z=bx  +  ay  pass 
through  one  line  if  a2  +  b2  +  c2  +  2abc  =  'l. 


§§45,  KiJ    LINE  IVH.l:>l.<  i  [NG  TWO  GIVEM  MM 

Ex.  5.    The   planes  ax  </>.</  + r/z  =  0,  hx+by+1 
pass  through  one  line  if  Jk  =  a,    /<,    g\  =  0,  ana 

A,    6,    / 

.'/:     7'.       C  I 

o£  the  line  satisfy  the  equations 

I-    _  1111  _  7i2 

3a     ^6     3c 

Ex.  6.     If  the  axes  are  rectangular,  the  equations  to  the   planes 
through  the  line  of  intersection  of  two  of  the  given  planes 

<ir<+br?/  +  CrZ  +  dr  =  0,     r=l,  2,  3, 

perpendicular  to  the  third,  are 

('V  +  l'i.'/  +  '-'i :  +  ll\ )("■/' :\  +  b/h  +  c-ic>)  ~ ('V  +  f ':.''  + 

x  («•/.',  +  b.J>i  +  c.fx ) =0,  etc. 

Shew  that  the  three  planes  pass  through  one  line. 

Ex.  7.     The  plane  -+#+-=]  meets  the  axes  OX.  OY.  OZ.  which 

1  "be 

are  rectangular,  in  A,  B,  C.     Prove  that  the  planes  through  tin-  axes 

and  the  internal  bisectors  of  the  angles  of  the  triangle  ABC  pass 

through  the  line 

°  .>•  ?/  z 

a  s'b-  +  c-     b  v  c2  +  a2     c\la2  +  //-' 

46.  Line  intersecting  two  given  lines.    The  equations  to 

any  line  intersecting  two  given  lines.  ut=0=  i\  ;  u,z  =  0—  ya . 

are  v.!  +  X^,  =  0,    u.2  +  A,r,  =  0. 

For  the  third  line  lies  in   the  plane   Uj  +  A^-^0,   and 

therefore  it  is  coplanar  with  1^  =  0=  i\,   and   similarly   it 

is  coplanar  with  it,(  =  0  =  v.,. 

Ex.  1.     Find  the  equations  to  the  straight  Hue  drawn  from   the 
origin  to  intersect  the  lines 

&C  +  2y  +  4;  -  5  =  0  =  2x  -  3 1,  +  4;  +  1 , 

2.r-4,y  +  3  +  6  =  0  =  3.e-4>/  +  ;-3. 


Ans. 


■v   =  .a    =      -' 
249     1 53     -  52' 


Ex.   2.     Find  the  equations  to  the   line   that   intersects  the    lines 
#+y+a=l,    2x— tf— 2=2  ;    x—  y— «=3,     2.>-+4y--  =  4,    and     |    ss 
through  the  point  (1,  1,  1).  ,       x-\ _i/-\ _:-\ 

ns'  _0_='~l~=Tr' 

Ex.  3.     Find  the  equations  to  the  line  drawn  parallel  to  -=y  =  y 
so  as  to  meet  the  lines  s=5jt— 6=4y+3j  s=2x  — 4=3y+5. 
Ans.  44;  =  ll.r  + 1693,  ll«=lly+345. 
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Ex.  4.     Find  the  surface  generated  by  a  line  which  intersects  the 
lines  y=z  —  a  ;  x+3z  =  a,  y  +  z=a,  and  is  parallel  to  the  plane  x+y=0. 
Ans.  (x+y)(y  +  z)  =  2a(z  +  x). 

Ex.  5.  Find  the  surface  generated  by  a  straight  line  which  intersects 
the  lines  x+y=z=0 ;  x—y=z,  x+y  =  2a,  and  the  parabola  y  =  0, 
x2  =  2az.  Ans.  x2-y2  =  2az. 

Ex.  6.  A  variable  line  intersects  OX,  and  the  curve  x=y,  y2  =  cz, 
and  is  parallel  to  the  plane  YOZ.  Prove  that  it  generates  the 
paraboloid  xy  =  cz. 

Ex.  7.  Prove  that  the  locus  of  a  variable  line  which  intersects  the 
three  given  lines y=mx,  z  =  c  ;  y=  —mx,  z—  —c  ;  y  =  z,  imp—  —  c  ;  is  the 
su  rf ace  y2  -  m2x2 =z2  —  c2. 

47.  Lines  intersecting  three  given  lines.  If  the  equa- 
tions to  three  given  lines  are  u1  =  0  =  v1,  u2  =  0  =  v2, 
n3  =  0  =  v3,  and  the  three  planes 

(1)  ux  —  X1-y1  =  0,     (2)  u.2  —  A.2v2  =  0,     (3)  u3  —  \3v3  =  0 

have  a  line  of  intersection,  that  line  is  coplanar  with  each 
of  the  three  given  lines,  and  therefore  intersects  all  three. 
There  are  two  independent  conditions  for  a  line  of  inter- 
section, (§  45),  which  may  be  written, 

A(K  X»  A3)  =  0,  (4)        f2(\,  \.2,  \3)  =  0 (5) 

If  \,  X2,  X3  be  chosen  to  satisfy  (4)  and  (5),  any  two  of 
the  equations  (1),  (2),  (3)  represent  a  line  which  intersects 
the  three  given  lines.  Suppose  that  (1)  and  (2)  are  taken, 
then  eliminating  X3  between  (4)  and  (5),  we  obtain 

0(Xi,  *2)  =  0 (6) 

An  infinite  number  of  values  of  \,  X2  can  be  found  to 
satisfy  (6),  and  therefore  an  infinite  number  of  lines  can 
be  found  to  intersect  three  given  lines.  If  we  eliminate 
Xl5  X2  between  (1),  (2),  (6)  we  obtain 


1t>\        ^t\ A 


•(7) 


This  equation  is  satisfied  by  the  coordinates  of  any  point 
on  any  line  which  intersects  the  three  given  lines,  and 
therefore  represents  a  surface  generated  by  such  lines. 
Hence  the  lines  which  intersect  three  given  lines  lie  on  a 
surface. 


$47]     LINES   INTERSECTING  THREE  GIVEN    U" 


It  is  to  be  noted  that  if  A,,  \,  a,  Bati -  i.\  |  h  and  | 5 1 
(H)  is  of  the  form  it1— \v1+k(u2— \v^)—0,  and  therefore 
that  (I),  (2),  (3),  (4),  (5)  are  really  equivalent  to  four 
independent  equations.  The  equation  to  the  surface  U 
obtained  by  eliminating  A,,  A.„  A.,  between  these  four 
equations,  and  this  ean  be  done  in  only  one  way.      Eence 

the   surface   is   also   given   by   fA  —  >    — ?>    —  )  =  0,   or   by 

J  *  \vx     v2     v3  / 

Ex.  1.  Find  the  locus  of  lines  which  intersect  the  three  lines 
y  =  b,  z  =  —c  ;  z  =  c  ;  x  =  —a  ;  x  =  a,  y  —  -  b. 

If  the  three  planes 

y  -  b+ \x(z+c)=0,    z  -  c  +  \2(x  +  a)=0,    x-  a+  A:i(//  +  6)=0 
have   a    line   of   intersection,  it  meets  the  three  given    lines.     That 

0,  1,      A,,  -6+V     =0, 
A2,    0,      1,     -c+A2a 

1,  A3,     0,     -a  +  X^b 

i.e.  if    (I)  A,A2A3+1=0     and     (2)  A,A2A3«-  2cAiA3+2&Ag-  '«  =  0. 

Therefore  the  coordinates  of  any  point  on  a  line  which  meets  the 
three  given  lines  satisfy 

y -  b + A]  (z  +  c)  =  0,    z-c+  A2(.v  +  a) = 0, 

where   AiA2A3  +  l=0.     Therefore   eliminating 
the  locus  of  the  lines,  viz.  : 

y—b     z—c     x-  a 
z+c    x+a    y+b 
or    ayz  +  bzx  +  cxy  +  abc  =  0. 
(Shew  that  the  same  result  is  obtained  from  (2).) 

Ex.  2.  If  the  planes  through  a  point  P  and  the  three  given  lines 
//  =  1,  s=  —  1;  g=l,  x——  1;  r=l,  y~  —  1  pass  through  one  line,  P 
lies  on  the  surface  ys+2#.+#y+l  =0. 

Ex.  3.     Prove  that  all  lines  which  intersect  the  lines  y=mx,  . 
y=  —mx,  z=  —c  ;  and  the  .e-axis,  lie  on  the  surface  mxz=cy. 

Ex.  4.  Prove  that  the  locus  of  lines  which  intersect  the  three  lines 
y  —  z-l,X—0;  z  —  x—l,y  =  0;  x-y  =  l,  z  =  Q  is 

x2  +  y2  +  z2-  2yz  -  2:.r  -  2ry  =  1 . 

Ex.   5.     Find  the  locus  of  the  straight  lines  which  meet   the  lines 

.<  -2,  4y  =  3z  ;     a;+2=0,  4y+3s=0  ;    y=3,  2a?+a=0. 

A  m.     36x2  +  1 6y2  -  9z2  =  1 44. 


'-a+A3(y+6)=0, 

A,,   A2,   A;!,   we   obtain 


1, 
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Ex.  6.  Shew  that  the  equations  to  any  line  which  intersects  the 
three  given  lines  y  =  b,  2=— c,  z  =  c,  x——a;  x=a,  y=—b  may  be 
written  y  —  b  +  k(z+c)  =  0,  (.r  — a) +  //.(?/ +  6)  =  0,  where  A  and  \x  are 
connected  by  the  equation  A/xc-  /xb  +  a  =  0.     Hence  shew  that  the  two 

lines  which  intersect  the  three  given  lines  and  also  -=- 


(a+b) 


x  _y+c  _z  —  b    x  —  c_y 
a    c—b     b—c     c—a     b 


Ex.  7.     Shew  that  the  two  lines  that  can  be  drawn  to  intersect  the 
four  given  lines 

y=l,  z— —  1;    z  =  l,x=-l;    x=l,y=—l;    x=0,y+z=0 

are  given  by    2  =  1,  y+I=0;    z  +  2x  +  l  =  0,  y-z-2  =  0. 

48.   Coplanar  lines.     To  find  the  condition  that  two  given 
lines  should  be  coplanar. 
Let  their  equations  be 

x  —  ol  _y  —  /3  _z  —  y 


X  —  OL 


on  n 

J/-/3'     z-y 


(1) 

(2) 


V  m'  n 

The  equation  to  a  plane  through  the  first  line  is 

a(x-oi)  +  b(y- j3)  +  c(z -y)  =  Q, (3) 

where  al  +  bm  +  cn  =  0 (4) 

If  it  contains  the  line  (2), 

a{a.-a!)+b{p-P)+c{y-y')  =  0, (5) 

and  at'  +  bm  -\-cn'  =  0 (6) 

Therefore  eliminating  a,  b,  c  between  (4),  (5),  (6),  we 
obtain  the  required  condition, 


=  0. 


(?) 


ol  —  ol',    /3  —  /3',    y  —  y 
I,  on,  n 

V,  on',         n' 

The  elimination  of  a,  b,  c  between  (3),  (4),  (6)  gives  the 
equation  to  the  plane  containing  the  lines,  viz., 


x—ol,  y  —  {B,  Z  —  y 

I,  on,        n 


V, 


on, 


n 


=  0. 


.(8) 


,    19] 


COPLANAH    LINES 


Generally,  fche  equation  (8)  represents  the  plane  through 
the  line  ( I )  parallel  to  the  line  (2),  and  (7)  i  the  condition 
bhat  this  plane  should  contain  the  point  (ot',  ■J> .  y)  on  ( 2  i. 

Ex.  1,     Deduce  the  result  (7)  by  equating  the  coordinates  a +fo*, 
aJ+l'r',  etc.,  of  variable  points  on  the  given  lines. 

Ex.  2.     Prove  that  the  lines      =    =^— — =  —    ;  •' -__  =  ___ 

arecoplanar.  2         .i         4         .,         4         5 

Ex.  3.    Prove  that  the  lines 

x -a  +  d _y -a _z  —  a-d  t 
a.  —  8  a.  (jl  +  8 

x— b+c_y— b_z— b- c 

"W 


0-y 


£  +  7 


are  coplanar,  and  find  the  equation  to  the  plane  in  which  they  lie. 

A  us.  ±y=x-\-z. 

Ex.  4.     Prove  that  the  lines  x  =  ay  +  b  =  cz  +  d,  x  =p.y  +  B  =  yz  +  o  a  re 
coplanar  if  (y  -  c){aB  -  &«.)  -  («.  -  a)(c8  -  dy)  =  Q. 

Ex.    5.     Prove  that  the  lines 

X  —  CLV  —  Bz  —  y 

~l~       m= '     ax  +  by  +  Ci:  +  d=Q:=«'>'  +  b!/  +  c:  +  d' 

are  coplanar  if    ^+^  +  cy+^l=a'a.+b'B  +  cy+d^ 


al  +  bm  +  cn 


a'l  +  b'ni  +r'/i 


Ex.  6.  Prove  that  the  lines  ax  +  by  +  cz  4-  d  =  0  =a'x+  b'y  +  c'z  +  d' ; 
olx  +  By  +  yz  +  8  =  0  =  a.', v  +  B'y  +  y'z  +  8'  are  coplanar  if 

n,    <(',     c,    a.'    =0. 

b,    &',    B,    B' 

C,     C,     y,     y' 

Ex.  7.  A,  A';  B,  B' ;  C,  C  are  points  on  the  axes;  shew  that 
tlie  lines  of  intersection  of  the  planes  A'BC,  AB'C  ;  BCA,  BC  A' ; 
CAB,  CA'B'  are  coplanar. 

49.  The  shortest  distance  between  two  lines.  The  axes 
being  rectangular,  to  find  the  shortest  distance  between  the 

I  m  n  t  m  n 

Let  the  points  A,  A',  (tig.  24),  be  (a,  ,8,  y),  (a',  ,8'.  y).  The 
shortest  distance  between  the  given  lines  is  at  right  angles 
to  both,  and  it  is  therefore  eqnal  to  the  projection  of  AA  on 
a  line  at  right  angles  to  both  of  the  given  lines. 
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Suppose  that  A,  /m,  v  are  the  direction-cosines  of  such  a 
line,  then  l\-\-m/ui  +  nv  =  0  and  l'X  +  m'/a.-\-n,v  =  0; 
X 


H 


mn'  —  m'n     nl'  —  n'l     lm' —  I'm 
Therefore  the  projection 
=  A(a-a')+M(^-/3')  +  Ky-y/),   (§21,  Ex.  3), 
_  (a  -  aJ){mn  -  m'n)  +  ((3-  6')  {nV-  n'l) +  (  y  -  y')(lm'-  I'm) 


\/1,(mn'  —  mnf 


OL  —  oJ,    fB  —  (3',    y  —  y 
I,  m,  n 

I',  m',         n 


J*L(mn  —  m!nf- 


Fig.  24. 


Equation  (7),  §48,  may  now  be  interpreted  as  the  con- 
dition that  the  shortest  distance  between  the  two  given 
lines  should  vanish.  Again,  if  PP'  is  the  shortest  distance, 
the  equations  to  the  planes  APP',  A'PP'  are 


■13,    Z-y 

n 


0, 


x  —  a.',  y  —  6',  z  —  y 
V,  m,        n' 

X, 


fj., 


0, 


x  —  a.,  y- 
l,  m, 

X,  p.,  v 

and  these  represent  the  line  PP'. 

Ex.  1.  Find  the  shortest  distance  using  the  theorems  that  the 
shortest  distance  is  equal  to  (i),  the  perpendicular  from  any  point 
(a.  +  lr,  f3  +  m?',  y+?w),  on  the  first  line  to  the  plane  drawn  through 
the  second  parallel  to  the  first  ;  and  (ii),  the  distance  between  two 
planes,  each  passing  through  one  line  and  parallel  to  the  other. 

Ex.  2.     If  P,  (oL  +  lr,  fS  +  mr,  y+nr)  and 

P',  (ol'  +  IY,  ft'  +  m'r',  y'  +  n'r') 

are  points  on  the  given  lines,  and  PP'  =  S,  prove  that  ---_  =0,  o-,=0, 

necessary  conditions  for  a  minimum  of  PP'2,  are  verified  when  PP'  is 
perpendicular  to  each  of  the  lines. 


§49]    SHOBTEST  DISTANCE   BETWEEN   TWO   I, INKS       60 

Ex.  3.    Shew  that  Lin:  shortest  distance  between  the  lines 

.<      1  _y  -  2  _z  -  3  .     X  —  2  _y-4  _  i  -  6 
"2~::ir:      4  ~3""::    4    :  :~5~ 

is       ,  and  that  its  equations  are 

•Jh 

ll.r  +  2y-7i  +  6  =  0,     7x+y-6z+7=0. 
Ex.  4.     Find  the  shortest  distance  between  the  lines 

x-3_y-8_z-3 .    x+3_?/  +  7_g-6 
3    :"  -1  ~     1  -3  ~    2    :  =    4    ' 

The  following  method  of  solution  may  he  adopted  :  Let  the  s.d. 
meet  the  lines  in  P  and  P'  respectively.  Then  the  coordinates  of  P 
and  P'  may  be  written  (3  +  3?-,  8-r,  3+r),  (-3-3/,  -7  +  2/,  6+4*0, 
where  r  is  proportional  to  the  distance  of  P  from  the  point  (3,  h,  3) 
and  /  to  the  distance  of  P'  from  (-3,  -7,  6).  Whence  the  direction- 
cosines  of  PP'  are  proportional  to  6  +  3r  +  3/,  \b-r- 2/,  -3  +  r- 4/. 

Since  PP'  is  at  right  angles  to  both  lines,  we  have 

3(6  +  3r  +  3/)-(15-r-2/)  +  (-3  +  r-4/)  =  0, 
-3(6  +  3r  +  3/)  +  2(15-/--2/)  +  4(-3  +  >--4/)  =  0. 
Whence,  solving  for  r  and  /,  we  get  r  =  r'  =  0. 

Therefore  P  and  P'  are  the  points  (3,  8,  3),  (-3,-7,  6),  PP'  =  3\  30, 
and  the  equations  to  PP'  are 


Ex.  5. 


Ans.  2v/29, 

Ex.  6.     Find  the  length  and  equations  of  the  s.d.  between 

Sx  -  9y  +  5-  =  (t =.r  +  ?/  -  z, 

6.r  +  8j/  +  3;-13  =  0  =  .r  +  2y  +  :-3. 

Ans.  -7=,     10,);-29w  +  16:-0  =  13.r  +  82v  +  55.--109. 
s/342 

Ex.  7.     A  line  with  direction-cosines  proportional  to  2,  7,  —5  is 

drawn  to  intersect  the  lines 

3?-5_y-7_g+2  .      a?+3_,y-3_g-6 
3         -1         1  -3~~    2  4 

Find  the  coordinates  of  the  points  of  intersection  and  the  length 
intercepted  on  it.  Ans.  (2,  8,  -3),  (0,  1,  2),  \  7S. 


x  -  3    y  - 

8_z- 

-3 

2          5 

1' 

Find  the 

same  results  foi 

•  the  1 

ines 

x-3 
1 

y -5     z -  7 . 
"  -2~~T~' 

.r  +  1 

7 

?/+l 
-6 

2  +  1 

1 

29, 

x-l 
1     ~~2" 

y -  2     z-3 
~'   3    ~~4-' 

(3,  5: 

,  V),     (- 

"I,    - 
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Ex.  8.     Find  the  s.d.  between  the  axis  of  z  and  the  line 

ax  +  by  +cz  +  d = 0,     a'x  +  b'y  +  c'z  +  d'  =  0. 
(The  plane  passing  through  the  line  and  parallel  to  OZ  is 
c'  (ax  +  by  +  cz+d)  —  c  (a'x + b'y  +  o'z + d'), 
and  the  perpendicular  from  the  origin  to  this  plane  is  equal  to  the  s.d.) 
cd'  —  c'd 


Ans. 


\/  (ac'  —  a!  of  +  (be'  —  b'cf 


Ex.  9.     If  the  axes  are  rectangular,  the  s.d.   between   the  lines 
y  =  az+b,  z=olx  +  /3  ;  y  —  a'z+b',  z  =  a.'x  +  fi'  is 

(a  -  a!)  (b  -  b')  +  («//?  -  a./?')  (a  -  «') 


{a.2a/2(e&  —  a')2  +  (a.  —  a')2  +  (aa.  -  a'a.')2}- 
Ex.  10.     Prove  that  the  s.d.  between  the  lines 

ax  +  by  +  cz  +  d—0  —  a'x  +  b'y  +  c'z + d\ 
a.x  +  (3y  +  yz  +  8  =  0  =  a.'x  +  /3'y  +  y'z  +  8' 

a,     b,     c,     d    -~{2(BC'-B'C)2}* 

a\     b',     c',     d' 
a.,     /3,     y,      8 

«-',   /3',   y'j   <$' 

where  A  =  bc'  -  b'c,  etc  ,  A'  =  /?y'  -  /?'y,  etc. 

Ex.  11.     Shew  that  the  s.d.  between  the  lines 


x-xl_y-yl 


x  —  x2  _  y  -  y2  _  z  —  z2 


cos  04     cos  fii     cos  yx  '   "   cos  a..,     cos  [3o     cos  y2 

meets   the  first  line  at  a  point  whose  distance  from  (z1}  y1,  Zj)  is 

^— 1 — '-2/S — '  ,a'    °^M,  where  6  is  the  angle  between  the  lines. 

sin2  6 

Ex.  12.  Shew  that  the  s.d.  between  any  two  opposite  edges  of 
the  m tetrahedron  formed  by  the  planes  y+z=0,  z+x=0,  x+y  =  0, 
x+y  +  z=a  is  2a/\%  and  that  the  three  lines  of  shortest  distance 
intersect  at  the  point  x=y=z  =  a. 

Ex.  13.     Shew  that  the  s.d.  between  the  line 

ax  +  by  +  cz  +  d=0  =  a'x + b'y  +  c'z  +  d' 

and  the  i-axis  meets  the  2-axis  at  a  point  whose  distance  from  the 
origin  is 

fib'  -  d'b)  (be  -b'c)  +  (cd  —  c'd)  (ad'  —  dd) 
{(bc'-b'cy+(cd-c'af}  ' 

Ex.  14.  Shew  that  the  equation  to  the  plane  containing  the  line 
y/b  +  z/c  =  l,   x  =  0;    and    parallel    to    the    line    x/a-z/c=l,   y=0   is 

1111 

xla-y/b-zjc  +  l=0,  and  if  2d  is  the  s.d.  prove  that  -™=— o  +  t^H — o"- 
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Ex.  15.    Two  straight  line 

<     "     1/     /;  y 


/ 


//' 


/' 


I'         in'        n! 


are  cut  by  a  I  bird  w  hoi  e  direcl  ion -cosines  are  A.  /;,  v.    Shew  that  the 
length  intercepted  on  tin-  third  line  is  given  by 


l\   'in',  n' 
A,    /i,     v 


<*--"-',  ft- ft',  y-y'  l-S- 
I,         m,         a 
I',        '///,        n! 
and  deduce  the  length  of  the  B.D. 

*Ex.  16.    The  axes  are  oblique  and  the  plane  ABC  has  equation 

%/a+yjb+ZJC=>  1.     Prove  that  if  the  tetrahedron  OABC  has  two  pairs 


of  opposite  edges  at  right  angles, 


cos  A_cos  ft    cos  v 


(  =  /•),  and  that 


the  equations  to  the  four  perpendiculars  are 

d<f>  '(3c/>  c)</)      d<b 

75L=2aco$v,  -~-  =ia  cos  u,  etc.,     and     a~-=b.^-  =  c?^-. 
Oy  '    dz  r'  Ola;         // 

Hence  shew  that  the  perpendiculars  pass  through  the  point  given  by 

~-*-  =  2&c'£,   ^-  =  -leak,    -.y-  =  :2aM.     Prove  also  that  the  eq  nations  to  the 
ox  oy  oz 


s.D.   of  AB  and  OC  are 


d<f> 


■.2aU;  c£±  =  b?q 

da 


and   that    the    8.D. 


'oz  '  "'da     "  i  y 

passes  through  the  point  of  concurrence  of  the  perpendiculars. 

50.  Problems  relating  to  two  non-intersecting  lines. 

When  two  non-intersecting  lines  are  given,  the  following 
systems  of  coordinate  axes  allow  their  equations  to  be 
written  in  simple  forms,  and  are  therefore  of  use  in  problems 
relating  to  the  lines. 


Pig.  25. 


I.  Rectangular  axes.  Let  AB.  A'B',  (fig.  25),  be  the  lines. 
and  let  CC',  length  2c,  be  the  shortest  distance  between 
them.     Take  the  axis  of  z  along  cc'.  and  O  the  mid-point 
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of  CC'  as  origin.  Draw  OP,  OQ  parallel  to  AB,  A'B',  and 
take  the  plane  POQ  as  the  plane  c  =  0.  As  x-  and  y-axes 
take  the  bisectors  of  the  angles  between  OP  and  OQ.  Then 
if  the  angle  between  the  given  lines  is  2a,  the  equations 
to  the  planes  POZ,  QOZ  are  y  =  xta,na.,  y  =  -;ctana;  and 
hence  the  equations  to  AB  and  A'B'  are 

t/  =  x  tan  a.,  :  =  c  ;     y  —  —  x  tan  a.,  z  =  —  c. 
These  may  be  written  in  the  symmetrical  forms 
x  y    _  z — c  m       x  y      _z%c 

cos  a     sin  a        0     '    cos  a     —sin  a       0 

Ex.  1.  P  and  P'  are  variable  points  on  two  given  non-intersecting 
lines  AB  and  A'B',  and  Q  is  a  variable  point  so  that  QP.  QP'  are  at 
right  angles  to  one  another  and  at  right  angles  to  AB  and  A'B' 
respectively.     Find  the  locus  of  Q. 

Take  as  the  equations  to  AB,  A'B',  y=mx,  z  =  c  ;  i/=  —rax,  z—  —c 
Then  the  coordinates  of  P,  P'  are  a.,  mcu  c  :  (3,  —  raft,  —c,  where  a.  and 
f3  are  variables.     Let  Q  be  (£,  ?/,  £),  then  since  PQ  is  perpendicular 

toAB'  (£-a.)  +  m(i]-ma.)  =  Q:  (1) 

since  P'Q  is  perpendicular  to  A'B', 

£-P)-m(v+mP)=0; (2) 

since  PQ  is  perpendicular  to  P'Q, 

G-aL)(£-P)+(V-awL)(V+mP)+(£-c)(£+c)=0 (3) 

To  find  the  equation  to  the  locus  we  have  to  eliminate  a.  and  f3 
between  (1),  (2),  (3). 

The  result  is  easily  found  to  be  ^— - — jk=- „  which  represents 

a  hyperboloid.  (!  +  m  r     l  ~  m 

II.  Axes  'partly  rectangular.  If  we  take  OP  and  OQ  as 
axes  of  x  and  y,  instead  of  the  bisectors  of  the  angles 
between  them,  we  have  a  system  of  axes  in  which  the 
angles  ZOX,  YOZ  are  right  angles  and  the  angle  XOY  is  the 
angle  between  the  lines.  The  equations  to  AB.  A'B'  referred 
to  this  system  are 

y  —  0,  z  =  c  ;    x  =  0,  z  =  —  c. 

Ex.  2.  P,  P'  are  variable  points  on  two  given  non-intersecting 
lines  and  PP'  is  of  constant  length  -21:  Find  the  surface  generated 
bv  PP'. 

'Take  as  the  equations  to  the  lines  ?/=0,  z=c  :  x=0,  z=-c;  then 
P  and  P'  are  (ol,  0,  c),  (0,  (3,  -  c),  where  a.  and  (3  are  variables.  The 
equations  to  PP' are              x_y-fi_z+c  m 

a~"^8"_^7 
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If  Q,  Q'  are  the  projections  of  P.  P  on  1 1.*-  plane  OX  Y,  PQ    Q  p 

OQ     •>..  OQ      0  and  QQ  -     </.-->  /,- 
•  II  the  lines.    Thei 

PP-     x*+/P-2a/ffcos0+4  

To  obtain  the  equation  to  th<-  locus  of  PP'  we  have  U 
u.  and  /}'  between  the  equations  (1)  and  (2).     From  (l  >. 

and  therefore  tin-  Burface  Lb  given  by 

Ex.  3.  Find  the  surface  generated  by  a  straight  line  which  inter- 
sects two  given  lines  and  is  parallel  to  a  given  plane. 

If   the   axes   be   chosen    as    in   Ex.   2,   ana   the   given   plane   be 

Ix+my  +  nz^Q,  the  locus  is  -^—  -\ — —+n=0. 
J  z+c    z—c 

III.  Axes  oblique.  If  a  point  on  each  of  the  given  lines 
is  specified  and  a  rectangular  system  is  not  necessary,  the  line 
joining  the  given  points  may  be  taken  as  z-axis.  its  mid- 
point as  origin,  and  the  parallels  through  the  origin  to  tin- 
given  lines  as  x-  and  ?/-axes.  Tin-  equations  t"  the  lines 
are  then  y  =  Q,  z=c\    x  =  0,   :  =  - c  : 

where  2r  is  the  distance  between  the  given  points. 

Ex.  4.  AP,  AP'  are  two  given  lines,  A  and  A'  being  fixed,  and 
P  and  P'  variable  points  such  that  AP.AP'  is  constant.  Find  the 
locus  of  PP'. 

Take  AA'  as  --axis,  etc.  Then  P,  P'  are  (a.,  0.  c),  (0,  /3,  -c),  where 
a./2  =  constant  =  4F,  say.     The  equations  to  PP'  are 

x  _y-f$_z+c 

a."  -i-J  -  2P 

and  eliminating  a.  and  (3  between  these  and  a.j8=4r,J  we  obtain  the 
equation  to  the  locus,  c-.r>/  +  k'-(z-  -  c-)  =  0. 

Ex.  5.  Find  the  locus  of  PP'  when  (i)  AP  +  A'P',  (ii)  AP  AP, 
(iii)  AP'2  +  A'P'2  is  constant.  Find  also  the  locus  of  the  mid-point 
of  PP'. 

Ex.  6.  Find  the  locus  of  the  mid-points  of  lines  whose  extremities 
are  on  two  given  lines  and  which  are  parallel  to  a  given  plane. 

Ex.  7.  Find  the  locus  of  a  straight  line  that  intersects  two  given 
lines  and  makes  a  right  angle  with  one  of  them. 

Ex.  8.  Find  the  locus  of  a  point  which  is  equidistant  from  two 
given  straight  lines. 
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Ex.  9.  Shew  that  the  locus  of  the  mid-points  of  lines  of  constant 
length  which  have  their  extremities  on  two  given  lines  is  an  ellipse 
whose  centre  bisects  the  s.d..  and  whose  axes  are  equally  inclined  to 
the  lines. 

Ex.  10.  A  point  moves  so  that  the  line  joining  the  feet  of  the 
perpendiculars  from  it  to  two  given  lines  subtends  a  right  angle  at 
the  mid-point  of  their  s.d.  Shew  that  its  locus  is  a  hyperbolic 
cylinder. 

Ex.  11.  Prove  that  the  locus  of  a  line  which  meets  the  lines 
y=  ±m.v,  z—  ±c ;  and  the  circle  x2+y2  =  ai,  z  =  0  is 

c2ml  (cy  -  mxz)2  +  c2  (yz  —  cmxf  =  dhn2  (z2  —  c2)2. 


THE  VOLUME  OF  A  TETRAHEDRON. 

51.  To  find  the  volume  in  terms  of  the  coordinates  of  the 
vertices,  the  axes  being  rectangular. 

If  A,  B,  C  are  (aj1}  ylt  zx),  (x2>  y2,  z2),   (xs,  y3,  zs),  the 


equation  to  the  plane  ABC  is 


x, 

xi> 

X2> 


y> 


=  0,     or 


Vi> 

*!,    1 

2/2: 

%    1 

2/3' 

*»    1 

+  2/ 


x2, 


+  z 


xi,  2/i.  ! 

= 

x2,  y2,  1 

X3>    2/3'    1 

x2,  y2, 


3' 


2/3' 


....(1) 


The  equation  to  the  plane  ABC  can  also  be  written 

p  =  x  cos  a  -\-y  cos/3  +  zcos  y (2) 

Let  A  denote  the  area  ABC ;  then  its  projections  on  the 
planes  YOZ,  ZOX,  XOY  are  cos  a.  A,  cos/3.A,  cosy.  A 
respectively.  But  the  projections  of  A,  B,  C  on  the  plane 
YOZ  are  (0,  yx,  2^),  (0,  y2,  z2),  (0,  ys,  zz),  and  therefore  the 
area  of  the  projection  of  ABC  is  given  in  magnitude  and 


sign  by  -| 


2/2. 

2/3' 

cos  a .  A  =  }r 


z2, 
z3, 

Vi> 

2/2' 
2/3' 


Therefore  we  have 


%' 


in  magnitude  and  siojn. 
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Hence,  using  the  similar  expressions  for  cos/9. A  and 
cos  y .  A,  equation  ( 1 )  may  be  written 


2A(sc  cos  <jl  +  y  cos  /8 + a  cos  y )  = 


•''•-. 


2pA  by(2> 


Now  the  absolute  measure  oi'  JpA  is  the  volume  of  the 
tetrahedron  OABC,  and  we  can  introduce  positive  and 
negative  volume  by  defining  the  volume  OABC  to  be  -,/jA, 
which  is  positive  or  negative  according  as  the  direction  of 
rotation  determined  by  ABC  is  positive  or  negative  for  the 
plane  ABC,  ('p  is  positive  as  in  §  37).     We  may  then  write 


Vol.  OABC  =  Vol.  OCAB  =  Vol.  OBCA  =  I 


Vol.  OBAC 


cc2j  2/'2» 

~"l 

xi>  2/i> 

zx 

X3>    24' 

Zl 

—  Vol.  OABC,  etc. 


xo  >    2/2 »    ^2 
S3»    2/3 »    Z2 


If  D  is  the  point  (a?4,  y4,  z4),  changing  the  origin  to  D, 
we  have 


.  DABC  =  i 

xx- 

~X4) 

2/1- 

■2/4. 

»!-« 

4 

x2~ 

~X±y 

2/2- 

-2/4' 

02  —  S4 

xs- 

■®4, 

3/s- 

"2/4. 

zs-z4 

1 

6 

xx- 

■a»4, 

2/i- 

-2/4' 

zx-zA,     0 

Xiy  — 

~x4> 

2/2- 

"2/4> 

So-C4,        0 

xs- 

~X4> 

2/3- 

-2/4' 

z,-z„     0 

x±1 

2/4> 

**                 1 

1 

G 

xv 

Vv 

0i' 

1 

1 

6 

«4>       2/4. 

^4' 

1 

x%, 

Vv 

«2> 

1 

®1>       2/l. 

^1' 

1 

a53> 

2/3» 

%> 

1 

*^2>       2/2' 

»2j 

1 

^4> 

Vv 

*4> 

1 

a 

k>  : 

/s. 

0Q] 

1 

Since  the  sign  of  a  determinant  is  changed  when  two 
adjacent  rows  or  columns  are  interchanged,  it  follows  that 

Vol.  DABC=  -Vol.  ADBC=Vol.  ABDC=  —Vol.  ABCD.  etc. 

B.G.  E 
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2/2^2 

+ 

X3>  2/3'  ZS 

- 

Xi:/!Ji,Z4: 

2/3.% 

xi>  y±,  £4 

xvVi^x 

2/4'  ^4 

XV  2/l '  ^1 

X2>  2/2'  ^2 

Again,  since 

^i>  2/i '  ^1'  -*■  ~  ^i'  2/i'  % 

X2>  2/2»  ^2>  *^2'  2/2'  ^2 

^3'  2/3'  %•  ^  !  X3>  2/3'  03 

»4'  2/4'  »4»  1 

-Vol.  ABCD  =  Vol.  OABC-Vol.  OBCD 

+  Vol.  OCDA-Vol.  ODAB. 
Since  the  volume  ABCD  does  not  depend  on  the  position 
of  the  origin,  this  must  be  true  for  all  positions  of  O. 

Cor.  If  a,  /3,  y,  S  are  the  perpendiculars  from  any 
point  O  to  the  faces  ABC,  BCD,  CDA,  DAB  of  a  given  tetra- 
hedron aa.+b/3  +  cy  +  dS  is  constant,  where  a,  b,  c,  d  are 
certain  constants. 

Ex.  1.  A,  B,  C  are  (3,  2,  1),  (-2,  0,  -3),  (0,  0,  -2).  Find  the 
locus  of  P  if  the  vol.  PABC  =  5.  Am.  2x+ty-4z  =  38. 

Ex.  2.  The  lengths  of  two  opposite  edges  of  a  tetrahedron  are 
a,  b,  their  s.r».  is  equal  to  d,  and  the  angle  between  them  to  6  ;  prove 

that  the  volume  is  - — 

6 

Ex.  3.  AA'  is  the  s.d.  between  two  given  lines,  and  B,  B'  are 
variable  points  on  them  such  that  the  volume  AA'BB'  is  constant. 
Prove  that  the  locus  of  the  mid-point  of  BB'  is  a  hyperbola  whose 
asymptotes  are  parallel  to  the  lines. 

Ex.  4.  If  O,  A,  B,  C,  D  are  any  five  points,  said  pt,  p^p^Pi  are 
the  projections  of  OA,  OB,  OC,  OD  on  any  given  line,  prove  that 

px .  Vol.  OBCD-p2  .Vol.  OCDA+ps .  Vol.  ODAB  -pt .  Vol.  OABC  =  0. 
Ex.  5.     Prove  that  the  volume  of  a  tetrahedron,  two  of  whose  sides 
are  of  constant  length  and  lie  upon  given  straight  lines,  is  constant, 
and  that  the  locus  of  its  centre  of  gravity  is  a  straight  line. 

Ex.  6.  If  A,  B,  C,  D  are  coplanar  and  A',  B',  C,  D'  are  their 
projections  on  any  plane,  prove  that  Vol.  AB'C'D'  =  -Vol.  A'BCD. 

Ex.  7.  Lines  are  drawn  in  a  given  direction  through  the  vertices 
A,  B,  C,  D  of  a  tetrahedron  to  meet  the  opposite  faces  in  A',  B',  C,  D'. 
Prove  that  Vol.  A'B'C'D'  =  -  3  .  Vol.  ABCD. 


*Ex.  8.     Find  the  volume   of  the  tetrahedron   the  equations  to 
whose  faces  are    arx  +  bry  +  CrZ+dr  =  0,    r=\,  %  3,  4. 

Let  the  planes  corresponding  to  r=l,  2,  3,  4  be  BCD,  CDA,  DAB, 


ABC  respectively,  and  let  A 


61, 

hi 
K 


Then  (xu  yx,  zx), 
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the  coordinates  of  A,  are  given  \>y 

■'i     .'/i  ^ii=J_ 

A,     B,     C,     D 
and  therefore  the  volume  ia  given  by 


,  where  A,       —  etc,  ; 
cv/, 


,! 


A,/D,,    B,/Dlt    Cj/Di,    I 
A2/D,,  etc. 


i 


A,,    B„    C,, 
A.,,         etc. 


(iD.D.D.D, 
-A3 

ebjD.D.D; 

(C.  Smith,  Algebra,  p.  644.) 

*Ex.  9.  The  lengths  of  the  edges  OA,  OB,  OC  of  a  tetrahedron 
OABC  are  a,  b,  c,  and  the  angles  BOC,  COA,  AOB  are  A,  /x,  v  ;  find 

the  volume. 

Suppose  that  the  direction-cosines  of  OA,  OB,  OC,  referred  t<> 
rectangular  axes  through  O,  are  lly  m,,  ??,  ;  l2,  «?.._,,  n2 ;  £3,  ni3,  n3  ;  then 
the  coordinates  of  A  are  lxa,  mxa,  nxa,  etc. 

Therefore  6 .  Vol.  OABC=  ]lxa,    m^a,    nxa\ 

I  J>,     m.,b,     n2b 
I  Lp,     m3c,     n3e  \ 

=  ±abc 


^2, 

s& 

2*1*8 

-  =  ±  abc 

1, 

COS  I',      COS//.    -. 

17,/,, 

2J22, 

2% 

COS  1', 

1 ,          cos  A 

zhh> 

yz 1 

2*32 

COS  it, 

cos  A,    1 

(Cf.  §  27,  Ex.  a) 
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CHAPTER   IV. 

CHANGE  OF  AXES. 

52.  OX,  OY,  OZ ;  o£  Or],  o£  are  two  sets  of  rectangular 
axes  through  a  common  origin  O,  and  the  direction-cosines 
of  o£  Oi],  o£,  referred  to  OX,  OY,  OZ,  are  lx,  m1?  n^,  l2,  w2,  n.2; 
l3,  m3,  ?i3.  P,  any  point,  has  coordinates  x,  y,  z  referred  to 
OX,  OY,  OZ  and  £  q,  £  referred  to  0£  Orj,  o£.     We  have  to 


Pig.  26. 


express  x,  y,  z  in  terms  of  £,  r],  £  and  the  direction-cosines, 
and  vice-versa. 

In  the  accompanying  figure,  ON,  NM,  MP  represent  £  rj,  £, 
and  OK,  KL,  LP  represent  x,  y,  z.  Projecting  OP  and  ON, 
NM,  MP  on  OX,  OY,  OZ  in  turn,  we  obtain 

X=    l^+    1&  +    m 

y=m1£+m2r,+m3g,V  .... (1) 


§§52,53] 


THREE   PERPENDICULAR    MM;.- 


And  projecting  op  and  ok.  kl,  lp  on  ot,:.  o>/,  oc  in  turn 
we  obtain  <?    /  ,._i_      .,,,    .  ~  \ 

,,  =  Z2a;  +  m22/  +  »2s,l    


(2) 


a; 

.'/ 

Z 

6 

«I 

™1 

ni 

>/ 

*2 

///. 

"l 

f 

*S 

'".; 

":; 

The  equations  (1)  and  (2)  can  be  derived  from  the 
above  scheme,  which  may  be  constructed  as  follows:  Affix 
to  the  columns  and  rows  the  numbers  x,  y,  z;  g,  t],  £ :  and 
in  the  square  common  to  the  column  headed  x  and  the 
row  headed  £,  place  the  cosine  of  the  angle  between  OX 
and  Og,  i.e.  lx,  and  so  on.  To  obtain  the  value  of  x,  multiply 
the  numbers  in  the  ^-column  by  the  numbers  at  the  left 
of  their  respective  rows  and  add  the  products :  to  obtain 
the  value  of  g,  multiply  the  numbers  in  the  £-row  by  the 
numbers  at  the  heads  of  their  respective  columns,  and  add 
the  products.  Similarly,  any  other  of  the  equations  (1) 
and  (2)  may  be  derived. 

Cor.  Since  x,  y,  z  are  linear  functions  of  g,  >].  0  the 
degree  of  an  equation  is  unaltered  by  transformation  from 
any  one  set  of  rectangular  axes  to  any  other.  For  it  is 
evident  that  the  degree  cannot  be  raised.  Neither  can  it 
be  lowered,  since  in  changing  again  to  the  original  axes, 
it  would  require  to  be  raised. 

53.  Relations  between  the  direction-cosines  of  three 
mutually  perpendicular  lines.     We  have 

?12+m18+^12=l,l 
Z22+m22+V=l>l 


.(A) 


/.Jj  +  m .,m  j  +  n o n x  =  0.  \ 
J1Z2+m1m2+  » ,»o  =  0.1 


.(B) 


70  COORDINATE   GEOMETEY  [ch.  iv. 

From  the  second  and  third  equations  of  (b),  we  derive 
lx  _       mx       _         n^ 

m2%  ~~  lllZ  n  2        n  2^3  —  n  zh       hVl3  ~  hm2  ' 

and  each=  '.2  +  'V+<  -=  ±  A'+™»'+aL  .  ±1 
lx,     mx,     nx       •Jz,(7n2n3—m3n2)2 
k,     m2,     n.2\  (§23,  Cor.  L) 


h>     ™>i 


Therefore,  if     D_1 


h>     mi>      «i|=±l» 

l2,     m2,     n2 


00 


lt  =  D(m2nB-mBn2),  mx  =  D{n2lB-nBl2),  nx  =  D(l2ms-lBm2). 
Similarly, 

l2  =  D(m3n1-m1n3),  r)n2  =  D{n3l1-nAi3),  n2=  D(^3?7i1-?1??i3); 

ls  =  D  (in1oi2 -m2%)3  mB  =  D (nj,2-n2l^),  nz  =  D  (l^n^-l^n^). ) 

Multiplying  the  first  column  of  equations  (e)  by  lx,  U,  l3 

respectively,  and  adding,  we  obtain 

l*+lf+l*=D  lx,     <niXi     nx=\\ 

l2,     m.2,     n.2 

iB,     m3,     n3 
and  similarly, 

mx2  +  m.2'2  +  mz-  =  I,     nx2  +  n22 +nB2=l (c) 

Multiplying  the  second  column  by  nv  n2,  n3,  we  obtain 
in  the  same  way, 

mxnx  +  m2n2 + m3n3  =  0, 
and  similarly,  nxlx  +   n2l.?  +   n3l3  =  0, 

^imi+  V/n2+  hm3  =  ® ■ (D) 

The  equations  (c)  and  (n)  can  be  derived  at  once  from  the 
consideration  that  lx,  l2,  l3;  mx,  m2,  ra3;  nx,  n2,  n3  are 
the  direction-cosines  of  OX,  OY,  OZ  referred  to  0£  Orj,  o£ 
The  method  adopted  shews  that  the  four  sets  (a),  (b),  (c),  (d) 
are  not  independent,  and  it  can  be  shewn  as  above,  that  if 
either  of  the  two  dissimilar  sets  (a),  (b)  ;  (c),  (d)  be  given, 
the  other  two  can  be  deduced. 

Suppose  that  a  plane  LMN  (fig.  27)  cuts  off  three  positive 
segments  of  unit  length  from  the  axes  o£  Or],  o£     Then  if 
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the   direction   of  rotation  given   by   LMN    is    the    positive 
direction  of  rotation  for  the  plane  LMN,  thi 
Of,  0>),  Og  can  Ixj  brought  by  rotation  about  O  into  coin- 
cidence with  the  system  OX,  OY,  OZ.     If  the  din 
rotation  is  negative,  and  Of,  Oij  are  brought  t<>  coincide 
with  OX,  OY  respectively,  then  o£  coincides  with  OZ'. 


Now         6.  Vol.  OLMN 


Fig.  27. 

L,     m,,     a., 
l" 

The  volume,  and  therefore  D,  is  positive  or  negative 
according  as  the  direction  of  rotation  determined  by  LMN 
is  positive  or  negative  for  the  plane  LMN.  Hence  if  LMN 
gives  the  positive  direction  of  rotation,  from  equations  (  e  >. 

/x=  +(m.1rt.]  —  m3Vo),  etc., 
the  positive  sign  being  taken  throughout.     If  LMN  gives 
the  negative  direction  of  rotation, 

lx=  —  (m2??3  — w3?*.2\  etc., 
the  negative  sign  being  taken  throughout. 

Conversely,  if  lt,  m^  11X:  l^  //<.,.  /?., ;  /„.  //>.,.  ;>..  are  the 
direction-cosines  of  three  mutually  perpendicular  directed 
lines  o£  O?/,  o£,  and 

&!=  +(w2/?3  —  m.,n,). 
then  o£  0»/,  o£  can  be  brought  by  rotation  about  O  to 
coincide  with  OX,  OY,  OZ. 

Ex.  Verifv  the  above  results  by  considering  0£.  0>;.  0<,'  to  coincide, 
say.  with  OX',  OY',  OZ. 

Here   ^=-1,    7M,  =  ??1  =  0:    l.,  =  n2  =  0,   m.2= -\  ;    l,  —  m?t  =  0, 


lx  =  »?.>??3  —  »?.,».,,  an 
coincides  with  OY 


[  1    /C-i    \M    j  M  /CO  \.')  //lo  1      j  [  ■'  //C~  V*,  /(«  1  . 

d   if    0£   be"  rotated    to    coincide    with    OX.    O 
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54.  Section  of  a  surface  by  a  given  plane.  The  follow- 
ing method  of  transformation  can  be  applied  with  advantage 
when  the  section  of  a  given  surface  by  a  given  plane 
passing  through  the  origin  is  to  be  considered. 

Let  the  equation  to  the  plane  be  lx  +  7)iy  +  nz  =  0,  where 
l2+m2+n2=l,  and  n  is  positive. 

Take  as  o£,  the  new  axis  of  z,  the  normal  to  the  plane 
which  passes  through  O  and  makes  an  acute  angle  with 
OZ.  Then  the  equations  to  o£,  referred  to  OX,  OY,  OZ,  are 
x/l=yjm=z(n.  Take  as  Orj,  the  new  i/-axis,  the  line  in 
the  plane  ZO£  which  is  at  right  angles  to  o£  and  makes  an 
acute  angle  with  OZ.  Then  choose  Of,  the  new  a>axis,  at 
right  angles  to  Ot]  and  o£,  and  so  that  the  system  o£  0>j,  0£ 
can  be  brought  to  coincidence  with  OX,  OY,  OZ.     The  given 


Fig.  2S. 

plane  is  £0*7,  and  since  O^  is  at  right  angles  to  o£  and  O)?, 
it  is  at  right  angles  to  OZ  which  lies  in  the  plane  £o>/. 
Hence  o£  lies  in  the  plane  XOY,  and  therefore  is  the  line 
of  intersection  of  the  given  plane  and  the  plane  XOY.  The 
equation  to  the  plane  gOrj  is  x/l  =  y/m ;  therefore  if  X,  /a,  v 
are  the  direction-cosines  of  O^, 

l\-\-m/i+nv=0, 
mX  —  Ifi  =  0, 

X     u  v  ±1 

I 


whence    —  =  ^-  = 


■m 


Z2  +  m2     V^  +  m2 
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But  o>]  makes  an  acute  angle  with  oz  and  then  fon 
positive,  and  therefore  the  negative  sign  must  b   taken  in 
the  ambiguity. 


X  = 


■In 


—  in  n 


/*  = 


>  =  >/P  +  m?. 


J¥+wCi         JP+m* 
And  since  ot'  is  at  right  angles  to  o>;  hh<1  o£  by  §  53  (E;. 
i  he  direction-cosines  of  o^  are 

//  //  —  mv,    lv  —  n  X,     niX  —  f/i ; 

—  ra  ^ 

i.e.     j  i      .  i 

Hence  we  have  the  scheme : 


0. 


* 

y 

, 

£ 

—  77) 

i 

0 

<x/£2  +  rrb2 

s/'-  +  m2 

—  1  n 

—  mn 

s '/-+/// - 

»7 

Jl-+  iir 

f 

I 

m 

n 

Ex.  1.  Shew  that  the  projection  of  a  conic  is  a  conic  of  the  same 
species. 

The  equation /(.r,  y)  =  a.v2  +  2h.r>/  +  /»r +  2:t.r  +  2f>/  +  c  =  0  represents  a 
cylinder  whose  generators  are  parallel  to  OZ  and  pass  through  the 
conic  2  =  0,  f(.v,  >/)  =  0.  The  equations  lx  +m>/  +  n :  =  0,  /(.»-,  ;/)  =  0 
represent  the  curve  in  which  the  plane  l.r+m//  +  )i:  =  6  cuts  the 
cylinder,  and  the  projection  of  this  curve  on  the  plane  :  =  0  is  the  conic. 
Change  the  axes  as  above,  and  the  equations  to  the  curve  become 

+  ...=o, 

and  therefore  the  curve  is  the  conic  given  by 

{=  0,   a'£s  +  2h'&i  +  Inf  + . . .  =  0, 
.  am2  -  2hlm  +bP      , ,  _  Imn  (a  -  !>)  -  kn  (I-  -  m-) 


where 


Whence 
and 


h'\ 


b'  = 


Z8+ma 

v2(aI2  +  2/rfm  +  hn2) 
l2  +  m2 

k'2-a'b'  =  »2(/i2-«b) 
h'2  -  a'b'  =  0  as  h'1  -ab  =  0, 


P+m* 


74  COORDINATE  GEOMETRY  [ch.  iv. 

Ex.  2.  All  plane  sections  of  a  surface  represented  by  an  equation 
of  the  second  degree  are  conies. 

Take  coordinate  axes  so  that  a  plane  section  is  s  =  0  ;  the  equation  to 
the  surface  is,  after  transformation,  of  the  form 

ax2  +  by2  +  cz2  +  2fyz + 2gzx  +  2hxy + 2ux + 2vy + 2wz + d= 0. 

The  section  by  the  plane  XOY  is  the  conic  whose  equations  are 

z—0,     ax2  +  2hxy  +  by2  +  2ux + 2vy  +  d = 0. 

The  surfaces  represented  by  equations  of  the  second  degree  are  the 
conicoids. 

Ex.  3.  All  parallel  plane  sections  of  a  conicoid  are  similar  and 
similarly  situated  conies. 

Take  the  coordinate  plane  2  =  0  parallel  to  a  system  of  parallel 
plane  sections.  The  equations  to  the  sections  by  the  planes  z=k, 
z=k'  are  then, 

z  =  k,     ax2  +  2hxy  +  by2  +  2x  (gk  +  u)  +  2y  (fk  +  v)  +  ck2  +  2wk  +  d = 0, 

z  =  k\     ax2  +  2hxy  +  by2  +  2x(gk'  +  u)  +  2y(fk'  +  v)  +  ck'2  +  2wk'  +  d= 0. 

Hence  the  sections  are  similar  and  similarly  situated  conies. 

Ex.  4.  Find  the  conditions  that  the  section  of  the  surface 
ax2  +  by2  +  cz2  =  1  by  the  plane  lx  +  my+nz=p  should  be  (i)  a  parabola, 
(ii)  an  ellipse,  (iii)  a  hyperbola. 

(It  is  sufficient  to  examine  the  section  by  the  plane  lx  +  my+nz  =  0, 
which,  by  Ex.  3,  is  a  similar  conic.  The  equation  to  the  projection  of 
this  section  on  the  plane  2=0  is  obtained  by  eliminating  z  between 
the  equations  lx  +  my  +  nz=0,  ax2  +  by2  +  cz2=l,  and  the  projection  is  a 
conic  of  the  same  species.) 

Ans.  For  a  parabola  l2/a  +  m2/b  +  n2/c=0,  etc. 

Ex.  5.  Find  the  condition  that  the  section  of  ax2  +  by2  =  2z  by 
lx  +  my  +  nz=p  should  be  a  rectangular  hyperbola. 

(Since  rectangular  hypei'bolas  do  not,  in  general,  project  into 
rectangular  hyperbolas,  it  will,  in  this  case,  be  necessary  to  examine 
the  actual  section  of  the  surface  by  the  plane  lx+niy  +  nz=0  by  the 
method  of  §  54.)  Ans.  a+b-al2-bm2  =  0. 

Ex.  6.  Find  the  conditions  that  the  section  of  ax2  +  by2  +  cz2  =  1  by 
Lv+my+nz=p  should  be  a  circle. 

Ans.  1=0,  m2{c-a)  =  n2(a-b);  or  m=0,  n2(a-b)  =  l2(b-c);  or 
n=0,  l2(b  —  c)=m2(c-a). 

Ex.  7.     If  lx  +  7ny  =  0  is  a  circular  section  of 
bx2  +  By2  +  Cz2  +  2Qxy= 1, 
prove  that  (B  -C)l2-2Dlm  +  (A-C)m2  =  0. 

Ex.  8.  Prove  that  the  eccentricity  of  the  section  of  xy=z  by 
lx+my  +  nz=0,  (l2  +  m2  +  n2  =  l),  is  given  by 

2      ,  Im 

1±- 


e2  N/(?*2  +  F)(?i2  +  m2) 

Explain  the  result  when  n  =  0. 
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Ex.  9.    Shew  that  if 

ax't+by'1  +  cz2  +  2///z  +  2gzx  +  2hxy  +  -2.  ux  +  2v</  +2u& 

be  transformed  by  change  of  coordinates  from  one  sei  oi  rectangular 
axes   to   another    with    the    same   origin,  the    expressions    a 
u-  +  >f*  +  to-  remain  unaltered  in  value. 

Ex.  10.  Two  sets  of  rectangular  axes  through  a  common  origin  O 
meet  a  sphere  whoso  centre  is  O  in  P,  Q,  R  ;  P',  Q',  R'.  Prove  that 
Vol.  OPQR'      i  Vol.  OP'Q'R. 

Ex.  11.  Tin:  ('((nations,  referred  to  rectangular  axes,  of  three 
mutually  perpendicular  planes,  are  pr— IfX— itirV— n^z  0,  r  I,  2,  3. 
Prove  that  if  (£,  ?/,  ()  is  at  a  distance  d  from  each  of  them, 

£~(hPi+hP2+hPa)  _,  T/-(wi^t+m2y2+7n3y3) 

/,+/;;  +  A,  W?I  +  »l2  +  m3 

=  (-(jhPi+^V-i+'hp,,)  =  d 
•    «i+w2  +  n3 

Ex.  12.  If  the  axes  of  x,  y,  z  are  rectangular,  prove  that  the 
substitutions 


>/3     \/2     >/6' 


y= 


Vs     \;6' 


\/.3     V2     V6 


give  a  transformation  to  another  set  of  rectangular  axes  in  which  the 
plane  x+y+z=0  becomes  the  plane  £  =  0,  and  hence  prove  that 
the  section  of  the  surface  yz  +  zx  +  xy  +  a-  =  0  by  the  plane  x+y+z—0 
is  a  circle  of  radius  v2 .  a. 

*55.  If  OX,  OY,  OZ  are  rectangular  axes,  and  0£  0»/,  O^ 
are  oblique  axes  whose  direction-cosines,  referred  to 
OX,  OY,  OZ,  are  lx,  mv  nt ;  l2,  m2,  n2,  l3,  m3,  w3,  then  pro- 
jecting on  OX,  OY,  OZ ;  o£  Otj,  o£,  as  in  §  52,  we  obtain 

x=   l,i+   /,,,+   lstt 

y=m1£+mtfi+m<i€,\  - (a) 

z=  nj?+  n#+  n8£J 

£+ri  cos  v+£ cos  fx  =i1a;+m1a/+u1s,,j 

£cosi/  +  i/  +  fcosX  =lix+rn2y +n2z1Y  (b) 

£cos  m  +  t]  cos  X  +  £=  l^x+m^/  +  n^s,  I 

where  the  angles  >?o£,  £o£  £o>i  are  X,  /jl,  v.     The  equations 

(b)  can  also  be  deduced  from  (a)  by  multiplying  in  turn  by 
lx,  m1,  nx,  etc.,  and  adding.     Again,  from  (a), 

.  etc.,  etc  ...(c) 


£= 

Qsy 

y> 

z 

-!- 

h, 

nn1, 

nx 

k> 

m2> 

??., 

I,. 

m2, 

Jig 

L, 

m  3 , 

»3 

k> 

w.,. 

^s 
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By  means  of  (a)  and  (c)  we  can  transform  from  rect- 
angular to  oblique  axes  and  vice  versa. 

r.  Since  x,  y.  z  are  linear  functions  of  £  ?;,  {  and 
vice  versa,  the  degree  of  any  equation  is  unaltered  by 
transformation  from  rectangular  to  oblique  axes  or  from 
oblique  to  rectangular  axes.  The  transformation  from  one 
set  of  oblique  axes  to  another  can  be  performed,  by  in- 
troducing a  set  of  rectangular  axes,  in  the  above  two  steps, 
and  hence  in  this  most  general  case  the  degree  of  the 
equation  is  unaltered  by  the  transformation. 

Thr  1.  The  equation  .""-  —  4  -  — :-  =  2  is  transformed  by  change 
from  rectangular  axes,  the  new  axes  being  oblique,  and  having 
direction-cosines  proportional  to 

2.1.1:     4.  sl-l,  -\3-l  :     4  -\  3-  1.  \H-1. 
Shew  that  the  new  equation  is  jfi+y-  —  -2  =  1. 

Ex.  2.  If  P.  Q.  R  are  (£.,  rjr.  £),  r=l,  2.  3.  referred  to  a  set  of 
oblique  axes  through  an  origin  O,  prove  that 


6 .  Vol.  OPQR  = 


?7i,    it  1.    cos  i',    cos  fi  I- 
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-  1,    cos  A 

COS  /J.,    cos  A.  1 

(Use  §  55  (b)  ;  cf.  §  51.  Ex.  9.) 


*  Examples  L 

1.  The  gnomon  of  a  sundial  is  in  the  meridian  at  an  elevation  A 
(equal  to  the  latitude),  and  the  sun  is  due  east  at  an  elevation  a. 
Find  the  angle  #that  the  shadow  makes  with  the  X.  and  S.  line  of 
the  dial. 

2.  Find  the  equations  to  the  line  through  (1,  1,1)  which  meets 
both  the  lines  — ^— ="— ^—  =  "-  ".  x  =  2y  =  Zz.  and  shew  that  its  inter- 

section  with  the  second  line  is  (  ^-,    ^    ~  • 

5z     26/ 

3.  If  OA  OB,  OC  have  direction-ratios  lT.  mT.  nr,  r  =  l.  2.  3: 
and  OA'.  OB'.  OC  bisect  the  angles  BOC,  COA,  AOB,  the  planes 
AOA ,  BOB',  COC  pass  through  the  line 

x     _       y  __? 


li+h  +  h    in-}  +  m2  +  mz     Wj+flg+Sg 

4.  P  is  a  given  point  and  PM,  PN  are  the  perpendiculars  from  P 
to  the  planes  ZOX,  XOY.  OP  makes  angles  (j,  ot,  ft,  y  with  the 
planes  OMN  and  the  ('rectangular)  coordinate  planes.     Prove  that 

eosec2  9  =  eoBBC?  a.  -f  cosec2 ,  j  —  cosee2-/. 


(II.    IV.] 


EXAMPLES    i 


:: 


5.  Shew  that  the  locus  of  tinea  which  meet  the  I 

a       v  z 

0        Bin  a.-  ±  cos  a. 
?.t  the  same  angle  is 

(.'•// cos ol - az sin  '/.)(.'i.sin  ot  -  ay  cosa.)=0. 

6.  Find  the  locus  of  a  straight   line  which  meetB  OX  and  the 

circle  .r-+y-  =  c-,  z  =  h,  so  that  the  distance  between  the  poii 

section  is  sic1  +  //-'. 

7.  If  three  rectangular  axes  be  rotated  about  the  line  T  =  *=- 

A     fj.     v 

into  new  positions,  and  the  direction-cosines  of  the  new  axes  referred 
to  the  old  are  llt  ?»,,  nlt  etc.;  then  if 

li=  +(m2n3~m:i7io),    X{m:i  +  n2)  =  ii{iil  +  f..)  =  v{/.,-ril,.[) ; 

also  if  6  is  the  angle  through  which  the  system  is  rotated, 

2         2  /*-'+ 1/2 

8.  If  the  shortest  distances  between  lines  1,  2,  3  are  parallel  to 
lines  4,  5,  6,  then  the  shortest  distances  between  the  lines  4,  5,  6  are 
parallel  to  the  lines  1,  2,  3. 

9.  Any  three  non-intersecting  lines  can  be  made  the  edges  of  a 

parallelepiped,  and  if  the  lines  are  — -, —  =^ — '—="- — ^,  r=l,  2,  3, 

the  lengths  of  the  edges  are  r  ,Hr  "r 


04-0.3,  f3,-f33,  y2-73 

•3)  "hi  n3 


h*  "hi  7h 

Co,    JBjj    "■• 
^3>    ™3>    ?iS 


,  etc. 


Consider  the  case  where  the  denominator  is  zero. 

10.  OA,  OB,  OC  are  edges  of  a  parallelepiped  and  R  is  the  corner 
opposite  to  O.  OP  and  RQ  are  perpendiculars  to  the  plane  ABC. 
Compare  the  lengths  of  OP  and  RQ.  If  the  figure  is  rectangular  and 
O  is  taken  as  origin,  and  the  plane  ABC  is  given  by  lx+mtf+M=p, 
PQ  has  direction-cosines  proportional  to  /-1-3?,  m~l  —  3m,  ?e_1-3><, 
and  PQ2  =  OR2-9.0P2. 

11.  OS  is  the  diagonal  of  the  cube  of  which  OP,  OQ,  OR  are  edges. 
OU  is  the  diagonal  of  the  parallelepiped  of  which  OQ,  OR,  OS  are 
edges,  and  OV  and  OW  are  formed  similarly.  Find  the  coordinates 
of  U,  V,  W,  and  if  OT  is  the  diagonal  of  the  parallelepiped  of  which 
OU,  OV,  OW  are  edges,  shew  that  OT  coincides  with  OS  and  that 
OT  =  5,OS. 

12.  Find  the  equations  to  the  straight  line  through  the  origin 
which  meets  at  right  angles  the  line  whose  equations  are 

(b  +  c).r  +  (c  +  a)!/  +  (a  +  b):  =  k  =  (b-c)x  +  (c.-a)i/  +  (a-b):, 

and  find  the  coordinates  of  the  points  of  section. 

13.  Find  the  locus  of  a  point  which  moves  so  that  the  ratio  of  its 
distances  from  two  given  lines  is  constant. 
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14.  A  line  is  parallel  to  the  plane  y  +  z  =  0  and  intersects  the  circles 
x2+y2=a2,  s  =  0  ;  x2+z2=a2,  y  =  0  ;  find  the  surface  it  generates. 

15.  Find  the  equation  to  the  surface  generated  by  a  straight  line 
which  is  parallel  to  the  line  y=mx,  z  =  nx,  and  intersects  the  ellipse 

x2/a2+y2/b2  =  l,     z  =  0. 

16.  A  plane  triangle,  sides  a,  b,  c,  is  placed  so  that  the  mid-points 
of  the  sides  are  on  the  axes  (rectangular).  Shew  that  the  lengths 
intercepted  on  the  axes  are  given  by 

l2=(b2  +  c2-a2)/8,     m2  =  (c2  +  a2-b2)/8,     n2  =  (a2  +  b2  -  c2)/8, 

and  that  the  coordinates  of  the  vertices  are  (  —  1,  vi,  n\  (I,  —m,  n), 
(I,  m,  -n). 

17.  Lines  are  drawn  to  meet  two  given  lines  and  touch  the  right 
circular  cylinder  whose  axis  is  the  s.d.  (length  2c),  and  radius  c. 
Find  the  surface  generated. 

18.  The  section  of  ax2+by2+cz2  =  \  by  the  plane  lx  +  my  +  nz=p  is 
a  parabola  of  latus  rectum  2I_.     Prove  that 

L  {I2 1  a2  +  m2/b2  +  n2/c2f  =p  (I2  +  m2  +  ?i2)/abc. 

19.  A  line  moves  so  as  to  intersect  the  line  2  =  0,  x=y ;  and  the 
circles  x  =  0,  y2  +  z2  =  r2 ;  y  =  0,  z2+x2=r2.  Prove  that  the  equation  to 
the  locus  is    '  {x+yf{z2  +  ^-yf}=r2{x-yf. 

20.  Prove   that 1 1 =  0  represents  a  pair  of  planes 

y—z    z—x    x—y  A  l  x 

whose  line  of  intersection  is  equally  inclined  to  the  axes. 

21.  Find  the  surface  generated  by  a  straight  line  which  revolves 
about  a  given  straight  line  at  a  constant  distance  from  it  and  makes 
a  given  angle  with  it. 

22.  Shew  that  x2+y2+z2  —  Zxy  —  Zzx  —  Zyz  =  \  represents  a  surface  of 
revolution  about  the  line  x=y=z,  and  find  the  equations  to  the 
generating  curve. 

23.  Ll3  L2,  !_3  are  three  given  straight  lines  and  the  directions  of 
Lx  and  L2  are  at  right  angles.  Find  the  locus  of  the  line  joining  the 
feet  of  the  perpendiculars  from  any  point  on  L3  to  Lj  and  L2. 

24.  The  ends  of  diameters  of  the  ellipse  z  —  c,  x2/a2+y2jb2  =  l  are 
joined  to  the  corresponding  ends  of  the  conjugates  of  parallel 
diameters  of  the  ellipse  x2/a2+y2/b2  =  l,  z=  -c.  Find  the  equation  to 
the  surface  generated  by  the  joining  lines. 

25.  A  and  B  are  two  points  on  a  given  plane  and  AP,  BQ  are 
two  lines  in  given  directions  at  right  angles  to  AB.  Shew  that  for  all 
lines  PQ,  parallel  to  .the  plane,  AP  :  BQ  is  constant,  and  that  all  such 
lines  lie  on  a  conicoid. 

26.  The  vertex  A  of  a  triangle  ABC  lies  on  a  given  line  ;  AB  and 
AC  pass  through  given  points  ;  B  and  C  lie  on  given  planes  ;  shew 
that  the  locus  of  BC  is  a  conicoid. 
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27.  I 'rose  thai  i  In-  equation  I  o  the  two  plane*  inclined  at  an  angle  •>. 
to  the  .'//- plain-  and  containing  the  Xvaty    0,  rcoa  j3=xnn  , , 

(./-+//-)  t ,i 1 1  '/>'  r  -"'    2»c  tan  /j    yJ  tan'a, 

28.  A  line  moves  bo  as  to  meet  the  lin<         —  =  — :Z— _  =  i_ '  Ui  a 

coa  <i.      ■  bio  a      0 
and  B  and  pass  through  the  curve i/i    /-'.  i     0.     Prove  that  the  Locus 
of  tliu  mid-point  of  AB  is  a  curve  of  the  third  degree,  two  of  (Those 
asymptotes  are  parallel  to  the  given  lines. 

29.  Given  two  non-intersecting  lines  whose  directions  are  at  right 
angles  and  whose  b\d.  is  AB,  and  a  circle  whose  centre  C  is  on  AB 
and  plane  parallel  to  the  lines.    Shew  that  the  locus  of  a  variable  line 

which  intersects  the  given  lines  and  circle  is  a  surface  whose  sections 
by  planes  parallel  to  the  lines  are  ellipses  whose  centres  lie  on  AB. 
and  that  the  section  by  the  plane  through  C .  another  point  of  AB,  is 
a  circle,  if  C,  C  are  harmonic  conjugates  with  respect  to  A  and  B. 

30.  Tf  the  axes  are  rectangular  the  locus  of  the  centre  of  a  circle  of 
radius  a  which  always  intersects  them  is 

x  sja?  -  y2  -z2+y  si  a1  -z2-  x2  +  z  \/a2  —  x2—y2  =  a2. 

31.  A  line  is  drawn  to  meet  y  =  x  tan  a.,  z  —  c\  y  —  -.vtana,  z=  — e, 
so  that  the  length  intercepted  on  it  is  constant.  Shew  that  its  equa- 
tions may  be  written  in  the  form 

x  —  k  sin  6  cot  u._y-  k  cos  6  tan  a. _  z 
kcos  0  X-sin  t)  c 

where  k  is  a  constant  and  8  a  parameter.  Deduce  the  equation  to  the 
locus  of  the  line. 

32.  Find  the  equation  to  the  surface  generated  by  a  straight  line 
which  is  parallel  to  the  plane  2  =  0  and  intersects  the  line  x=y=z,  and 
the  curve  .r  +  2y  =  4:,  .r1+y'-  =  a'-i. 

33.  Through  a  fixed  line  L,  which  lies  in  the  ;r?/-plane  but  does  not 
pass  through  the  origin,  is  drawn  a  plane  which  intersects  the  planes 
x  =  0  and//  =  0  in  lines  M  and  N  respectively.  Through  M  and  a  fixed 
point  A,  and  through  N  and  another  fixed  point  B,  planes  are  drawn. 
Find  the  locus  of  their  line  of  intersection. 

34.  The  axes  are  rectangular  and  a  point  P  moves  on  the  fixed 
plane  a?/a+y/6+«/c=l.  The  plane  through  P  perpendicular  to  OP 
meets  the  axes  in  A,  B,  C.  The  planes  through  A,  B,  C  parallel  to 
YOZ,    ZOX,    XOY   intersect  in   Q.      Shew   that   the  locus  of   Q  is 

111111 

—  +  —  +  •-  =  — +  7-  +  — 
.'-      i/-      :-      ax     by     cz 

35.  AB  and  CD  are  given  non-intersecting  lines.  Any  plane 
through  AB  cuts  CD  in  P,  and  PQ  is  normal  "to  it  at  P.  Find  the 
locus  of  PQ. 

36.  Find  the  equation  to  a  plane  which  touches  each  of  the  circles 
,r  =  0,  >?y-  +  £2  =  «.2  ;  y  =  0,  z2  +  x-  =  b2  ;  z  =  0,  x-+y2  =  ci.  How  many  such 
planes  are  there  ? 

37.  Find  the  locus  of  the  position  of  the  eye  at  which  two  given 
non-intersecting  lines  appear  to  cut  at  right  angles. 
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38.  Four  given  points  of  a  variable  line  lie  on  the  faces  of  a 
quadrilateral  prism.  Shew  that  any  other  point  of  the  line  describes 
a  line  which  is  parallel  to  the  edges  of  the  prism. 

39.  The  locus  of  the  harmonic  conjugates  of  P  with  respect  to  the 

two  points  in  which  any  secant  through  P  cuts  a  pair  or  planes  is 

the  polar  of  P  with  respect  to  the  planes.     Prove  that  the  equation 

it     v 
to  the  polar  of  (xu  yl5  2t)  with  respect  to  m=0,  v  —  0,  is  -~-  +  -  =0,  where 

ul  is  the  result  of  substituting  xr,  y1,  zx  for  x,  y,  z  in  u,  etc.  Shew 
also  that  the  polars  of  P  with  respect  to  the  pairs  of  planes  that  form 
a  trihedral  angle  cut  those  planes  in  three  coplanar  lines. 

40.  Any  line  meets  the  faces  BCD,  CDA,  DAB,  ABC  of  a  tetra- 
hedron ABCD  in  A',  B',  C,  D'.  Prove  that  the  mid-points  of 
A  A',  BB',  CC,  DD'  are  coplanar. 

41.  If  the  axes  are  rectangular,  and  A,  /x,  v  are  the  angles  between 
the  lines  of  intersection  of  the  planes  arx  +  bry  +  crz  =  0,  r  —  l,  2,  3, 
prove  that 

a3i      "3>      C3 
l 

_  (2at2 .  2a22  •  2a32)5(l  -  cos2 A  -  cos2/x  -  cos2v  +  2  cos  A  cos  jx  cos  v) 
sin  A  sin  \x  sin  v 

42.  The  equations  x  =  Xz  +  /x,  2/=(A3-2A/x)s  +  /x(A2-jm),  where  A 
and  /x  are  parameters,  determine  a  system  of  lines.  Find  the  locus  of 
those  which  intersect  the  2-axis.  Prove  that  two  lines  of  the  system 
pass  through  any  given  point  unless  the  given  point  lies  on  a  certain 
curve,  when  an  infinite  number  of  lines  pass  through  it,  and  find  the 
equations  to  the  curve. 


§56] 


CHAPTER  V. 

THE  SPHERE. 

56.  Equation  to  a  sphere.  If  the  axes  are  rectangular 
the  square  of  the  distance  between  the  points  P,  (xv  yv  zx) 
and  Q,  (x2>  y2,  02)  is  given  by  (x^-x^2 +  (;/.,- y^  +  iz^-z^f, 
and  therefore  the  equation  to  the  sphere  whose  centre  is 
P  and  whose  radius  is  of  length  r,  is 

(x  -  x^f  +  (y-  Vlf  +  {z-zxf  =  r*. 

Any  equation  of  the  form 

ax2 +ay'2  +  az2  +  2ux  +  Ivy  +  2wz  -f  d= 0 

can  be  written 

and  therefore  represents  a  sphere  whose  centre  is 


( 


u        v       w\       j      j-      >/w- +  ■*'-  +  ■«'-  —  ad 

,  — , I  and  radius 

a       a       a/  a 


Ex.  1.     Find  the  equation  to  the  sphere  whose  centre  is  (2,  -3,  4) 
and  radius  5.  A  re*.  .<-  +//-'  +  :-  -  4x  +  6//  -  8;  +4  =  0. 

Ex.  2.     Find  the  centre  and  radius  of  the  sphere  given  by 

afl+yi  +  $  -2.v  +  4//  -  6r  =  1 1 .         Aru.  (1,  -2,  3 \  5. 

Ex.  3.     Shew  that  the  equation 

{SB  -  fl?j  )(.r  -  .r,)  +  0/  -  .>/,)(?/  -  .>/,)  +  (z  -  zx)(z  -  r2)  =  0 
represents  the  sphere  on  the  join  of  (.»•,,  _>/,,  Cj),  (x.2,  //._,,  ;._,)  as  diameter. 

Ex.  4.     Find  the  equation  to  the  sphere  through  the  points 
(0,  0,  0),     (0,  1,-1),     (-1,  2,  0).     (1,  -2,  3). 

Ans.  7(.r-+//-'  +  c2)-15.r-25?/-ll-  =  0. 
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Ex,  5.     Find  the  equation  to  the  sphere  which  passes  through  the 
point  (ex.,  /3,  y)  and  the  circle  z=0,  x2+y2  =  a2. 
A  ns.     y  (x2  +  y2  +  z2  -  a?) = z  (oJ  +  /32  +  y2  -  a2). 

Ex.  6.     Find  the  equations  to  the  spheres  through  the  circle 
x2+y2  +  z2  =  9,     2x+3y+4z=5; 
and  (i)  the  origin,  (ii)  the  point  (1,  2,  3). 

Ans.      (i)  5(x2+y2  +  z2)-l8x-2'7y-36z=0; 
(ii)  3  (x2 +f  +  z2)  -2x-3y-4:Z-22=0. 

Ex.  7.  The  plane  ABC,  whose  equation  is  x/a+y/b  +  z/c=l,  meets 
the  axes  in  A,  B,  C.  Find  equations  to  determine  the  circumcircle  of 
the  triangle  ABC,  and  obtain  the  coordinates  of  its  centre. 

Ans.     xja+y/b  +  z/c  =  l,     x2+y2+z2-ax-by-cz  =  0 ; 

a{b-2+c~2)  b(c~2+a-2)  c(a-2  +  b-2) 

2(a-2  +  b-2  +  c-2Y    2(a-2  +  b-2+c~2y    2(a-2  +  b~2  +  c-2)' 


*Ex.  8.     If  the  axes  are  oblique,  find  the  equation  to  the  sphere 
whose  centre  is  (xl,  yx,  Zj),  and  radius  r. 
Ans.     2 (x  —  x{)2  +  2l,(i/ - y x) (z  —  Zj)  cos  A  =  r2. 

*Ex.  9.     Prove  that  the  necessary  and  sufficient  conditions  that 
the  equation 

ax2  +  by2  +  cz2  +  2fyz  +  2gzx + 2hxy  +  2ux  +  2vy  +  2wz + d = 0, 

referred  to  oblique  axes,  should  represent  a  sphere,  are 

.       /    _    9    _h 

cos  tt     cos  V 


:b=C  = 


Prove  that  the  radius  is  -s 


cos  A 
-S 


S  = 


a,  a  cos  v,  a  cos  /x,  u 

a  cos  v,  a,  a  cos  A,  v 

a  cos  [x,  a  cos  A,  a,  w 

u,  v,  w,  d 


,  where 
and  A  = 


1,  COS  V,  COS  fX 

cos  i',    1 ,  cos  A 
cos/x,  cos  A,    1 


57.  Tangents  and  tangent  planes.    If  p,  (xv  yv  za)  and 

Q,  (x2,  y2,  z2)  are  points  on  the  sphere  x2  +  y2-Jfz2  =  a2,  then 

x*+y*  +  z2  =  a2  =  x2+y2  +  z2, 
and  therefore 

(x1  -  x.2  )(x1  +  x2)  +  (Vl  -  y2)(yi  +  y2)  +  {zx  -  z2)(zl  +  z,)  =  0. 

Now  the  direction-cosines  of  PQ  are  proportional  to 
xi~ x2>  Vi~y^  z\~z^'i  and  if  M  is  the  mid-point  of  PQ  and 
O  is  the  origin,  the  direction-cosines  of  OM  are  proportional 
to  xx-\-x%,  yx-\-y2,  z\  +  z2-     Therefore  PQ  is  at  right  angles 
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to  om.  Suppose  that  om  meets  the  sphere  in  a  and  thai 
pq  moves  parallel  to  itself  with  its  mid  point,  m,  <»n  oa. 
Then  when  m  is  at  a,  pq  is  a  tangent  to  the  sphere  a(  a. 
and  hence  a  tangent  at  a  is  at  right  angles  to  oa,  and  the 
Locus  of  the  tangents  at  A  is  the  plane  through  a  a!  right 
angles  to  OA.  This  plane  is  the  tangent  plane  at  A.  The 
equation  to  the  tangent  plane  at  A,  (a,  fi,  y),  is 

(as-a)a+(y-/8)j8+(*-y)y=0, 

or  X(jL  +  y  (3 +  Zy  =  </.'-  + ft2 +  y''  =  a2. 

Ex.  1.     Find  the  equation  to  the  tangent  plane  at 
(a  cos  0  sin  (j>,  a  sin  8  sin  c/>,  a  cos  <£) 
to  the  sphere  x2+y2  +  z2  =  «-. 

Ans.     x  cos  8  sin  </>  +y  sin  8  sin  </>  +  z  cos  r/)  =  a. 

Ex.  2.     Find  the  equation  to  the  tangent  plane  at  (.>',  ?/,  s7)  to  the 
sphere  x'1  +  i/2  +  z2  +  2ux  +  2vy  +  2ivz  +  d= 0. 

.  I  a 8.     xx  +  yy'  +  zz'  +  u (x  +  x')  +  v (y  +  //')  +  />■  ( :  +  z')  +  d  =  0. 

Ex.  3.     Find  the  condition  that  the  plane  lx  +  my  +  D:=p  should 
touch  the  sphere  x'-i+y2  +  z2  +  2ux  +  2vy  +  2wz  +  d=Q. 

Am.    {id  +  vm  +  urn  +pf= (I2 + m2  +  n2)(u2 + v-  +  vP  -  d ). 

Ex.  4.     Find  the  equations  to  the  spheres  which  pass  through  the 

circle  x2+y2  +  z2  =  5,  r  +  2//  +  3r  =  3,  and  touch  the  plane  4x  +  3i/=\5. 

Ans.     x2  +  i/2  +  z2  +  2x  +  4y  +  62  -  1 1  =  0, 

5, 1 ■'-  +  5 )/'  +  5z2-  4x  -  8  y  - 120  - 13 = 0. 

Ex.  5.     Prove  that  the  tangent  planes  to  the  spheres 

x2  +y2  +  z2  +  2ux  +  2vy  +  2wz  +  d=0, 
x2  +  ?/-'  +  a*  +  2/(vv  +  2i\y  +  2u\z  +  dx=0 
at  any  common  point  are  at  right  angles  if 

2vkx  +2tw]  +  2unrf  =d  +  dr 

*58.  Radical  plane   of  two  spheres.     //  any  secant 

throur/Ji  a  given  point  O  meets  a  given  sphere  in  P  and  Q, 
OP.  OQ  is  constant. 

The  equations  to  the  line  through  O,  (a,  8.  y).  whose 
direction-cosines  are  /,  m,  n,  are 

X-CL  =  y-P  =  3-y 

I  m  n       ^ 
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The  point  on  this  line,  whose  distance  from  O  is  r,  has 
coordinates  CL  +  Ir,  fi  +  mr,  y  +  nr,  and  lies  on  the  sphere 

F(xyz)  =  a(x2  +  y2 + z2) + 2ux  +  2vy  +  2wz  +  d  =  0 

This  equation  gives  the  lengths  of  OP  and  OQ,  and  hence 
OP.OQ  is  given  by  F(a,  /3,  y)/a,  which  is  the  same  for  all 
secants  through  O. 

Definition.  The  measure  of  OP.OQ  is  the  power  of  O 
with  respect  to  the  sphere. 

If         Sx  =  x2  +  y2  +  z2  +  2uxx + 2vxy  +  2wxz + dx = 0, 

S2  =  a?2  +  y2  +  £2  +  2u2o;  +  2v2y  +  2w2z  +  d.2  =  0 

are  the  equations  to  two  spheres,  the  locus  of  points  whose 
powers  with  respect  to  the  spheres  are  equal  is  the  plane 
given  by 

S1  =  S2,  or  2(u1  —  u2)x  +  2(v1  —  v2)y  +  2(wl  —  w2)z  +  d1  —  d2  =  0. 

This  plane  is  called  the  radical  plane  of  the  two  spheres. 
It  is  evidently  at  right  angles  to  the  line  joining  the 
centres. 

The  radical  planes  of  three  spheres  taken  two  by  two 
pass  through  one  line. 

(The  equations  to  the  line  are  S1  =  S2  =  S3.) 

The  radical  planes  of  four  spheres  taken  two  by  two 
pass  through  one  point. 

(The  point  is  given  by  S1  =  S2  =  S3  =  S4.) 

The  equations  to  any  two  spheres  can  be  put  in  the  form 
x2  +  y2  +  z2  +  2\1x  +  d  =  Q,     x2  +  y2  +  z2  +  2\x+d  =  0. 

(Take  the  line  joining  the  centres  as  a?-axis  and  the 
radical  plane  as  x  =  0.) 

The  equation  x2  +  y2  +  z2  +  2\x  +  d  =  0,  where  X  is  a  para- 
meter, represents  a  system  of  spheres  any  two  of  which 
have  the  same  radical  plane.  The  spheres  are  said  to  be 
coaxal. 
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Ex.  1.     Prove  that  the  members  of  the  coaxal   3  '•  to  11  I 
another,  touch  one  another,  or  do  not  intersect  one  another,  according 

as  d    -0. 

Ex.  2.     Shew  that  ill''  centres  of  the  two  spheres  "i   the 
which  have  zero-radiu  1  are  ;ii  the  points  (  •  s'<''.  0,  '>).    (The»  are  the 
limiting  points  of  the  system.) 

Ex.  3.  Shew  that  1  lie  equation  a,2+ty2+22+2iiy+2w  d  0.  where 
\i  and  i'  are  parameters,  represents  a  system  of  spheres  pas  ring  through 
the  Limiting  points  of  the  system  a^+i/i+z2+2\x+d=  <>,  and  cutting 
every  member  of  that  system  at  right  angles. 

Ex.  4.  The  Locus  of  points  whose  powers  with  reaped  t.>  two 
given  spheres  are  in  a  constant  ratio  is  a  sphere  coaxal  with  the 
two  given  spheres. 

Ex.  5.     Shew  that  the  spheres  which  cut  two  given  spheres  along 

great  circles  all  pass  through  two  fixed  points. 


*  Examples  II. 

1.  A  sphere  of  constant  radius  /•  passes  through  the  origin,  O.  and 
cuts  the  axes  (rectangular)  in  A,  B,  C.  Prove  that  the  locus  of  the 
foot  of  the  perpendicular  from  O  to  the  plane  ABC  is  given  by 

2.  P  is  a  variable  point  on  a  given  line  and  A,  B,  C  are  it- 
projections  on  the  axes.  Shew  that  the  sphere  OABC  passes  through 
a  fixed  circle. 

3.  A  plane  passes  through  a  fixed  point  ('/,  b,  c)  and  cuts  the  axe- 
in  A,  B,  C.     Shew  that  the  locus  of  the  centre  of  the  sphere  OABC  is 

x    y     z 

4.  If  the  three  diagonals  of  an  octahedron  intersect  at  right 
angles,  the  feet  of  the  perpendiculars  from  the  point  of  intersection 
to  the  faces  of  the  octahedron  lie  on  a  sphere.  If  a,  a  ;  6,  /S  :  c,  y 
are  the  measures  of  the  segments  of  the  diagonals,  the  centre  (£,  ?/,  £) 
of  the  sphere  is  given  by 

2g  2?/  2£ 1 

^-l  +  a-l_6-1  +  /8-1_6■-1  +  y-1_(f^)-1  +  (^)-1  +  07)-', 

the  diagonals  being  taken  as  coordinate  axes.      Prove  that  the  points 
where  the  perpendiculars  meet  the  opposite  faees  also  lie  on  the  sphere. 

5.  Prove  that  the  locus  of  the  centres  of  spheres  which  pass 
through  a  given  point  and  touch  a  given  plane  is  a  conicoid. 

6.  Find  the  locus  of  the  centres  of  spheres  that  pass  through  a 
given  point  and  intercept  a  lixed  length  on  a  given  straight  line. 

7.  Find  the  locus  of  the  centres  of  spheres  of  constant  radius 
which  pass  through  a  given  point  and  touch  a  given  line. 
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8.  Prove  that  the  centres  of  spheres  which  touch  the  lines  y=in/ix, 
3=g  ;  y=  —  mx,  z  =  —  c,  lie  upon  the  conicoid  mxy  +  cz(l  +  m2)  =  0. 

9.  If  the  opposite  edges  of  a  tetrahedron  are  at  right  angles  the 
centre  of  gravity  is  the  mid-point  of  the  line  joining  the  point  of 
concurrence  of  the  perpendiculars  and  the  centre  of  the  circumscribing 
sphere. 

10.  If  the  opposite  edges  of  a  tetrahedron  are  at  right  angles  the 
mid-points  of  the  edges  and  the  feet  of  the  perpendiculars  lie  upon 
a  sphere  whose  centre  is  the  centre  of  gravity  of  the  tetrahedron. 

11.  The  sum  of  the  squares  of  the  intercepts  made  by  a  given 
sphere  on  any  three  mutually  perpendicular  lines  through  a  fixed 
point  is  constant. 

12.  With  any  point  P  of  a  given  plane  as  centre  a  sphere  is 
described  whose  radius  is  equal  to  the  tangent  from  P  to  a  given 
sphere.     Prove  that  all  such  spheres  pass  through  two  fixed  points. 

13.  If  A  =  /a=^=7t/3,  the  plane  and  surface  given  by 

x+y  +  z  =  0,    yz+zx  +  xy  +  a2  =  0, 
intersect  in  a  circle  of  radius  a. 

14.  If  r  is  the  radius  of  the  circle 

x2+y2+z2  +  2ux+2vy  +  2wz  +  d=0,     lx  +  my  +  ?iz  =  0, 
prove  that 

(r2  +  d)  (I2  +  m2  +  n2) = (mw  -  nv)2  +  (nu  -  Iwf + (Iv  -  muf. 

15.  Prove  that  the  equations  to  the  spheres  that  pass  through  the 
points  (4,  1,  0),  (2,-3,  4),  (1,  0,  0),  and  touch  the  plane 2a?+2#-s=ll, 
are  ^+f+z^-6x+2y-4z+5=0, 

I6x2  +  l6f+16z2-  102a?+5Oy-49*  +  86  =  0. 

16.  Prove  that  the  equation  to  a  sphere,  which  lies  in  the  octant 
OXYZ  and  touches  the  coordinate  planes,  is  of  the  form 

x2  +I/2 +si-2\(x+y+z)+ 2X2 = 0. 

Prove  that  in  general  two  spheres  can  be  drawn  through  a  given 
point  to  touch  the  coordinate  planes,  and  find  for  what  positions  of 
the  point  the  spheres  are  (i)  real  ;  (ii)  coincident. 

17.  A  is  a  point  on  OX  and  B  on  OY  so  that  the  angle  OAB  is 
constant  (  =  «.).  On  AB  as  diameter  a  circle  is  described  whose  plane  is 
parallel  to  OZ.     Prove  that  as  AB  varies  the  circle  generates  the  cone 

2.r?/-22sin2oc=0. 

18.  POP'  is  a  variable  diameter  of  the  ellipse  2=0,  a?/a?+y2/b2=l, 
and  a  circle  is  described  in  the  plane  PP'ZZ'  on  PP'  as  diameter. 
Prove  that  as  PP'  varies,  the  circle  generates  the  surface 

(x2  +y2  +  z2)  (x2/a2  +  if  lb2)  =  x2 + y2. 


en.  v.]  EXAMPLES   II.  -: 

19.    Prove  thai    the  equation   to  the  sphere    circumscribing  the 

tetrahedron  whose  Bides  arc 

oceaao  a    b    e 


o?+y2+z2  _  x  _y  _  z  _Q 


20.  A  variable  plane  is  parallel  to  the  given  plane  i  "  -//  &4 

and  meets  the  axes  in  A,  B,  C.     .Prove  that  the  circle  ABC  lies  "ii  the 

21.  Find  the  locus  of  the  centre  of  a  variable  sphere  which  | 
through  the  origin  O  and  meets  the  axes  in   A,  B,  C,  bo  that  the 
volume  of  the  tetrahedron  OABC  is  constant. 

22.  A  sphere  of  constant  radius  /•  passes  through  the  origin  and 
meets  the  axes  in  A,  B,  C.  Prove  that  the  centroid  of  the  triangle 
ABC  lies  on  the  sphere  9(x-+y2  +  z-)  =  4k2. 

23.  The  tangents  drawn  from  a  point  P  to  a  sphere  are  all  equal  t«i 
the  distance  of  P  from  a  fixed  tangent  plane  to  the  sphere.  Prove 
that  the  locus  of  P  is  a  paraboloid  of  revolution. 

24.  Prove  that  the  circles 

x2+y2  +  z2-2x  +  3y  +  4z-')=0,    5>/  +  6i  +  l=0  ; 
x2 + y2  +  z2  -  3.r  -  4y  +  hz  -  6  =  0,    x  +  2y  -  Iz  =  0  ; 
lie  on  the  same  sphere,  and  find  its  equation. 

25.  Find  the  conditions  that  the  circles 

x2+y2  +  z2  +  2ux  +  2vy  +  2a;z  +  d=0,       lx  +  my  +  nz=p  ; 
.'■'J  +y2  +  z2  +  2u'x + 2v'y + 2w'z +d'=0,    I'x  +  m '//  +»'«=p' ; 
should  lie  on  the  same  sphere. 

26.  OA,  OB,  OC  are  mutually  perpendicular  lines  through  the 
origin,  and  their  direction-cosines  are  lx,  wl5  />,  ;  l2,  m.,,  n., ;  ls,  ?/?.,,  n3. 
If  OA  =  «,  OB  =  b,  OC  =  c,  prove  that  the  equation  to  the  sphere 
OABC  is 

Xs  +y-+z- - x(all  +  bl.2  +  cl3) -y(amx  +  bm.2  +  cms) - :  (an ,  +  b/i.,  +  dig)  =  0. 
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CHAPTER  VI. 
THE  CONE. 

59.  Equation  to  a  cone.  A  cone  is  a  surface  generated 
by  a  straight  line  which  passes  through  a  fixed  point  and 
intersects  a  given  curve.  If  the  given  point  O,  say,  be 
chosen  as  origin,  the  equation  to  the  cone  is  homogeneous. 
For  if  P,  (x,  y',  z')  is  any  point  on  the  cone,  x,  y',  z'  satisfy 
the  equation.  And  since  any  point  on  OP  is  on  the 
cone,  and  has  coordinates  (kx\  hy',  kz'\  the  equation  is  also 
satisfied  by  hx',  ky',  kzr  for  all  values  of  k,  and  therefore 
must  be  homogeneous. 

Cor.  If  x/l  —  y/m  =  z/n  is  a  generator  of  the  cone  re- 
presented by  the  homogeneous  equation  f(x,  y,  z)  =  0,  then 
f(l,  m,  n)  =  0.  Conversely,  if  the  direction-ratios  of  a 
straight  line  which  always  passes  through  a  fixed  point 
satisfy  a  homogeneous  equation,  the  line  is  a  generator  of 
a  cone  whose  vertex  is  at  the  point. 

Ex.  1.  The  line  x/l=y/m=z/n,  where  2l2  +  3m2  -  bn2  =  0,  is  a 
generator  of  the  cone  2x2  +  Zy2-bz2=0. 

Ex.  2.  Lines  drawn  through  the  point  (a.,  /3,  y)  whose  direction- 
ratios  satisfy  al2  +  bml  +  en2  =  0  generate  the  cone 

a  (x-  a.)2  +  b  {y  -  (3)2  +  c  (z  -  y)2 = 0. 

Ex.  3.  Shew  that  the  equation  to  the  right  circular  cone  whose 
vertex  is  O,  axis  OZ,  and  semi- vertical  angle  a.,  is  ot?+y2=z2t&r\2a.. 

Ex.  4.  The  general  equation  to  the  cone  of  the  second  degree 
which  passes  through  the  axes  is  fyz+gzx  +  hxij  =  0. 

The  general  equation  to  the  cone  of  the  second  degree  is 

ax2  +  by2  +  cz2  +  2fyz  +  2grzx  +  2hxy  =  0, 

and  this  is  to  be  satisfied  by  the  direction-ratios  of  the  axes,  i.e.  by 
1,0,0;  0,  1,0;  0,0,  1. 
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Ex.  5.     A  cone  of  the  second  degree  can  be  found  to  pa     thi 
any  live  concurrent  lines. 

Ex.  6.  A  cone  of  the  second  degree  can  be  found  to  pa  through 
any  two  sets  of  rectangular  axes  through  the  same  origin. 

Take  one  set  as  coordinate  axes,  and  let  the  direction  coeinec  of  th< 
others  be  lliml,nl\  1%,  ///._,,  n2 ;  L,  ?».,, /';;.  The  equation  to  a  cone 
containing  the  coordinate  axes  utfyz+gzx+hsy  0.  [f  this  cone  also 
contain.s  the  first  two  axes  of  the  second  set, 

fmtH2  +gn ./.,  +  h  lm.,  =  <  >. 
Therefore,  since  mlnl  +  vi27i.2  +  m3n:i  =  (),  etc., 
finsn3+gn3l3  +  hl3ma  =  0  ; 
so  that  the  cone  contains  the  remaining  axis. 

Ex.  7.  The  equation  to  the  cone  whose  vertex  is  the  origin 
and  which  passes  through  the  curve  of  intersection  of  the  plane 
lx  +  my  +  nz  =  p  and  the  surface  ax?+by2+czi=l  is 


ax2 4-  by2  +  cz2  —  1 - )  • 


Ex.  8.  Find  the  equations  to  the  cones  with  vertex  at  the  origin 
which  pass  through  the  curves  given  by 

(i)  x2  +  >f  +  z2  +  2ax  +  6  =  0,     Ix  +  my  +  n :  =  p  ; 

(ii)  a.v2  +  by2  =  2z,     lx  +  my  +  nz  =  p  ; 

(iii)  y-ija2+/f-jb2  +  z2/c2  =  l ,     x2(a.2  +;/-  /;>'-'  =  2 :. 

Ans.      (i)  (.tr+//2  +  z2)p2  +  2ap.y(/.r  +  i7ij/  +  iiz)  +  b(/.r  +  /i(//  +  i(:):  =  0  ; 
(ii)  (ax2  +  by2)p  =  2z(lx  +  my  +  nz)  ; 
(iii)  4z2(x2/a2 +f/b2  +  z2/^)  =  (xVoC* +y2//32f. 

Ex.  9.  The  plane  x/a  +  ///b  +  zjc=l  meets  the  coordinate  axes  in 
A,  B,  C.  Prove  that  the  equation  to  the  cone  generated  by  lines 
drawn  from  O  to  meet  the  circle  ABC  is 

Ex.  10.  Find  the  equation  to  the  cone  whose  vertex  is  the  origin 
and  base  the  circle,  x=a,  y2  +  z2  =  b2,  and  shew  that  the  section  of  the 
cone  by  a  plane  parallel  to  the  plane  XOY  is  a  hyperbola. 

Ans.  a2(y2  +  z2)  =  b2v2. 

Ex.  11.  Shew  that  the  equation  to  the  cone  whose  vertex  is  the 
origin  and  base  the  curve  z  =  k,f(x,  >/)  =  Q  is/(— >  '—  )=0. 
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60.  Angle  between  lines  in  which  a  plane  cuts  a  cone. 

We   find   it   convenient   to   introduce   here   the   following 
notation,  to  which  we  shall  adhere  throughout  the  book. 

a,  h,  g 
h,  b,  f 
9'    f,   G 


D  = 


As==-  =  6c— /-, 

da  J 

13D 


dD 

W 

13D 


ca-g\ 


3D 
dc 


—  ab  —  h2 


"'=^=9h-af,   G  =  ^—=hf-bg,   I <.  =  -  —  =fg-ch. 


13D 

2dh 


The  student  can  easily  verify  that 

BC-F2  =  aD,      CA-G2  =  6d,       AB-H2  =  cD; 
GH-AF=/D,      HF-BG  =  #D,      FG-CH  =  /iD. 

In  what  follows  we  use  P2  to  denote 

a,  h,    g,    u 
h,    b,    f,    v 

g,  f,    c,  w 

u,   v,   w,    0 

or  -  (Mi2  +  Bv2  +  Cw2  +  2Fviu  +  2Givu  +  2Huv). 

The  axes  being  rectangular  to  find  the  angle  between  the 
lines  in  which  the  plane  ux+vy  +  wz  =  0  cuts  the  cone 

f(x,  y,  z)  =  ax2  +  by2  +  cz2  +  2fyz  +  2gzx  +  2hxy  =  0. 

If  the  line  x/'l  =  y/m  =  z/n  lies  in  the  plane, 

ul  +  vm  +  wn  =  0 ;    (1) 

if  it  lies  on  the  cone, 

f(l,m,n)  =  0.    (2) 

Eliminate  n  between  (1)  and  (2),  and  we  obtain 

l\cu2 + aw2  —  2gwu)  +  2lm  (hw2  +  cuv  —fuw — gvw) 

+  m2(cv2  +  bw2  -  2fvw)  =  0 (3) 

Now  the  direction-cosines  of  the  two  lines  of   section 
satisfy  the  equations  (1)  and  (2),  and  therefore  they  satisfy 
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equation  (3).    Therefore  it'  fchey  are  /,,  //*,,  nx\  I.   m 

Inn'1  +  ci)'1  —  2fvw    cu2  +  onw2  —  2gww 

1 1  III. ,-{-/.  ,111 ', 


—  ■2(lav-  +  <nt,r  —  fii ■  ir  —  i/nw) 

Lr)i.,  —  l.>m,  .  - 

= l—L — — * r  <  h 

~±2wP~* 

From  tlie  symmetry,  each  of  the  expressions  in  (4)  is 
seen  to  be  equal  to 

nin2  _  miw2  —  m->n  i  _  nih  ~  n2^1 

aw2 + bv? — 2huv  ~      ±2uP  +  2vP 

But  if  0  is  the  angle  between  the  lines, 
cos  0  sin  6 


cos  0  sin  0 


'  (a  +  6  +  c)(w2  +  y2  +  to2)  -/(it,  v,  iy)     ±  2  (u2  +  y2  +  ufif  P 

Ex.  1.     Find    the    equations    to    the    lines    in    which    the    plane 

2.v+i/-z  =  0  cuts  the  cone  Ax'1 - yl  +  3z-  =  0. 

Ex.  2.     Find  the  angles  between  the  lines  of  section  of  the  follow- 
ing planes  and  cones  : 

(i)  6.e-I0//-7;  =  0,     108.*- -20//-'- 7:- =  0; 

(ii)  S.v  +  ?/  +  53  =  0,     Gi/z  -  2ax  +  f>xy  =  0  ; 

(iii)  2,u-3y  +  z  =  0,     baP-by*- 7s2 +Zfyz-20zx-2xy=0. 

Ans.  (i)  cos-1    -,     (ii)  cos-1-,     (iii)  cos"1    __. 
21  6  ^39 

Ex.  3.     Prove    that    the    plane    ax+by+cz=0    cuts    the    cone 
!/z  +  zx  +  xy  =  Q  in  perpendicular  lines  if 

UjUI-a 

a     b     c 
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61.  Condition  of  tangency  of  plane  and  cone.    If*  p  =  0, 

or  Au2  +  Bv2  +  Cw2+2Fvw  +  2Gwu  +  2Huv  =  0,  (1) 

then  sin  0  =  0,  and  therefore  the  lines  of  section  coincide,  or 
the  plane  touches  the  cone.     Equation  (1)  shews  that  the 

line  —  =  ^-  =— ,  i.e.  the  normal  through  O  to  the  plane,  is  a 

u     v     iv  x 

generator  of  the  cone 

kxi+By2  +  Cz2+2Fyz  +  2Gzx  +  2Hxy  =  \) (2) 

Similarly,  since  we  have  BC  —  F'2  =  aD,  and  the  corre- 
sponding equations  at  the  head  of  paragraph  60,  it  follows 
that  a  normal  through  the  origin  to  a  tangent  plane  to  the 
cone  (2)  is  a  generator  of  the  cone 

ax2 + by2 + czl  +  2fyz  +  2gzx  +  2hxy  =  0, 

i.e.  of  the  given  cone.  The  two  cones  are  therefore  such 
that  each  is  the  locus  of  the  normals  drawn  through  the 
origin  to  the  tangent  planes  to  the  other,  and  they  are  on 
that  account  said  to  be  reciprocal. 

r2  y2  Z1 

Ex.  1.     Prove  that  the  cones  ax2  +  by2  +  cz2  =  0  and  ' — hV  +  —  =0 
i  a      b      c 

are  reciprocal. 

Ex.  2.  Prove  that  tangent  planes  to  the  cone  lyz  +  mzx+nxy  =  Q 
are  at  right  angles  to  generators  of  the  cone 

l2x2  +  m2y2  +  n2z2  -  Vmnyz  —  2nlzx  -  iimxy  =  0. 

Ex.  3.  Prove  that  perpendiculars  drawn  from  the  origin  to  tangent 
planes  to  the  cone 

3,r-  +  Ay2  +  5z2  +  2yz  +  Azx  +  6xy  =  0 

lie  on  the  cone    1 9x2  + 1 1  f  +  dz2  +  Qyz  - 1  Ozx  -  26xy  =  0. 

Ex.  4.  Shew  that  the  general  equation  to  a  cone  which  touches 
the  coordinate  planes  is  a2x2  +  b2y2  +  c2z2  -  2bcyz  —  2cazx  -  2abxy  =  0. 

62.  Condition  that  the  cone  has  three  mutually  per- 
pendicular generators.  The  condition  that  the  plane  shoul  d 
cut  the  cone  in  perpendicular  generators  is 

(a  +  b  +  c)(u2  +  v2  +  iv2)=f(u,  v,  w) (1) 

If  also  the  normal  to  the  plane  lies  on  the  cone,  we  have 
f(u,  v,w)=0, 
and  therefore  a+b-\-c  =  0. 
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In  fchia  f.'is<'  tin;  cone  has  three  mutually  perpendicular 
generators,  viz.,  the  normal  to  the  plane  and  the  two  per- 
pendicular lines  in  which  the  plane  cuts  the  cone. 

If  a-\-b  +  c  —  (),  the  cone  has  an  infinite  number  of  Bete  of 
mutually  perpendicular  generators.     For  if  ux+vy+wz^Q 
be  any  plane  whose  normal  lies  on  the  cone,  then 
f(u,  v,w)  =  0, 

and  therefore  (a + b +c)(v?+v2+uP)  =/(«-,  v,  w), 
since  a+b+c  =  0. 

Hence,  by  (1),  the  plane  cuts  the  cone  in  perpendicular 
generators.  Thus  any  plane  through  the  origin  which  is 
normal  to  a  generator  of  the  cone  cuts  the  cone  in  perpen- 
dicular lines,  or  there  are  two  generators  oi'  the  cone  at 
right  angles  to  one  another,  and  at  right  angles  to  any 
given  generator. 

Ex.  1.  If  a  right  circular  cone  has  three  mutually  perpendicular 
generators,  the  semi-vertical  angle  is  tan-1\/2.     (Of.  Ex.  3,  $  59.) 

Ex.  2.  Shew  that  the  cone  whose  vertex  is  at  the  origin  and 
which  passes  through  the  curve  of  intersection  of  the  sphere 
aP+y2+s2=3a2,  and  any  plane  at  a  distance  a  from  the  origin,  has 
three  mutually  perpendicular  generators. 

Ex.  3.  Prove  that  the  cone  a,v2  +  h/r  +  ez2  +  2fy:  +  2</::r  +  -2/i.r>/  =  0 
has  three  mutually  perpendicular  tangent  planes  if 

be  +  ca  +  ah  =  f-  +g-  +  h'1. 
Ex.  4.      If  -  =&■=-  represent  one  of  a  set  of  three  mutually  per- 
pendicular generators  of  the  cone  fy/z  —  8zx— &vy=0,  find  the  equations 
to  the  other  two. 

Ans.  x=y  —  —  s,     4,v  =  —  5?/  =  20*. 

Ex.  5.     Prove  that  the  plane  lx+4n,y+nz=Q  cuts  the  cone 
(6  -  c)x2  +  (c  -  a)//-  +  (a  -  b) :-  +  ~2t)i:  +  2gzz+  2hxy - 0 
in  perpendicular  lines  if 

(/>  -  v)P  +  (c  -  a) m?  +  {a  -  b)n-  +  2fmn  +  2giti+2hlm  =0. 

63.   Equation  to  cone  with  given  conic  for  base.     To 

find  the  equation   to  the  cove   whose   vertex   is  the  point 
(a,  j8,  y)  and  base  the  conic 

J(x,  y)  &  ax*+2hxy  +  l»f  +  2gx  +  2fy +c=0,   e  =  0. 
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The  equations  to  any  line  through  (a,  8,  y)  are 

x  —  a._y  —  (S  _r 
I  m        ^     ^' 

and  the  line  meets  the  plane  z  —  0  in  the  point 

(a  —  ly,  /3  —  my,  0). 

This  point  is  on  the  given  conic  if  /(a  —  ly,  f3—my)  =  0, 

i.e.  if        f(a.,  !3)-y(l^m^)  +  y^(l,  m)  =  0,  (1) 

where  <p{x,  y)  =  ax2  +  2hxy  +  by2.  If  we  eliminate  I  and  m 
between  the  equations  to  the  line  and  (]),  we  obtain  the 
equation  to  the  locus  of  lines  which  pass  through  (a,  /3,  y) 
and  intersect  the  conic,  i.e.  the  equation  to  the  cone.  The 
result  is 

i.e.  {z-y)J{a.,^)-y{z-y)(^^+y-^^) 

+  y*(p(x-a.,y-8)  =  0. 

This  equation  may  be  transformed  as  follows : 
The  coefficient  of  y2  is 

/(a,  (3)+(x-a.)^+(y~P)%+<l>^-a->  V~/3) 


=/(a +x-cl,  6  +  y-{3)  =f{x,  y) ; 
and  the  coefficient  of  —  zy  is 

If  f(x,  y)  be  made  homogeneous  by  means  of  an  auxiliary 
variable  t  which  is  equated  to  unity  after  differentiation, 
we  have,  by  Euler's  theorem, 

Therefore  the  coefficient  of  —  zy  becomes 
3/,      3/  ,  ,3f 


§63]  conk    WITH    GIVEN    BASE 

I  [ence  the  equation  to  the  cone  is 

.Ha.  ft-,7(»; %+y  |-M  |)  +  y ;/,.-,  y)=0. 

It  is  to  bo  noted  that  by  equating  to  zero  the  coefficient 
of  zy,  we  obtain  the  equation  to  tlie  polar  of  ('/.,  (i,  0;  with 
respect  to  tlie  given  c<jiiic. 

(The    above    method    is    given     by    de    Longchamps, 

Problemes  de  Geometric  Analytique,  vol.  iii.) 

Ex.  1.  Find  the  equation  to  the  cone  whose  vertex  i.s  («.,  /i,  y) 
and  base  (i)  ax2+by2=l,  2  =  0  ;  (ii)  y'-  =  Aax,  2  =  0. 

Ana.    (i)  22(a«.2  +  &/32  -  1 )  -  2ey(aouF+6j%-l)+y2(ar8+6y2-l)=0  ; 

(ii)  z2((32 - 4«ol) - 2-y ! #// -2a (x  +  «.)}  +  y-'(v/2 - 4aa?)  =  0. 

Ex.  2.  Find  the  locus  of  points  from  which  three  mutually  perpen- 
dicular lines  can  be  drawn  to  intersect  the  conic  2  =  0,  o.x2  +  b//-  =  l. 

(If  (a.,  /3,  y)  is  on  the  locus,  the  cone,  Ex.  1  (i),  has  three  mutually 
perpendicular  generators.) 

A  ns.  ax'1  +  by'1  +  z\a  +  b)  =  1 . 

Ex.  3.  Shew  that  the  locus  of  points  from  which  three  mutually 
perpendicular  lines  can  be  drawn  to  intersect  a  given  circle  is  a 
surface  of  revolution. 

Ex.  4.  A  cone  has  as  base  the  circle  2  =  0,  x2+y2  +  2ax+2by  =  0, 
and  passes  through  the  fixed  point  (0,  0,  c)  on  the  2-axis.  If  the 
section  of  the  cone  by  the  plane  ZOX  is  a  rectangular  hypei'bola, 
prove  that  the  vertex  lies  on  a  fixed  circle. 

Ex.  5.  Prove  that  the  locus  of  points  from  which  three  mutually 
perpendicular  planes  can  be  drawn  to  touch  the  ellipse  .>•'-  a2  +  >r'b2  =  \, 
s=0,  is  the  sphere  x2+y2  +  z2  =  a1  +  b2. 


^Examples  III. 

1.    Shew  that  the  bisectors  of  the  angles  between  the  lines  in  which 
the  plane  ux  +  vy  +  wz  =  0  cats  the  cone  a#2+o?/5,+C32=0  lie  on  the  cone 

u{b-c)     v(c -a)     >'■(<(  -b)_ 
x  y  z 

[Five  concurrent  lines  are  necessary  to  determine  a  cone  of  the  second 
degree,  and  the  form  of  the  given  result  shews  that  the  required  cone 
is  to  pass  through  the  coordinate  axes  and  the  two  bisectors.  Assume, 
therefore,  that  the  required  equation  is 

fy&+gzx+hzy=Q (I) 

The  given  cone  is  «x2  +  bn2  +  c:2  =  0 (-2) 

The  necessary  and  sufficient  conditions  that  the  cone  (1)  should 
contain  the   bisectors   may   be   stated,  (i)   the   plane    vx+  n/+ic:  =  0 
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must  cut  the  cone  (1)  in  perpendicular  lines  ;  (ii)  the  lines  of  section 
of  the  plane  and  the  cones  (1)  and  (2)  must  be  harmonically  conjugate. 

Prom  ®>  fv»+gunt+Auv=0 (3) 

Again,  four  lines  are  harmonically  conjugate  if  their  projections  on 
any  plane  are  harmonically  conjugate,  and  the  equations  to  the  pro- 
jections on  2=0  are  obtained  by  eliminating  z  between  the  equations 
to  the  plane  and  cones,  and  hence  they  are 

x2(aw2  +  cu2)+2cuvxy+y2(bio2  +  cv2)=0,     2=0 ; 
gua? + xy  (fu  +gv  —  ich)  +fvy2 = 0,     2=0. 
Therefore  the  condition  (ii)  gives 

fv(aw-  +  cu2) +gu(bw2  +  cv2)  =  cuv{fu  +gv  —  ivh)  ; 

(cf.  Smith,  Conic  Sections,  p.  55.) 

i.e.     afvw  +  bgwu  +  ckuv=0 (4) 

From  (3)  and  (4),  we  obtain 


I—  =    ■  ff  h       .1 

b  —  c)    v(c  —  a)    w(a  —  b)J 


u{b- 

2.  Shew  that  the  bisectors  in  Ex.  1  also  lie  on  the  cone 

2«2.?;2{  -  (b  -  c)u2  +  (c  -  a)v2  +  (a  -  6)w2}  =  0. 

3.  Two  cones  pass  through  the  curves  y=0,  z2—Aax;  #=0, 
z2=4by,  and  they  have  a  common  vertex  ;  the  plane  2=0  meets  them 
in  two  conies  that  intersect  in  four  concyclic  points.  Shew  that  the 
A^ertex  lies  on  the  surface  z2(:e;a  +  ?/jb)  =  4(x2+y2). 

4.  Flanes  through  OX  and  OY  include  an  angle  a..  Shew  that 
their  line  of  intersection  lies  on  the  cone  z2(x2  +  ?/2-|-22) —x2y2 tan 2ol. 

5.  Any  plane  whose  normal  lies  on  the  cone 

(b  +  c)x2  +  (c  +  a)y2  +  (a ■+  b)z2  =  0 
cuts  the  surface  ax2  +  by2  +  cz2=l  in  a  rectangular  hyperbola 

6.  Find  the  angle  between  the  lines  given  by 

X+y  +  Z  =  0,    /L  +  ^L+_^  =  0. 
o  —  c     c  —  a     a  —  o 

7.  Shew  that  the  angle  between  the  lines  given  by 

x+y  +  z=0,     ayz  +  bzx+cxy  =  0 
is  tt/2  if  a+b+c=0,  but  tt/3  if  l/a+l/6+l/c=0. 

8.  Shew  that  the  plane  ax-\-by  +  cz—0  cuts  the  cone 

yz+zx+xy  =  0 
in  two  lines  inclined  at  an  angle 

tan_1  [~{ (a2 + b2  +  c2)(a2  +  b2  +  c2-2bc-  2ca  -  2ab)  }*"| 
L  bc  +  ca  +  ab  J' 

and  by  considering  the  value  of  this  expression  when  a  +  6  +  c=0, 
shew  that  the  cone  is  of  revolution,  and  that  its  axis  is  x=y=z  and 
vertical  angle  tan_12\/2. 
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9.  The  axes  being  rectangular,  prove  thai  the  cone 

^  =  2(//-  +  :-) 

contains  an  infinite  number  of  seta  of  three  generators  mutually 
inclined  at  an  angle  7r/3. 

10.  Through  a  fixed  point  O  a  line  is  drawn  to  meel  three  fixed 
intersecting  planes  in  P,  Q.  R.    If  PQ  :  PR  is  constant,  prove  that  the 

locus  of  the  line  is  a  cone  whose  vertex  is  O. 

11.  The  vertex  of  a  cone  is  (a,  b,  c)  and  the  y*-plane  cuts  it  in  the 
curve  F(j/,  z)  =  0,  x  =  0.     Shew  that  the  ftp-plane  cuts  it  in  the  curve 

J  \x-a      x-a  J 

12.  OP  and  OQ  are  two  straight  lines  that  remain  at  right  angles 
and  move  so  that  the  plane  OPQ  always  passes  through  the  s-axia. 
If  OP  describes  the  cone  F(j//x,  z/x)  =  0,  prove  that  OQ  describes  the 

'fc  (-?-£)}- 

13.  Prove  that  ax2  +  by2  +  cz2  +  22ix  +  2vy  +  2wz  +  d =0  represents  a 
cone  if  u-/a  +  v2/b  +  w2Jc  =  d. 

14.  Prove  that  if 

F  (xyz)  =  ax'2  +  by2  +  cz2  +  2fyz  +  2gzx +2/i  xy  +  2  ux  +  2vy  +  2wz  +  d=0 

represents  a  cone,  the  coordinates  of  the  vertex  satisfy  the  equations 
F,:  =  0,  Fi/  =  0,  F,=0,  Ff  =  0,  where  t  is  used  to  make  F(x,  y,  z)  homo- 
geneous and  is  equated  to  unity  after  differentiation. 

15.  Prove  that  the  equations 

2f  -  8yz  -  Azx  -  8xy  +  6.r  -  4  y  -  2  r  +  5  =  0, 
2x2  +  2y2  +  'tz2-\0yz-\Qzx  +  2x  +  2y  +  2Qz-  17  =  0, 
represent  cones  whose  vertices  are  (-7/6,  1/3,  5/6),  (2,  2,  1). 

16.  Find  the  conditions  that  the  lines  of  section  of  the  plane 
t>-  +  my  +  nz  =  0  and  the  cones  fyz+gzx  +  /ixy  =  0,  ax2  +  by2  +  cz2  =  0, 
should  be  coincident. 


'bri2  +  on2  _  cl2  +  an2  _  am2  +  bl2 
v     fmn  gnl  Mm 


■) 


17.  Find  the  equations  to  the  planes  through  the  r-axis  and  the 
lines  of  section  of  the  plane  hx+  n/  +  ie:  =  0  and  cone/(.r,  y,  z)  =  Q,  and 
prove  that  the  plane  touches  the  cone  if  P  =  0.  (The  axes  may  be 
oblique.) 

18.  Prove  that  the  equation  to  the  cone  through  the  coordinate 
axes  and  the  lines  of  section  of  the  cone  11a8— 5y*+8a=0  and  the 
plane  1x  —  by  +  z  =  Q  is  14yz-30zx  +  3xy  =  0,  and  that  the  other 
common  generators  of  the  two  cones  lie  in  the  plane  lLr+7y+7*=Gi 

B.G.  G 
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19.    Prove  that  the  common  generators  of  the  cones 
(62c2  -  a4)  x2  +  (c%2  -  64)  7/2  +  (a262  -  c4)  ?2 = 0, 
be  — a1    ca  —  b2ab  —  c2_ 


ax  by  cz 

lie  in  the  planes 

{be  ±  a2)x + (ca  ±  6%  4-  (ab  ±e2)z= 0. 

20.  Prove  that  the  equation  to  the  cone  through  the  coordinate 
axes  and  the  lines  in  which  the  plane  lx+my  +  nz—0  cuts  the  cone 
ax2  +  by2  +  cz2  +  2fyz  +  2gzx  +  2hxy = 0  is 

l(bn2+cm2  -  2fmn)yz  +  m(cl2  +  an2  -  2^^)s^  +  n(am2  +  bl2  —  2hlm)xy=0. 

21.  Prove  that  the  equation  \ffx  +  \fgy  +  \fhz  —  0  represents  a  cone 
that  touches  the  coordinate  planes,  and  that  the  equation  to  the 
reciprocal  cone  is  fyz+gzx+hxy=0. 

22.  Prove  that  the  equation  to  the  planes  through  the  origin 
perpendicular  to  the  lines  of  section  of  the  plane  lx+my  +  nz=0  and 
the  cone  ax2  +  by2  +  cz2  =  0  is 

x2(bn2  +  cm2)+y2{cl2  +  an2)  +  z2(am2  +  bl2)  -  2amnyz  -  2bnlzx  —  2clmxy  =  0. 


804] 


CHAPTER  VII. 

THE  CENTRAL  CONICOIDS. 


64.    The  locus  of  the  equation 


(1) 

x2    y2     z2     - 

(2) 

9               9              9 

a;2    y*    z2 

(3) 

cr     b-     c- 

Pio 

Z' 

.  29 

We  have  shewn  in  §9  that  the  equation  (1)  represents 
the  surface  generated  hy  the  variable  ellipse 


/,'- 


100 


COORDINATE   GEOMETEY 


[CH.  VII. 


whose  centre  moves  along  Z'OZ ,  and  passes  in  turn  through 
every  point  between  (0,  0,  —  c)  and  (0,  0,  +  c).  The  surface 
is  the  ellipsoid,  and  is  represented  in  fig.  29.  The  section 
by  any  plane  parallel  to  a  coordinate  plane  is  an  ellipse. 

Similarly,  we  might  shew  that  the  surface  represented 
by  equation  (2)  is  generated  by  a  variable  ellipse 


whose  centre  moves  on  Z'OZ,  passing  in  turn  through 
every  point  on  it.  The  surface  is  the  hyperboloid  of  one 
sheet,  and  is  represented  in  fig.  30.  The  section  by  any 
plane  parallel  to  one  of  the  coordinate  planes  YOZ  or  ZOX 
is  a  hyperbola. 


The  surface  given  by  equation  (3)  is  also  generated  by  a 
variable  ellipse  whose  centre  moves  on  Z'OZ.     The  ellipse 


is  given  by 


x2    y2  _k2 


1,     z  =  k, 
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and   is  imaginary  it'  —  c<^k<^c;   hence  no  pari   <>i   the 

.surface  lies  between  the  planes  z=±c. 

The   surface    is  the   hyperboloid    of   two    sheets,    and 
represented  in  lig.  31.    The  section  by  any  plane  parallel 
to  one  of  the  coordinate  planes  YOZ,  ZOX  is  a  hyperbola, 

If   (a?',  y ,  z)   is   any    point    on    one    of    these    SUrffl 
(—a/,  —y',  —  z)  is  also  on  it;  hence  the  origin  bisects  all 
chords  of  the  surface  which  pass  through  it.     The  origin  is 
the  only  point  which  possesses  this  property,  and  is  called 
the  centre.     The  surfaces  are  called  the  central  conicoids. 

65.  Diametral  planes  and  conjugate  diameters.    An 
equation  of  the  form 

ax'1  -f  by2  -f-  cz~  =  1 
represents  a  central  conicoid.     The  equations  to  any  line 
parallel  to  OX  are  y  —  A,  z  =  /n,  and  it  meets  the  surface  in 
the  points 


(±J&E2.  K  ,)■ 


and  hence  the  plane  YOZ  bisects  all  chords  parallel  to  OX. 
Any  chord  of  the  conicoid  which  passes  through  the  centre 
is  a  diameter,  and  the  plane  which  bisects  a  system  of 
parallel  chords  is  a  diametral  plane.  Thus  YOZ  is  the 
diametral  plane  which  bisects  chords  parallel  to  OX,  or 
shortly,  is  the  diametral  plane  of  OX.  Similarly,  the 
diametral  planes  ZOX,  XOY  bisect  chords  parallel  to  OY 
and  OZ  respectively.  The  three  diametral  planes  YOZ. 
ZOX,  XOY  are  such  that  each  bisects  chords  parallel  to  the 
line  of  intersection  of  the  other  two.  They  are  called 
conjugate  diametral  planes.  The  diameters  X'OX,  Y'OY,  ZOZ 
are  such  that  the  plane  through  any  two  bisects  chords 
parallel  to  the  third.     They  are  called  conjugate  diameters. 

If  the  axes  are  rectangular,  the  diametral  planes  YOZ. 
ZOX,  XOY  are  at  right  angles  to  the  chords  which  they 
bisect.  Diametral  planes  which  are  at  right  angles  to  the 
chords  which  they  bisect  are  principal  planes.  The  lines  of 
intersection  of  principal  planes  are  principal  axes.  Hence 
if  the  axes  are  rectangular  the  equation  <>.<•- -f/o/- +  <':-=  1 
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represents  a  central  conicoid  referred  to  its  principal  axes 
as  coordinate  axes. 

66.  A  line  through  a  given  point  A,  (a,  /3,  y)  meets  a 
central  conicoid  ax2+by2  +  cz2=l  in  P  and  Q;  to  find  the 
lengths  of  AP  and  AQ. 

If  I,  m,  n  are  the  direction-ratios  of  a  line  through  A,  the 
coordinates  of  the  point  on  it  whose  distance  from  A  is  r 
are  oi  +  lr,  (3  +  mr,  y  +  nr.  If  this  point  is  on  the  conicoid, 
r2(al2 + bm2 + en2)  +  2r(aod  +  6/3m + cyn) 

+  aa.2  +  b/32  +  cy2  -1  =  0 (1) 

This  equation  gives  two  values  of  r  which  are  the 
measures  of  AP  and  AQ. 

Ex.  1.     If  OD  is  the  diameter  parallel  to  APQ,  AP.AQ:OD2is 

constant. 

Ex.  2.     If  DOD'  is  any  diameter  of  the  conicoid  and  OR  and  OR' 

are  the  diameters  parallel  to  AD  and  AD'  ___+— — _  is  constant. 
^  '  OR2    OR'2 

Ex.  3.  If  AD,  AD'  meet  the  conicoid  again  in  E  and  E',  — — \-  , 
is  constant.  ^E     ^E 

67.  Tangents  and  tangent  planes.  If  aa2 + b/32 + ey 2  =  1 , 
the  point  A,  (a,  /3,  y)  is  on  the  conicoid ;  one  of  the  values 
of  r  given  by  the  equation  (1)  of  §66  is  zero,  and  A  coin- 
cides with  one  of  the  points  P  or  Q,  say  p. 

If,  also,  aal  +  6/3m  +  cyn  =  0, 

the  two  values  of  r  given  by  the  equation  are  zero,  i.e.  P 
and  Q  coincide  at  the  point  (a,  /3,  y)  on  the  surface,  and 
the  line  APQ  is  a  tangent  to  the  conicoid  at  A.  Hence,  if 
A,  (a,  /3,  y)  is  a  point  on  the  surface,  the  condition  that  the 
line  ^  =  rf  =  s_iy  .  ,2) 

should  be  a  tangent  at  A,  is 

aal  +  bfim  +  cyn  =  0 (3) 

If  we  eliminate  I,  m,  n  between  (2)  and  (3),  we  obtain 
the  equation  to  the  locus  of  all  the  tangent  lines  through 
(a,  (3,  y),  viz., 

(x  —  GL)axx.+(y  —  f3)bfi+(2  —  y)cy  =  Q, 
or  aoLX  +  bfiy-\-cyz=l. 
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Hence  the  tangent  lines  at  (a,  fi,  y)  lie  in  the  plane 
OCLX+b^y+CyZ—  1, 

which  is  the  tangent  plane  at  (a,  fi,  y). 

68.  To  find  the  condition  that  the  plane  lx  +  my  -j-  #/  ;  p 
■should  touch  the  conicoid  ax2  +  by-  +  cz'=l. 

If  the  point  of  contact  i.s  (a.,  /3,  y),  the  given  plane  is 
represented  by  the  two  equations 

tw^c  +  l>/3y  +  cyz  =  1 , 
lx  +  my+nz=p. 

Therefore        «.=  — ,     /3  =  t-  ,     V =  —  j 
ap  op  cp 

and,  since  (oc,  0,  y)  is  on  the  conicoid, 

I2    m2    n* 

a+T  +  ~c~ 


Cor.     The   two   tangent   planes   which   are   parallel    to 
Ix + my  +  nz  =  0  are  given  by 

/     i  i  ft  .  m'2  i  n2 

lx+my  +  nz=±^ -+-£-  +  -> 

Ex.  1.     Find  the  locus  of  the  point  of  intersection  of  three  mutually 
perpendicular  tangent  planes  to  a  central  conicoid. 
If  the  axes  are  rectangular  and 

lrv  +  mry  +MrZ=  ^5+  m£  +  ^f,    r= 1,  2,  3, 

represent  three  mutually  perpendicular  tangent  planes,  squaring  and 

adding,  we  obtain  ,     ,     , 

■v2+y2  +  z2  =  -  +  U-. 
,J  a    b     c 

Hence  the  common  point  of  the  planes  lies  on  a  sphere  concentric 
with  the  conicoid.     (It  is  called  the  director  sphere.) 

Ex.  2.     Prove  that  the  equation  to  the  two  tangent  planes  to  the 
conicoid  ax2  +  by'2  +  cz2  —  1  which  pass  through  the  line 

u  =  lx+my  +  nz—p  =  0,     u'  =  l'x+m'j/  +  n':-p'  —  0,  is 

„(l'2    m'2    n'2      ,„\  ,(IV    mm'  ,  »»'        ,\ 

(Use  the  condition  that  u+\u'=0  should  be  a  tangent  plane.) 
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Ex.  3.     Find  the  equations  to  the  tangent  planes  to 
2x2-6y2  +  3z2=5 
which  pass  through  the  line  x+9y  —  3z  =  0  =  3x-3y  +  6z-5. 
Ans.  2x-12y  +  9z=5,     4x+6y+3z=5. 

Ex.  4.  A  pair  of  perpendicular  tangent  planes  to  the  ellipsoid 
whose  equation,  referred  to  rectangular  axes,  is  x2/a2+y2/b2+z2/c2=l, 
passes  through  the  fixed  point  (0,  0,  k).  Shew  that  their  line  of  inter- 
section lies  on  the  cone 

x2(b2+c2-k2)+y2(c2+a2-k2)  +  (z-k)2(a2  +  b2)  =  0. 

Ex.  5.  Tangent  planes  are  drawn  to  the  conicoid  ax2  +  by2  +  cz2=l 
through  the  point  (oc,  0,  y).    Prove  that  the  perpendiculars  to  them 

/y>2        /\t&        ^2 

from  the  origin  generate  the  cone  (a.x  +  /3y  +  yz)2=  —  +'4h — 
Prove  that  the  reciprocal  of  this  cone  is  the  cone 

(ax2  +  by2+cz2)(aa.2+b@2  +  cy2-l)-(aoLX+b(3y  +  cyz)2  =  0, 
and  hence  shew  that  the  tangent  planes  envelope  the  cone 

(asc2+by2  +  cz2  -  l)(aoL2  +  b(32  +  cy2-l)-(aouc+b/3y  +  cyz-l)2=0. 

69.  The  polar  plane.  We  now  proceed  to  define  the 
polar  of  a  point  with  respect  to  a  conicoid,  and  to  find  its 
equation. 

Definition.  If  any  secant,  APQ,  through  a  given  point  A, 
meets  a  conicoid  in  P  and  Q,  then  the  locus  of  R,  the  har- 
monic conjugate  of  A  with  respect  to  P  and  Q,  is  the  polar 
of  A  with  respect  to  the  conicoid. 


Fig.  32. 


Let  A,  R  (fig.  32)  be  the  points  (a,  fi,  y),  (£  t],  £),  and  let 
APQ  have  direction-ratios  I,  m,  n.  Then  the  equations  to 
APQ  are  a;  — q_y-/3_g  — y 

I  m  n 
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and,  measnree  of  ap  and  aq 

r'Xjt  a 

i\al'L-\-hin-~        -_        .         -     -  - 

+  i       ■/-      -    -    -     - 

Let  p  be  the  measure  of  AR.     Then,  emee  AP.  AR  AQ 

in  harmonic  progression, 

_  2r^  _  _     .  -    -  --  -    -1 

?'i  +  arjl  +  bSm  +  ] 

And  from  the  equations  to  the  line 

f-a  =  /p,     rj  —  l8=mp,     <;--/  = 
therefore 

-a)aa+(*-/3)6jS+(£-y)ey=-(aa*+tyP+e/-l> 

Hence  the  locus  of  i  £       ;    is  the  plane  given  by 
aaa  —    -    —'■/:  =  1. 
which  is  called  the  polar  plane  of  (oc  jS   - 

Cor.  If  A  is  on  the  surface,  the  polar  plane  of  A  is  the 
tangent  plane  at  A. 

The  student  cannot  have  failed  to  notice  the  similarity  between  the 
equations  to  corresponding  loci  in  the  plane  and  in  space.  There  is  a 
close  analogy  between  the  equations  to  the  line  and  the  plane,  the 
circle  and  the  sphere,  the  ellipse  and  the  ellipsoid,  the  tangent  or 
polar  and  the  tangent  plane  or  polar  plane.  Examples  of  this 
analogy  will  constantly  recur,  and  it  is  well  to  note  these  and  make 
use  of  the  analogy  as  an  aid  to  remember  useful  rasnlta 

70.  Polar  lines.  It  is  evident  that  if  the  polar  plane  of 
3,  y)  passes  through  (£,  >/.  <>.  then  the  polar  plane 
of  (£  >].  p  passes  through  (ot,  %  -  .  Hence  if  the  polar 
plane  of  any  point  on  a  line  AB  passes  through  a  line  PQ 
then  the  polar  plane  of  any  point  on  PQ  passes  through 
that  point  on  AB.  and  therefore  passes  through  AB.  The 
lines  AB  and  PQ  are  then  said  to  be  polar  lines  with  respect 
to  the  conicoid. 

The  polar  plane  of  (a+fcr,  3+ iff.  ■>/+><,•>.  any  point  on 
thelino  ._a=y_g=._, 

1  m 

is  aax+l  -    --:  —  '—  — "       —     s)=0, 
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and,  evidently,  for  all  values  of  r,  passes  through  the  line 
aa.x  +  bfiy  +  cyz  —1  =  0  =  alx  +  bmy+ cnz. 
This  is  therefore  the  polar  of  the  line  (1). 

Ex.  1.  If  P,  (xt,  yt,  ^),  Q,  (x2,  y2,  z2)  are  any  points,  the  polar  of 
PQ  with  respect  to  ax2  +  by2  +  cz2=\  is  given  by 

axxl  +  byy1  +  czzl  =  1 ,     a  xx2  +  byy2  +  czz2  —  1 . 

(Hence  if  P  and  Q  are  on  the  conicoid  the  polar  of  PQ  is  the  line  of 
intersection  of  the  tangent  planes  at  P  and  Q.) 

Ex.  2.  Prove  that  the  polar  of  a  given  line  is  the  chord  of  contact 
of  the  two  tangent  planes  through  the  line. 

Ex.  3.     Find  the  equations  to  the  polar  of  the  line 

-2x  =  25y-l  =  2z 

with  respect  to  the  conicoid  2x2  —  25y2  +  2z2  =  l.  Prove  that  it  meets 
the  conicoid  in  two  real  points  P  and  Q,  and  verify  that  the  tangent 
planes  at  P  and  Q  pass  through  the  given  line. 

,       x    y+l     z+1 
Ans.  -=-L-l — =_! — 

1        0  1 

Ex.  4.  Find  the  locus  of  straight  lines  drawn  through  a  fixed 
point  (<x,  j3,  y)  at  right  angles  to  their  polars  with  respect  to 
ax2  +  by2  +  cz2=l  ;  (rectangular  axes). 

Ans.  2-^-ft-i)=0. 

X  —  UL\0       C/ 

Ex.  5.  Pi'ove  that  lines  through  (a,  (3,  y)  at  right  angles  to  their 
polars  with  respect  to    '    ,  +  %—  +  —  =  \  generate  the  cone 

CC  ~\~  0      £(%       '—0 

(y-P)(az-yx)  +  (z-y)(a.y-/3x)=0. 
What  is  the  peculiarity  of  the  case  when  a=b1 

Ex.  6.     Find  the  conditions  that  the  lines 

x-a-__y  — (3  _z-y     x-a.' _y- fi' _z-y' 
I  m  n  V  m'  n' 

should  be  polar  with  respect  to  the  conicoid  ax2  +  by2+cz2=l. 
Ans.  2aa.a.'  =  l,  2aa.7  =  0,  2aai'  =  0,  2a^'  =  0. 

Ex.  7.     Find  the  condition  that  the  line  x-v-=?LzP_=z_zlL  should 

i  m         n 

intersect  the  polar  of  the  line  x ~a  —^  ~  y  =Z~J  with  respect  to  the 
conicoid  ax2  +  by2  +  cz2  =  l.  '  m  n 

Ans.  (aod'  +  b/3m'  +  cyn')(aa.'l  +  bfi'm + cy'n) 

=  {all'  +  brum'  +  cnn')(aa.a.'  +  b/3/3'  +  cyy'  —  1). 

Ex.  8.  Prove  that  if  AB  intersects  the  polar  of  PQ,  then  PQ  inter- 
sects the  polar  of  AB.  (AB  and  PQ  are  then  said  to  be  conjugate  with 
respect  to  the  conicoid.) 
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71.   Section  with  a  given  centre.     II"  (a,  0,  y    i    the 
mid-point  of  the  chord  whose  equations  are 

x-a.=y-P_z-y (h 

the  equation  (1)  of  §66  is  of  the  form  r~  =  k2,  and  therefore 

oaZ+6j8m+cyii=0 (2) 

Hence  all  chords  which  are  bisected  at  (a,  fi,  y)  lie  in 
the  plane     {r_(L)(UL+{}J_^)h^Mz_y)ey  =  {) 

This  plane  meets  the  surface  in  a  conic  of  which  (a,  (3,  y) 
is  the  centre. 


Fig.  33. 

Compare  the  equation  to  the  chord  of  the  conic  «.>•-  + [>_>/- =  \  whose 
mid-point  is  (a,  /3). 

Ex.  1.     Find  the  equation  to  the  plane  which  cuts  .i,'-  +  4y--5;-  =  l 
in  a  conic  whose  centre  is  at  the  point  (2,  3,  4). 
Am.  .>;  +  %- 10* +  20=0. 

Ex.  2.  The  locus  of  the  centres  of  parallel  plane  .sections  of  a 
conicoid  is  a  diameter. 

Ex.  3.  The  line  joining  a  point  P  to  the  centre  of  a  conicoid  passes 
through  the  centre  of  the  section  of  the  conicoid  bv  the  polar  plane 
of  P. 

Ex.  4.  The  centres  of  sections  of  a  central  conicoid  that  are 
parallel  to  a  given  line  lie  on  a  fixed  plane. 

Ex.  5.  The  centres  of  sections  that  pass  through  a  given  line  lie 
on  a  conic. 

Ex.  6.  The  centres  of  sections  that  pass  through  a  given  point  lie 
on  a  conicoid. 
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Ex.  7.     Find  the  locus  of  centres  of  sections  of  ax2  +  by2  +  cz2  —  l 
which  touch  <x.v2  + (3y2  +  yz2  =  l. 

Am.  (ax2  +  bf+cz2)2=—  +  ^¥+  —  . 
a.        [3        y 

72.  Locus  of  mid-points  of  a  system  of  parallel  chords. 

It  follows  from  equations  (1)  and  (2)  of  §  71  that  the  mid- 
points of  chords  which  are  parallel  to  a  fixed  line 

x  _  y  _z 
I     m     mi 
lie  in  the  plane  alx  +  bmy  +  cnz  =  0. 

This  is  therefore  the  diametral  plane  which  bisects  the 
parallel  chords  (fig.  34). 


Fig.  34. 

Compare  the  equation  to  the  locus  of  the  mid-points  of  parallel 
chords  of  the  ellipse  ax2+by2—l. 

Ex.  1.     Find  the  locus  of  the  mid-points  of  chords  of  the  conicoid 
ax2  +  by2  +  cz2  =  l  which  pass  through  the  point  (/,  g,  h). 
A  ns.  ax(x  —f)  +  by (y  —  cj)  +  cz(z  —  h)  =  0. 

Ex.  2.     Prove  that  the  mid-points  of  chords  of  ax2  +  by2  +  cz2  =  1 
which  are  parallel  to  x =0  and  touch  x2+y2  +  z2  =  r2  lie  on  the  surface 
by2(bx2 + by2  +  cz2  —  br2) + cz2(cx2  +  by2 + cz2  —  cr2)  =  0. 

73.  The  locus  of  the  tangents  drawn  from  a  given 
point.  When  the  secant  APQ,  (fig.  32),  becomes  a  tangent, 
P,  Q,  R  coincide  at  the  point  of  contact,  and  hence  the  points 
of  contact  of  all  the  tangents  from  A  lie  on  the  polar  plane 
of  A,  and  therefore  on  the  conic  in  which  that  plane  cuts  the 
surface.  The  locus  of  the  tangents  from  A  is  therefore  the 
cone  generated  by  lines  which  pass  through  A  and  intersect 
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the  conic  in  which  the  polar  plane  of  a  cute  the  conicoid 
This  cone  Is  (hi;  enveloping  cone  whose  vertex  is  A.  \V<- 
may  find  its  equation  as  follows:  II'  A  is  (a,  ft,  y),  and  the 
line  APQ,  whose  equations  arc 

a?— a  _  y  —  ft  _  z_—_y 

I  on  II 

meets  the  surface  in  coincident  points,  the  equation  ( 1  |  of 
§  [Hi  has  equal  roots,  and  therefore 

[al2  +  bm2+ en2)  {aa2  +  bft2  +  cy2  - 1 ) 

=  (cud  +  bftm  -f  cyn )' (1 ) 

The  locus  of  APQ  is  therefore  the  cone  whose  equation  is 
[a(x  -  a)2  +  6(1/  -  ftf  +  c(z  -  yf]  [aa?  +  bft2  +  cy2  - 1  ] 

=  [aa.(x  -a.)  +  bft(y-ft)  +  <y(z-  y)]2. 
If      S  =  ax2  +  by 2  +  cz2  - 1 ,     ST  =  aa2 + bft2  +  cy2  - 1 , 
and  P  ee  aoux  +  bfty  +  cyz  —  1 , 

this  equation  may  be  written 

(s-2p+s1)s1  =  (p-s1)2,  i.e.  SS^P2,  or 
(ax2+by2+cz2  -  l)(aa.2+bft2 + cy2- 1  )=(aax  +  bfty  +  cyz  - 1  )2. 

Compare  the  equation  to  the  pair  of  tangents  from  the  point  (a.,  f3) 
to  the  ellipse  ax2  +  bi/2=l. 

Ex.  1.     Find  the  locus  of  points  from  which  three  mutually  per- 
pendicular tangent  lines  can  be  drawn  to  the  surface  ax'-  +  by-  +  c:-  =  1 
Am.  a(b  +  c)x2  +  b(c  +  a)y2  +  c(a  +  b)z2  =  a  +  b  +  c. 

Ex.  2.  Lines  drawn  from  the  centre  of  a  central  conicoid  parallel 
to  the  generators  of  the  enveloping  cone  whose  vertex  is  A  generate  a 
cone  which  intersects  the  conicoid  in  two  conies  whose  planes  are 
parallel  to  the  polar  plane  of  A. 

Ex.  3.  Through  a  fixed  point  (/•,  0,  0)  pairs  of  perpendicular 
tangent  lines  are  drawn  to  the  surface  a.r8+6y2+cz'=l.  Shew  that 
the  plane  through  any  pair  touches  the  cone 

(x  —  ky  y2  z2 

(ak2-l)(b  +  c)  +  c(ak2--[)~a  +  b(aJt2-\)-a:=:0- 

Ex.  4.  The  plane  :  =  a  meets  any  enveloping  cone  of  the  sphere 
xi  +  //i+z2  =  d2  in  a  conic  which  has  a  focus  at  the  point  (0,  0,  a). 

Ex.  5.  Find  the  locus  of  a  luminous  point  if  the  ellipsoid 
x2/a2+y2jb2  +  z2je2  =  l  casts  a  circular  shadow  on  the  plane  :  =  0. 

V"        z  t^        z^ 

Arts.  x=0,  ttt — r,  +  ~.,  =  l  :     >/  =  Q,     ■>'    ,o+^=l- 
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Ex.  6.  If  S=0,  u  =  0,  v=0  are  the  equations  to  a  conicoid  and  two 
planes,  prove  that  S  +  Xuv=0  represents  a  conicoid  which  passes 
through  the  conies  in  which  the  given  planes  cut  the  given  conicoid, 
and  interpret  the  equation  S  +  Aw2=0. 

Ex.  7.  Prove  that  if  a  straight  line  has  three  points  on  a  conicoid, 
it  lies  wholly  on  the  conicoid. 

(The  equation  (1),  §  66,  is  an  identity.) 

Ex.  8.  A  conicoid  passes  through  a  given  point  A  and  touches  a 
given  conicoid  S  at  all  points  of  the  conic  in  which  it  is  met  by  the 
polar  plane  of  A.  Prove  that  all  the  tangents  from  A  to  S  lie  on  it. 
Hence  find  the  equation  to  the  enveloping  cone  of  S  whose  vertex  is  A. 

Ex.  9.  The  section  of  the  enveloping  cone  of  the  ellipsoid 
%2/a2+y2Jb2  +  z2lc2  =  l  whose  vertex  is  P  by  the  plane  z  =  0  is  (i)  a 
parabola,  (ii)  a  rectangular  hyperbola.     Find  the  locus  of  P. 

,..,  .v2+v2     z2     , 
Arts.  (i)z=±c,  (n)^f2  +  ^L 

74.  The  locus  of  the  tangents  which  are  parallel  to 
a  given  line.  Suppose  that  PQ  is  any  chord  and  that  M  is 
its  mid-point.  Then  if  the  line  PQ  moves  parallel  to  itself 
till  it  meets  the  surface  in  coincident  points,  it  becomes  a 
tangent  and  M  coincides  with  the  point  of  contact.  There- 
fore the  point  of  contact  of  a  tangent  which  is  parallel 


Fig.  35. 


to  a  given  line  lies  on  the  diametral  plane  which  bisects  all 
chords  parallel  to  the  line.  This  plane  cuts  the  surface  in 
a  conic,  and  the  locus  of  the  tangents  parallel  to  the  given 
line  is  therefore  the  cylinder  generated  by  the  parallels  to 
the  given  line  which  pass  through  the  conic. 
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Let  (a,  f-i,  y)  (fig.  35)  be  any  poinl  on  a  tangeni  parallel 
fco  a  given  line  x  I  =  y/m  —  z/n. 
Then  since,  by  $7:;  1 1 ),  the  line 

x  —  a._y  —  f-i_z  —  y 
I  m  n 

touches  the  .surface  if 

{al2 + bm2  +  cn2)(cca.2  +  b/32 +  cy2-\)  =  (<t.<d  +  bfim  +  cyaf, 
the  locus  of  (a,  $,  y)  is  given  by 
(al2 + bm2  +  en  2){ax2  +  by'2  +  cz2  - 1 )  =  (ate  +  &m  2/  +  enzf. 

This  equation  therefore  represents  the  enveloping  cylinder, 
which  is  the  locus  of  the  tangents. 

The  enveloping  cylinder  may  be  considered  to  be  a  limiting  case  of 
the  enveloping  cone  whose  vertex  is  the  point  P,  (Ir,  mr,  nr)  on  the 
line  .v/l=y/m  =  z/n,  as  r  tends  to  infinity.  By  §  73,  the  equation  to 
the  cone  is 

(ax2  +  by2  +  cz2  —  1 )  (  al2  +  bm2  +  cn2  — a  }  =  ( a^v  +  bmy  +cu:-  -)  , 

whence  the  equation  to  the  cylinder  can  be  at  once  deduced. 

Ex.  1.  Prove  that  the  enveloping  cylinders  of  the  ellipsoid 
x2/a2+y2/b2+z2/c2=l,  whose  generators  are  parallel  to  the  lines 

x_        y         _z 

meet  the  plane  z  =  0  in  circles. 

Ex.  2.  Prove  that  the  polar  of  a  line  AB  is  the  line  of  inter- 
section of  the  planes  of  contact  of  the  enveloping  cone  whose  vertex  is 
A  and  the  enveloping  cylinder  whose  generators  are  parallel  to  AB. 

75.  Normals.  In  discussing  the  properties  of  the  normals 
we  shall  confine  our  attention  to  the  normals  to  the  ellipsoid, 
the  most  familiar  of  the  central  conicoids. 

Consider  the  ellipsoid  whose  equation,  referred  to  rect- 
angular axes,  is  x2/a2  +  y'2<b2  +  z2/c?  =  1.     If  the  plane 

p  =  xcos(ji+ycos(3  +  zcosy,    (/>>0), 

is  a  tangent  plane  whose  point  of  contact  is  {x',  y,  z'\  we 
have,  as  in  §  QS, 

px'  0    py'  pz' . 

cos  a  =  — -j- .     cos  a  =  -, rV  >     cos  y=S- 
a-  b2  '      c- 
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that  is,  the  direction-cosines  of  the  outward-drawn  normal 

at  (x',  y',  z)  are  —-,  ^y{->  ^-.  where  p  is  the  perpendicular 

from  the  centre  to  the  tangent  plane  at  the  point.     The 
equations  to  the  normal  at  (x,  y',  z')  are  therefore 
x  —  x'     y  —  y'_z  —  z'     , 
px'        py         pz' 
a2  b2  c2 

Ex.  1.     If  the  normal  at  P  meets  the  principal  planes  in  G1}  G2,  G3, 

shewthat  PGi:PG2:PG3  =  «2:62:C2. 

Putting  0  for  x  in  the  equations  to  the  normal,  we  obtain 

r  =  PG,=  -— ,  etc. 

p 

Ex.  2.     If  PG!2  +  PG22+  PG32  =  F,  find  the  locus  of  P. 
Ans.  The    curve    of   intersection    of   the    given    ellipsoid  and   the 
k2 


ellipsoid  %+^+~-ai+bi+ci- 

Ex.  3.     Find  the  length  of  the  normal  chord  through  P,  and  prove 
that  if  it  is  equal  to  4PG3,  P  lies  on  the  cone 


^(W-«?)+%(W-l>°)+-l=0. 


An,  «/(l*£) 


Ex.  4.  The  normal  at  a  variable  point  P  meets  the  plane  XOY  in 
A,  and  AQ  is  drawn  parallel  to  OZ  and  equal  to  AP.  Prove  that  the 
locus  of  Q  is  given  by 

^    |    y2    I  g2  =  i, 

a2  —  c2    b2  —  c2    c2 

Find  the  locus  of  R  if  OR  is  drawn  from  the  centre  equal  and 
parallel  to  A  P.  A  ns.  a2x2  +  bhj2 + c2z2  =  c\ 

Ex.  5.  If  the  normals  at  P  and  Q,  points  on  the  ellipsoid,  intersect, 
PQ  is  at  right  angles  to  its  polar  with  respect  to  the  ellipsoid. 

76.  The  normals  from  a  given  point.  If  the  normal 
at  {x\  y',  z')  passes  through  a  given  point  (a,  /3,  y),  then 

cl-x'    fi-y'  _y~z\  H) 

x'  y'  z' 

a2  b2  c2 

and  if  each  of  these  fractions  is  equal  to  A, 

^__^l,  V'=-^L,  Z'=-^- (2) 
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Therefore,  since  (■<',  y\  :')  is  od  the  ellipsoid 

aW  Irl*  ,-y 

(aHXr^+xr^+X)"    " 

This  equation  gives  six  values  of  a.  to  each  of  which 
corresponds  a  point  (./;',  //',  c'h  and  therefore  there  are 
six  points  on  the  ellipsoid  the  normals  at  which  pass 
through  (a,  ft,  y). 

Ex.  1.      Prove  that  equation  (3)  gives  at  least  two  real  values  of  A. 
(If    F(\)  =  (k  +  a*)-(\  +  bf(\  +  r-f-^u^-a  +  V)-(\  +  ^f,    F(A)   is 
negative  when  A  =  -«2,  — 6  >  —  C2,  and  is  positive  when  A=  ±  x  .) 

Ex.  2.  Prove  that  four  normals  to  the  ellipsoid  pass  through  any 
point  of  the  curve  of  intersection  of  the  ellipsoid  and  the  conicoid 

.>-(//•'  +  c2)  +f(<-  +  a2)  +  :-('<•  +  &*)  =  b2c°-  +  cV  +  «-\,-. 

It  follows  from  equations  (1)  that  the  feet  of  the  normals 
from  (oc,  ft,  y)  to  the  ellipsoid  lie  on  the  three  cylinders 
i>'~(  ft-y)  =  c-y(y  -  z),     c2x(y-  z)  =  ah(a.-x), 
a%y(OL  —  ,'■)  =  h".r(ft  —  y). 
Compare  the  equation  to  the  rectangular  hyperbola  through  the 
feet  of  the  normals  from  the  point  (a.,  /?)  to  the  ellipse  -5+15=1. 

These  cylinders  have  a  common  curve  of  intersection, 

and  equations  (2)  express  the  coordinates  of  any  point  on 

it  in  terms  of  a  parameter  A.     The  points  where  the  curve 

meets  a  given  plane 

ux + vy  +  ivz  +  d '■—  0 

,  ulC-cl  ,   vb2ft   ,  vxPy  ,    7     _ 

are  given  by      — +^+_-£-M  =  0, 

and  as  this  determines  three  values  of  A,  the  plane  meets 
the  curve  in  three  points,  and  the  curve  is  therefore  a 
cubic  curve.  The  feet  of  the  normals  from  'oc,  ft,  y)  to  the 
ellipsoid  are  therefore  the  six  points  of  intersection  of 
the  ellipsoid  and  a  certain  cubic  curve. 

If  the  normal  at  (x\  y',  z)  passes  through  (oc,  ft,  y)  and 
has  direction-cosines  I,  m,  n, 

_/>.r'_  Vcl  <p(L    «_  vy 

a2     a2+X  b-  +  \  c-  +  \ 

b.c.  ir 
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and  therefore 

I(62"c2)  +  m(c2"a2)  +  ^(a2"62)==°- 

This  shews  that  the  normal  whose  equations  are 

x  —  a.  _y  —  ft  _z  —  y 
I  m  n 

is  a  generator  of  the  cone 

q(52-c2)     B(c2-a?)    y(a2-b2) 

X  —  CL  y  —  p  Z  —  y 

Hence  the  six  normals  from  («..  /3,  y)  lie  on  a  cone  of  the 
second  degree. 

Ex.  3.  If  P  is  the  point  (a.,  (3,  y),  prove  that  the  line  PO,  the 
parallels  through  P  to  the  axes,  and  the  perpendicular  from  P  to  its 
polar  plane,  lie  on  the  cone. 

Ex.  4.     Shew  that  the  cubic  curve  lies  on  the  cone. 

Ex.  5.  Prove  that  the  feet  of  the  six  normals  from  (a.,  f3,  y)  lie  on 
the  curve  of  intersection  of  the  ellipsoid  and  the  cone 

a2(b2 - c2)«.  "  b2(c2 -a2)|S  ,  c2(a2 - b2)y     . 
x  y  z 

Ex.  6.  The  generators  of  the  cone  which  contains  the  normals 
from  a  given  point  to  an  ellipsoid  are  at  right  angles  to  their  polars 
with  respect  to  the  ellipsoid. 

Ex.  7.  A  is  a  fixed  point  and  P  a  variable  point  such  that  its 
polar  plane  is  at  right  angles  to  AP.  Shew  that  the  locus  of  P  is  the 
cubic  curve  through  the  feet  of  the  normals  from  A. 

Ex.  8.  If  P,  Q,  R  ;  P',  Q',  R'  are  the  feet  of  the  six  normals  from 
a  point  to  the  ellipsoid,  and  the  plane  PQR  is  given  by  lx+my+nz=p, 
then  the  plane  P'Q'R'  is  given  by 

^  +  ^-  +  -±+1=0. 
a2l     bhn     c2n    p 

(If  P'Q'R'  is  given  by  I' x+m'y  +  n'z=p' ,  then 

x2ja2  +y2/b2  +  z2jc2  —  1  +  X(lx  +  my  +  nz  -p)(l'x  +  m'y  +  n'z  -p')  =  0 

represents  the  cone  containing  the  normals,  for  some  value  of  A.) 

Ex.  9.     If  A,  A'  are  the  poles  of  the  planes  PQR,  P'Q'R', 

AA'2-OA2-OA'2=2(a2  +  62  +  c2). 

77.  Conjugate  diameters  and  conjugate  diametral 
planes  of  the  ellipsoid.     If  the  equation  to  the  ellipsoid 


n.  \TK    hi  v 


1.  the 
and  tii'    © ■  trdin  >'•■  plfl •.   ■  -i  planes, 

^  If  p.  (ar,  y  point  <>n  the  ellipsoid,  the 

diametral  plane  of  OP  hae  quation,    |7i 


-       =0 


Let  Q.  <  iy  point  on  this  plane  and  on  the 

ellipsoid,  then 

=  «». 


I        -  __ 


Hence,  it'  Q  is  on  the  diametral  plane  of  OP.  P  i<  on  the 
diametral  plant-  of  OQ. 

If  the  diametral  planes  of  op  and  OQ 
intersect   in   the   diameter  OR.  (fig. 

R  is  «>n  the  diametral  planes  of  OP  and 
OQ.  and  therefore  P  and  Q  are  on  the 
diametral  plane  of  OR  :  that  is.  the  dia- 
metral plane  of  OR  is  the  plane  OPQ. 
Thus  the  planes  QOR.  ROP.  FOQ  are  the 
diametral  planes  of  OP.  OQ.  OR  respec- 
tively, and  they  are  therefore  conjugate 
diametral  planes,  and  OP.  OQ.  OR  are  conjugate  diameters, 
If  R  is  (/•...  ys,  ::;K  we  have 


FiJ.    v. 


6* 


«-  l>-  i-  o-  tr  C~ 


- 


+  Mi+hh  =  0 go 


V 


These  correspond  exactly  to  equations  (a)  and  (b)  of  ^  : 
and  shew  that 


a     b     e 


: 


a     b     e      a     b     e 
are  the  direetion-cosines  of  three  mutually  perpendicular 
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lines  referred  to  rectangular  axes.     Therefore,  as  in  §  53, 
we  deduce, 

x2  +  x2 + x*  =  a2,  -                    yxzx  +  y2z2  +  yzz3  =  0,  -\ 
2/i2+2/22+2/32=&2,  \ (C)     zxxx+z2x2+zzxB  =  0,  |- (d') 


h2+  Z22+zs2=c2l 


^12/1  +  ^22/2  +  ^2/3 


=  0;J 


a      ~         be  b      ~        ca 


\X-2V%  ~  2/2^3) 


~         ab 


^=+(3^i_Mi)>etc.,  etc.; (e') 

a     ~ 


=  +  abc. 


be 


xi>  Vi>  zi 

x2>  y%>  zz 

X3>     2/3'     % 

If  the  axes  to  which  the  ellipsoid  is  referred  are 
rectangular,  equations  (c')  give,  on  adding, 

OP2  +  OQ2  +  OR2  =  a2  +  b2  +  c2. 

Hence  the  sum  of  the  squares  on  any  three  conjugate 
semi-diameters  is  constant.  From  the  last  equation  we 
deduce  that  the  volume  of  the  parallelepiped  which  has 
OP,  OQ,  OR  for  coterminous  edges  is  constant  and  equal 
to  abc.  Again,  if  Al5  A2,  A3  are  the  areas  QOR,  ROP,  POQ 
and  lr,  mr,  nr,  (r  =  l,  2,  3),  are  the  direction-cosines  of  the 
normals  to  the  planes  QOR,  ROP,  POQ,  projecting  Ax  on  the 
plane  x  =  0,  we  obtain 


e'lMl 


M3==±^i}    by(E'); 


.    .,    ,  ,  cay,  abz, 

similarly,        miAi=+~97   >  —   ' 


2b 


-  2a' 


l2A2- 


bcx2  cay2  abz2 . 

—  ~2a'    m2A2—  ±  2b  '    %2A2—i"^T' 


j  .     UOJun 


m 


'1C 


abz.. 


>3     =t  26         3  3     -  2c 
Therefore,  squaring  and  adding,  we  have,  by  (c')3 
/^a  +  a22  +  A,2  =  J  (b2c2  +  c2a2  +  a262). 
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Ex.  1.     Find  the  equation  to  the  plane  PQR. 

If  tin;  equation  i.^  Ix  Ymy  I  nz    />,  then  /v,-t- ?/»/,  + //.:,=/», 

fo?2  +  my2  +  «22 =p,     f.r:i  +  ,„,/.,  +  nz:i  =  p. 
Multiply  by  xt,  x2,  x3  respectively,  and  h<1<1  ;  then  by  (< ';  and  (i>), 

la*  =p(xl +.<:,  +  .,■,),  etc. 
The  required  equation  in  therefore 

x(xx+x2  +  x.,)    y(yl+?h+y:i)  ,  ^i+h+^_-, 
a2  +  62  "*"         c" 

Ex.  2.    Shew  that  the  plane  PQR  touches  the  ellipsoid  -3+J3+ 

at  the  eentroid  of  the  triangle  PQR. 

Ex.  3.     Prove  that  the  pole  of  the  plane  PQR  lies  on  the  ellipsoid 

xija-+!/2lb-  +  zi/c'  =  3. 

Ex.  4.  The  locus  of  the  foot  of  the  perpendicular  from  the  centre 
to  the  plane  through  the  extremities  of  three  conjugate  semi-diameters 
is  a2a?2  +  b'2i/2  +  c'2z'2  =  3 (x2  +/-  +  z2)2. 

Ex.  5.  Prove  that  the  sum  of  the  squares  of  the  projections  of 
OP,  OQ,  OR,  (i)  on  any  line,  (ii)  on  any  plane,  is  constant. 

Ex.  6.  Shew  that  any  two  sets  of  conjugate  diameters  lie  on  a 
cone  of  the  second  degree.     (Cf.  §  59,  Ex.  6.) 

Ex.  7.  Shew  that  any  two  sets  of  conjugate  diametral  planes 
iouch  a  cone  of  the  second  degree.     (Apply  §  (51,  Ex.  4.) 

Ex.  8.     If  the  axes  are  rectangular,  find  the  locus  of  the  equal 
conjugate  diameters  of  the  ellipsoid  xijai  +  ij2lb'2  +  z~jci  =  \. 
If  r  is  the  length  of  one  of  the  equal  conjugate  diameters, 

3r2  =  (f-'  +  /r'  +  c2, 

■1  P  +  vfi  +  n2     I'2     m2     n~ 

and  .,         =-5  +  -^+    .,, 

r-  a-     b-      c- 

where  I,  m,  n  are  the  direction-cosines.     Therefore  the  diameter  is  a 
generator  of  the  cone 

xl +.'d + zl = 3(-t'2+.r+^)) 

a2    b'2    c2       a2  +  b'2  +  c'2 
or  -*(2a2  -  b'2  -  c2) +'|-  (2b2  -  c2  -  a2)  +  ~,(2c2  -  aa  -  />'-')  =  0. 

Ex.  9.     Shew  that  the  plane  through  a  pair  of  equal   conjugate 

diameters  touches  the  cone  S  o/^  •>     » — jk=0. 

a-  (2a-  -  b"  -  c2) 

Ex.  10.  If  A,  //.,  v  are  the  angles  between  a  set  of  equal  conjugate 
diameters,  $2,0$  -  ,■'-')- 

cos2A  +  cos2/t  +  cos'-Y  =    '    .,,,.,'    nv»' 

Ex.  11.     If  OP,  OQ.  OR  are  equal  conjugate  diameters,  and  S  is 

the  pole  of  the  plane  PQR,  the  tetrahedron  SPQR  has  any  pair  of 
opposite  edges  at  right  angles. 
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Ex.  12.     If  OP.  OQ.  OR  are  conjugate  diameters  and  pj,  /<,. 
jt1,  — .,,  — ;  are  their  projections  on  any  two  given  lines,  pl-1  +p&r%+p$ir3 
is  constant. 

Ex.  13.  If,  through  a  given  point,  chords  are  drawn  parallel  to 
OP,  OQ.  OR,  the  sum  of  the  squares  of  the  ratios  of  the  respective 
chords  to  OP,  OQ,  OR  is  constant. 

Ex.  14.  The  locus  of  the  point  of  intersection  of  three  tangent 
planes  to  '— +Vt,  +  :t1=:1,  which  are  parallel    to  conjugate  diametral 

planes  of  ^,  +  ^  +  ^  =  1,  is  '— i+755+-»=-i  +  ->,+  "...  What  does  this 
r  a?     (3-     y-  as     p-     y-     a.-     p3     y- 

theorem  become  when  a.=/3=y  ? 

Ex.  15.  Shew  that  conjugate  diameters  satisfy  the  condition  of 
Ex.  8,  §  70,  for  conjugate  lines. 

Since  the  plane  POQ,  (tig.  36),  bisects  all  chords  of  the 
conicoid  which  are  parallel  to  OR,  the  line  OQ  bisects  all 
chords  of  the  conic  ROQ  which  are  parallel  to  OR.  Similarly 
OR  bisects  all  chords  of  the  conic  which  are  parallel  to  OQ ; 
and  therefore  OR  and  OQ  are  conjugate  diameters  of  the 
ellipse  ROQ.  But  Q  is  any  point  on  the  ellipse :  therefore 
OP  and  any  pair  of  conjugate  diameters  of  the  ellipse  in 
which  the  diametral  plane  of  OP  cuts  the  ellipsoid  are 
conjugate  diameters  of  the  ellipsoid. 

Ex.  16.     P  is  any  point  on  the  ellipsoid  '— ,  +  jo+:-r.  —  1  and  2a.  and  2/3 

are  the  principal  axes  of  the  section  of  the  ellipsoid  by  the  diametral 
plane  of  O  P.  Prove  that  O  P-  =  a2 + b2  +  c-  -a2-  (?-,  and' that  a./3p  =  abc, 
where  p  is  the  perpendicular  from  O  to  the  tangent  plane  at  P. 

Ex.  17.  If  2<x  and  2(3  are  the  principal  axes  of  the  section  of  the 
ellipsoid  by  the  plane  Lr  +  mi/  +  }i:  =  0,  prove  that 

-  ,  ly,_'y'{h2  +  c2)l2  +  b2(^  +  a2)m2  +  ^(a2  +  h2)y2 

Q-" "r  P~  — .i/.i  ,   to — s-; — — 5 5 

a-l-  +  b-m-  +  c-n- 


■2  f{2  _  a2l>lc2  (^  +  ?»2  +  n'2) 


a2r-  +  b-m'2  +  c-/(- 

Ex.  18.  If  P.  (>j,  y1,  s,)  is  a  point  on  the  ellipsoid  and  (£u  )/, ,  £,), 
(ss,  V-2-  £s)  are  extremities  of  the  principal  axes  of  the  section  of  the 
ellipsoid  by  the  diametral  plane  of  OP,  prove  that 


M* 


_         VlV-2         _  ilCl 


a-(6-  —  c2)     b2(c2-a2)    t?(o2— 6s)' 
(6=  -  e=)£  +  (c= -«=)&  +  («=- 6=)  V  =  0. 
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Conjugate  diameters  of  the  hyperboloids. 
byperboloid  of  one  iheet  referred   to  (1 

coordinate  axe    u  LB  •  appears  that  •• 

y-axen  nic<-t  tli<-  nirface  in  real  poi  i  that 

the  - *xi«  doet  not  intersect  toe  nirface.     J  :.•• ->■.-.  I 

- 
sects  the  byperboloid  of  two  sheet*  whose  equation  is  -  ~-j  =  l 

at  the  points  (0,  0,    -  y),  and  these  point*  are  taken  a*  the  extra 
of  tlie  third  of  tli-  three  conjugate  diam- 

EL -nee,  if  P,< #,.//..  :,;.Q  R  ^)aretheextra 

of  a  set  of  conjugate  semi-dian  he  byperboloid  of  one  si 

it  follows,  as  for  the  ellipsoid,  that 

and  therefore,  that  if  the  axes  are  rectangular, 

OP--OQ--OR-  =  ■>--  •'■-- 

and  A,-  +  A.r-A;-  =  ^/,-  trt^ 

Similarly,  if  one  of  a  set  of  three  conjugate  diai  I  the  hyper- 

boloid  of  two  sheets,  -=— f=— -a=I,  interseete  the  surface,  the  other 
<7"     //-     c2 

two  do  not,  but  they  intersect  the  byperboloid  of  one  sheet, 
-—+£.+  _—! 

'/-      c- 

and  the  pointe  of  intersection  are  taken  as  their  extremities.     Hence 
if  P,  Q,  R  are  the  extremities,  and  the  axes  are  rectangular,  we  have 

OP--OQ--OR-- •--  '■-- 

and  A,2  -A./-  A32  =  \{h-  - 


THE   COXE. 
78.    A  homogeneous  equation  of  the  form 

represents  a  cone.  If  (x ',  y',  z)  is  any  point  on  the  cone, 
{  —  x,  —y',  —z)  lies  also  on  the  cone,  and  therefore  we 
may  consider  the  cone  as  a  central  surface,  the  vertex  being 
the  centre.  The  coordinate  planes  are  conjugate  diametral 
planes  and  the  coordinate  axes  are  conjugate  diamd 

We   easily   find,   as   in   the   case   of    the   other   central 
conicoids,  the  following  results : 
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The  tangent  plane  at  (x\  y',  z)  has  for  its  equation 

axx' + byy' + czz'  =  0. 
The  plane  lx+my+nz  =  0  touches  the  cone  if 

l2/a  +  m2/b  +  n2/c  =  0. 
The  polar  plane  of  P,  (a,  /3,  y)  is  given  by 

acLx  +  bfiy  +  cyz  =  0. 
The  section  whose  centre  is  at  (a,  /3,  y)  has  the  equation 

(x-cL)aa.+(y-/3)bj3  +  (z-y)cy  =  0. 
The  diametral  plane  of  the  line  xjl  =  y/m  =  z/n  is 

alx + bmy + cnz  =  0. 
The  locus  of  the  tangents  drawn  from  P,  (a,  /3,  y)  is  the 
pair  of  tangent  planes  whose  line  of  intersection  is  OP. 
They  are  given  by 

(ax2  +  by2 + cz2)  (aa2  +  b/32 + cy2)  =  (aa.x  +  b(3y  +  cyzf. 
The  diametral  plane  of  OP  is  also  the  polar  plane  of  P. 


Pm.  37. 

Conjugate  diameters.  Let  OP,  OQ,  OR,  (fig.  37),  any  three 
conjugate  diameters  of  the  cone,  meet  any  plane  in  P,  Q,  R. 
The  plane  meets  the  cone  in  a  conic,  and  QR  is  the  locus 
of  the  harmonic  conjugates  of  P  with  respect  to  the  points 
in  which  any  secant  through  P  cuts  the  conic ;  i.e.  QR  is  the 
polar  of  P  with  respect  to  the  conic.  Similarly,  RP  and  PQ 
are  the  polars  of  Q  and  R,  and  therefore  the  triangle  PQR 
is  self -polar  with  respect  to  the  conic.     Conversely,  if  PQR 
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is  any  triangle  Belf-polar  with  reaped  to  the  conic  in  which 
the  piano  pqr  cuts  the  roue,  op,  oq,  or  are  conjugate 
diameters  oi*  the  cone.  For  the  polar  plane  of  P  passes 
through  the  line  QR  and  through  the  vertex,  and  therefore 
OQR  is  the  polar  plane  of  P,  or  the  diametral  plane  of  OP  ; 
and  similarly,  ORP,  OPQ  are  the  diametral  planes  of  OQ 
and  OR. 

Ex.  1.  The  locus  of  the  asymptotic  lines  drawn  from  O  to  the 
conicoid  flKBa+6(ya+C22=l  is  the  asymptotic  cone  ti.i'-  +  lti/i  +  ci'i  =  0. 

Ex.  2.    The  hyperboloide 

x2/a2  +  f/b2  -  22/c2  =  1 ,    -  x2\cC-  -  f/b2 + z2h2  =  1 

have  the  same  asymptotic  cone.  Draw  a  figure  shewing  the  cone  and 
the  two  hyperboloids. 

Ex.  3.  The  section  of  a  hyperboloid  by  a  plane  which  is  parallel 
to  a  tangent  plane  of  the  asymptotic  cone  is  a  parabola. 

Ex.  4.     It  a  plane  through  the  origin  cuts  the  cones 
ax2  +  bif2  +  cz2=0,    oLX2  +  fii/2+yz2  =  0 
in  lines  which  form  a  harmonic  pencil,  it  touches  the  cone 

x*      +     V*      +_ *— -  =  o. 
by  +  c/3     ca.  +  ay     a  3  +  bet. 

For  the  following  examples  the  axes  are  rectangular. 

Ex.  5.  Planes  which  cut  ax2  +  b>/2  +  cz2  =  0  in  perpendicular 
generators  touch  2        ,,2         -■' 

b  +  c    c+a     a+b 

Ex.  6.     The  lines  of  intersection   of  pairs   of   tangent  planes   to 

ax2  +  bi/2  +  cz2  =  0  which  touch  along  perpendicular  generators  lie  on 

the  cone  »/i  ,    \  •>  ,  ?.>/    ,    \  •>  ,    »/    ,  i\  •>    r, 

a-(b  +  c)x-  +  b-  (c  +  a)  if-  +  c-(«  +  b)z-  =  0. 

Ex.  7.  Perpendicular  tangent  planes  to  ax2  +  by2  +  cz2=0  intersect 
in  generators  of  the  cone 

a(b  +  c)x2  +  b(c  +  a)f-  +  c(a  +  b):2  =  0. 

Ex.  8.  If  the  cone  Ax2  +  &i/2  +  C:2  +  2¥>/z  +  2Gzx  +  '2]ftxg  =  0  passes 
through  a  set  of  conjugate  diameters  of  the  ellipsoid 

x2/d*  +  i/2/b2  +  z*/c2  =  1,    then    Aa2  +  Bb2  +  Cc2  =  0. 

Ex.  9.  If  three  conjugate  diameters  of  an  ellipsoid  meet  the 
director  sphere  in  P,  Q,  R,  the  plane  PQR  touches  the  ellipsoid. 

Ex.  10.  Find  the  equation  to  the  normal  plane  (i.e.  at  right  angles 
to  the  tangent  plane)  of  the  cone  ax2  +  bi/'-  +  cz2  =  0  which  passes  through 
the  generator  xjl  =yjm = z/n.  ,       v(6— c)ar    n 

A  H$.   ~i j —  U. 


122 


COORDINATE  GEOMETRY 


[CH.  VII. 


Ex.  11.  Lines  drawn  through  the  origin  at  right  angles  to  normal 
planes  of  the  cone  ax2  +  by2+cz2  =  0  generate  the  cone 

a(b  —  c)2     b(c-a)2     c(a-b)2 

9 1 o \-- s — =U. 

or  yz  2 

Ex.  12.  If  the  two  cones  ax2  +  by2  +  cz2=0,  a.x2  +  /3y2  +  yz2=0  have 
each  sets  of  three  mutually  perpendicular  generators,  any  two  planes 
which  pass  through  their  four  common  generators  are  at  right  angled. 


THE  PARABOLOIDS. 
79.  The  locus  of  the  equation 


x2  .  y 


_2z 
a"  '  b2 


W       ^,2    '    7,2  ~     -"' 


x2    y2_2z 


The  equation  (1)  represents  the  surface  generated  by  the 


y 


2k 


variable  ellipse  z  =  k,  -%  +  —  = —     This  ellipse  is  imaginary 
unless  Jc  and  c  have  the  same  sign,  hence  the  centre  of  the 

z 


Fig.  38. 

ellipse  lies  on  OZ  if  c>0  and  on  OZ'  if  c<0.  The  sections 
of  the  surface  by  planes  parallel  to  the  coordinate  planes 
YOZ,  ZOX  are  parabolas.  Fig.  38  shews  the  form  and 
position  of  the  surface  for  a  positive  value  of  c.  The 
surface  is  the  elliptic  paraboloid. 
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The  equation  (2)  represents  the  surface  generated  by  the 


'!) 


■Ik 


variable  hyperbola     ;  —  /?  =  —>  z—k.    The   hyperbola    Is 

real  for  all  real  values  of  k,  and  its  centre  passes  in  turn 
through  every  point  on   z'z.     When  /;  =  ()  the  hyperbola 

degenerates  into  the  two  lines  ~  —  'L  =  0,  0=0.     The  sections 

of  the  surface  by  the  planes  z  =  k,  z=—k  project  on  the 


Fio.  39. 

plane  XOY  into  conjugate  hyperbolas  whose  asymptotes  are 

x2     II2 
z  =  0,  -j—  r2=0-     The  sections  by  planes  parallel  to  YOZ, 

ZOX  are  parabolas.  The  surface  is  the  hyperbolic  paraboloid, 
and  tig.  39  shews  the  form  and  position  of  the  surface  for 
a  negative  value  of  c. 

80.  Conjugate  diametral  planes.      An  equation  of  the 
form  ax2+by*=2z 

represents  a  paraboloid.  Any  line  in  the  plane  XOY  which 
passes  through  the  origin  meets  the  surface  in  two  co- 
incident points,  and  hence  the  plane  XOY  is  the  tangent 
plane  at  the  origin.  The  planes  YOZ,  ZOX  bisect  chords 
parallel  to  OX  and  OY  respectively.  Each  is  therefore 
parallel  to  the  chords  bisected  by  the  other.  Such  pairs  of 
planes  are  called  conjugate  diametral  planes  of  the  paraboloid 
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81.  Diameters.  If  A  is  the  point  (a,  {3,  y),  and  the 
equations  to  a  line  through  A  are 

x  —  a.    y  —  8    z  —  y     , 

the  distances  from  A  to  the  points  of  intersection  of  the 
line  and  the  paraboloid  are  given  by 

r2(al2 + 6m2;  +  2r(aa.l + bj3m  -  n)  +  aa2  +  bft2  -  2y  =  0.  . . . ( 1 ) 

If  l  =  m  =  §,  one  value  of  r  is  infinite,  and  therefore  a 
line  parallel  to  the  s-axis  meets  the  paraboloid  in  one 
point  at  an  infinite  distance,  and  in  a  point  P  whose 
distance  from  A  is  given  by 

_      «a2+6/32-2y      _arx2  +  6/32-2y 
—  2  (aa.1  +  bfim  —  n)  2n 

Such  a  line  is  called  a  diameter,  and  P  is  the  extremity  of 
the  diameter. 

Hence  ax2  +  by2  —  Zz  represents  a  paraboloid,  referred  to 
a  tangent  plane,  and  two  conjugate  diametral  planes 
through  the  point  of  contact,  as  coordinate  planes.  One 
of  the  coordinate  axes  is  the  diameter  through  the  point 
of  contact.  If  the  axes  are  rectangular,  so  that  the  tangent 
plane  at  O  is  at  right  angles  to  the  diameter  through  O, 
O  is  the  vertex  of  the  paraboloid,  and  the  diameter  through  O 
is  the  axis.  The  coordinate  planes  YOZ,  ZOX  are  then 
principal  planes. 

Ex.    What  surface  is  represented  by  the  equation  xy  =  1c?.c( 

82.  Tangent  planes.  We  find,  as  in  §  67,  the  equation 
to  the  tangent  plane  at  the  point  (oc,  j3,  y)  on  the  paraboloid, 

acLx  +  b/3y  =  z  +  y. 

If  lx  +  my+nz=p  is  a  tangent  plane  and  (a,  /3,  y)  is  the 
point  of  contact, 

—  I       Q      —  wi  —J) 

an    .'        bn        f       n 

and  therefore  —  -\ — r-  +  2np  =  0. 

a      b  s 
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Is    m* 
Hence  2n(lx+7n,v-irnz)  I      I    ,   =*0    is  the  equation   to 

a,     o 

the  tangent  plane  to  the  paraboloid  which  is  parallel  i'>  the 

plane  lx  +  rny  +  nz  =  0. 

11"  the  axes  arc  rectangular  and 

2nr(l,x  +  mry  +  nrz)  +  ^  +  ~f  =  0,     (r  =  1 ,  2,  !  I  >. 

represent    throe    mutually    perpendicular    tangent    planes, 

we  have,  by  addition, 

23+1+1=0, 

a    o 

and  therefore  the  locus  of  the  point  of  intersection  of  three 
mutually  perpendicular  tangent  planes  is  a  plane  at  right 
angles  to  the  axis  of  the  paraboloid. 

Ex.  1.    Shew  that  the  plane  &.v  -  %  - .-.  =  5  touches  the  paraboloid 

x*     ifi 

■g- <T=ief>  an(*  ^n(l  ^he  coordinates  of  the  point  of  contact. 
Ans.  (8,  9,  5). 

Ex.  2.    Two    perpendicular    tangent    planes    to    the    paraboloid 
+V=2«  intersect  in  a  straight  line  lying  in  the  plane  .r  =  0.     Shew 

that  the  line  touches  the  parabola 

•<'  =  <>,     f  =  {a +  h){±  + a). 

Ex.  3.     Shew  that  the  locus  of  the  tangents  from  a  point  (a,  /:>'.  y) 
to  the  paraboloid  a.r~  + />//-  =  2:  is  given  by 

(ax*  +  by*  -  2s)(ao.2  +  6/J2  -  2y)  =  (aouc+o/fy  -  :  -  y )-. 

Ex.  4.     Find  the  locus  of  points  from  which  three  mutually  per- 
pendicular tangents  can  be  drawn  to  the  paraboloid. 
Am.  tf&(. i •'-'+/-)  -  -2(a  +  h):-  1  =0. 

83.   Diametral  planes.     If    a    line   op   has   equations 

x/l=sy/m  =  zfn,  the  diametral  plane  of  OP,  i.e.  the  locus 
of  the  mid-points  of  chords  parallel  to  OP,  is  given  by 
alx  +  bmy  —  ■>?.  =  ().  Hence  all  diametral  planes  are  parallel 
to  the  axis  of  the  paraboloid,  and  conversely  an}r  plane 
parallel  to  the  axis  is  a  diametral  plane.  If  OQ,  whose 
equations  are  x/lf  =  y/imf  =  zln\  is  parallel  to  the  diametral 
plane  of  OP,  otf+tonm'-O (1) 
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Hence  OP  is  parallel  to  the  diametral  plane  of  OQ,  and  the 
diametral  planes  of  OP  and  OQ  are  conjugate. 

Equation  (1)  is  the  condition  that  the  lines  alx  +  bmy  =  0, 
cd'x  +  bm'y  =  0,  in  the  plane  z  =  k,  should  be  conjugate 
diameters  of  the  conic  ax2  +  by2  =  2k.  Hence  any  plane 
meets  a  pair  of  conjugate  diametral  planes  of  a  paraboloid 
in  lines  which  are  parallel  to  conjugate  diameters  of  the 
conic  in  which  the  plane  meets  the  surface. 

Ex.  1.  The  locus  of  the  centres  of  a  system  of  parallel  plane 
sections  of  a  paraboloid  is  a  diameter. 

Ex.  2.  The  plane  3.v+4i/  =  l  is  a  diametral  plane  of  the  paraboloid 
5x2  +  6i/2  =  2z.  Find  the  equations  to  the  chord  through  (3,  4,  5)  which 
it  bisects.  .       x-Z     y-A    z-h 

Am-  -O—IO" '"IS- 

Ex.  3.  Any  diametral  plane  cuts  the  paraboloid  in  a  parabola,  and 
parallel  diametral  planes  cut  it  in  equal  parabolas. 

X         1J 

84.   The  normals.     If  -^  +  ^L  =  2z   represents   an  elliptic 

paraboloid,   referred   to   rectangular   axes,   the   normal   at 
(x\  y',  z')  has  for  equations 

x  —  x'_y  —  y'_z  —  z' 


x  y  —  1 

If  this  normal  passes  through  a  given  point  (a,  /3,  y), 

a.  —  x'_fi  —  y'_y- 


x'  y  —  1 

a*  P 


A,     say. 


Therefore     x'=   2  ,  .  ,     y  =  , »  ,  .  ,     z'  =  y  +  \, 

and  __  +  (^_r_==2(y  +  X> 

This  equation  gives  five  values  of  A,  and  hence  there  are 
five  points  on  the  paraboloid  the  normals  at  which  pass 
through  a  given  point. 

Ex.  1.  Prove  that  the  feet  of  the  normals  from  any  point  to  the 
paraboloid  lie  on  a  cubic  curve. 
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Ex.  2.    Prove  thai  the  normal    from  (a,  /,',  y)  to  the  paraboloid  li<- 
on  the  cone  /■  , . 

"'  h-r"        ''       0. 

Ex.  3.     Prove  I  bat  the  cubic  carve  lies  on  this  cone. 

Ex.  4.     Prove  that  tin-  perpendicular  from  (ul,  fj,  y)  1..  it.  polar 

plant!  lies  on  t  lie  cone. 

Ex.  5.      Iii  general  three  normals  can   he  drawn  from  a  riven  point 
to  the  paraboloid  of  revolution  ./•--p<?/-  =  2»n,  but  if  the  point  li- 
the  surface    ■ii,t(.,:~-\-f)-\-H(<i,-zY  =  o,    two    ..f    the    three    normals 
coincide. 

Ex.  6.     Shew  that  the  feet  of  the  normals  from  the  point  (a, 
to  the  paraboloid  .<-+i>/2  =  2a2  lie  on  the  sphere 

x* + y2  +  z2  -  z{a  +  7)  -  *Ua?  +  ft2)  =  0. 

Ex.  7.    Shew  that  the  centre  of  the  circle  through  the  feel  of  the 

three  normals  from  the  point  (a.,  (3,  y)  to  the  paraboloid  S1 +  ■>/-  — -l<  1 :  is 


(«■  ft  y+") 
\V  4'    TV 


*  Examples  IV. 

1.  Two  asymptotic  lines  can  be  drawn  from  a  point  P  to  a  conicoid 

a.v2  +  bi/2  +  cz2=l,  and  they  are  at  right  angles  if  P  lies  on  the  cone 

a?(b  +  c)x%  +  68(c  +  a).'/2  + ''-("  +  tyz'2  =  0. 

2.  The  lines  in  which  the  plane  lx  +  mj/  +  nz  =  0  cuts  the  lone 
(Uc'i  +  ft>/'2  +  yz2  =  0  are  conjugate  diameters  of  the  ellipse  in  which   it 

cuts  the  ellipsoid  '  5+t5+-5=  I.     Prove  that  the  line  -7=—=-  lies  on 
r  <(-     /)-     <■-  l     m     a 

the  cone   a2()gja+7C2)a.a+6a(7C2+aiaa)y8+c8(a,a2+i852)2a=a 

3.  P  and  Q  are  points  on  an  ellipsoid.  The  normal  at  P  meets  the 
tangent  plane  at  Q  in  R  ;  the  normal  at  Q  meets  the  tangent  plane  at 
P  in  S.  If  the  perpendiculars  from  the  centre  to  the  tangent  planes 
at  P  and  Q  are/),,  jp2j  prove  that  PR  :  QS=p2  :px. 

4.  The  line  of  intersection  of  the  tangent  planes  at  P  and  Q,  points 
on  GM?a  +  6y2+C22  =  l,  passes  through  a  lixed  point  A,  (<<_,  (3.  y).  and  is 
parallel  to  the  plane  XOY.  Shew  that  the  locus  of  the  midpoint 
of  PQ  is  the  conic  in  which  the  polar  plane  of  A  outs  the  surface 

K.r-  +  b>r  +  c:-  —  zjy. 

5.  Shew  that  the  greatest  value  of  the  shortest  distance  between 
the  axis  of  .rand  a  normal  to  the  ellipsoid  .)■- 'a- +  //-!>-  +  :- c-  =  \  is 
b-c. 

6.  Plane  sections  of  an  ellipsoid  which  have  their  centres  on  a 
given  straight  line  are  parallel  to  a  tixed  straight  line  and  touch 
a  parabolic  cylinder. 
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7.  OP,  OQ,  OR  are  conjugate  diameters  of  an  ellipsoid 

At  Q  and  R  tangent  lines  are  drawn  parallel  to  OP,  and  pu  p2  are 
their  distances  from  O.  The  perpendicular  from  O  to  the  tangent 
plane  at  right  angles  to  OP  is  p.     Prove  that 

p2  +pi  +  p.2  =  a2  +  b2  +  c2. 

8.  Conjugate  diameters  of 

a1x2  +  b1y2  +  c1z2=l     meet    a2x2+b2y2  +  c2z2  =  l 
in  P,  Q,  R.     Shew  that  the  plane  PQR  touches  the  conicoid 
a3x2 +  b3y2  +  c3z2  =  1 , 

where  <h=h=<h=<h+h+% 

ax     bx     cx     ax     bl     <?i 

9.  The  ellipsoid  which  has  as  conjugate  diameters  the  three  straight 
lines  that  bisect  pairs  of  opposite  edges  of  a  tetrahedron  touches  the 
edges. 

10.  Shew  that  the  projections  of  the  normals  to  an  ellipsoid  at 
P,  Q,  R,  the  extremities  of  conjugate  diameters  on  the  plane  PQR, 
are  concurrent. 

11.  If  through  a  fixed  point  P,  (a.,  /3,  y)  on  the  ellipsoid 
x2/a2+y2/b2+z2/c2=l  perpendiculars  are  drawn  to  any  three  con- 
jugate diameters,  the  plane  through  the  feet  of  the  perpendiculars 
passes  through  the  fixed  point 

/      a2a.  b2/3  c2y       \ 

U2  +  62  +  c2'     a2  +  b2+c2'     a2  +  b2+c2)' 

12.  If  perpendiculars  be  drawn  from  any  point  P  on  the  ellipsoid 
to  any  three  conjugate  diametral  planes,  the  plane  through  the  feet  of 
the  perpendiculars  meets  the  normal  at  P  at  a  fixed  point  whose 
distance  from  P  is  272  2 

p(b2c2  +  c2a?+  a2b2y 

where  p  is  the  perpendicular  from  the  centre  to  the  tangent  plane 
at  P. 

13.  Find  the  locus  of  centres  of  sections  of  a  conicoid  that  ai'e  at  a 
constant  distance  from  the  centre. 

14.  Shew  that  the  equations  to  the  right  circular  cones  that  pass 
through  the  axes  (which  are  rectangular)  are  yz±zx±xy  =  0. 

Deduce  that  the  lines  through  a  given  point  P,  which  are  per- 
pendicular to  their  polars  with  respect  to  .v2/a2+y2/b2  +  z2/c2=\,  lie 
upon  a  right  circular  cone  if  P  lies  on  one  of  the  lines 

(J2  _  C2)2^2  =  (c2  _  a2)2y2  =  („2  _  &2)2-2_ 

15.  Chords  of  a  conicoid  which  are  parallel  to  a  given  diameter  and 
are  such  that  the  normals  at  their  extremities  intersect,  lie  in  a  fixed 
plane  through  the  given  diameter. 
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16.  The  perpendiculars  from  the  origin  to  the  bo     ol  the  I 
bedron  whose  vertice   are  the  feel  of  the  foui  aormal    froi 

the  cone  cut?  \  by1  i  a     0,  lie  on  the  cone 

a(b  -  <:)■.'/-  +  b{<;  -  afij-  +c(a     '■>  -       0. 

17.  P»  Q»  R  ;  p'»  Q'>  P*  :i"'  ''"'  ''' '  "'  ,'1''  ~IX  Dormahi  from  n  jx>iiii 
to  the  ellipsoid  x*lcfi+y2lbi+&l<rs=l.     Prove  that   the  poles  <>r  tie- 

planes  PQR,  P'Q  R  lie  on  the  surface  2-j    ;  a*)J  =(X 

18.  The  normals  at  P  and  P',  points  of  the  ellipsoid 

<>-+/f-/b-  +  z-/ci=l, 

meet  the  plane  XOY   in   A  and  A'  and   make  angles  U.   0'  with   PP 
Prove  that  PA  cos  0  +  P'A'cos  ff  =  0. 

19.  The  normals  to  .I'-ja'1  +  //-/b-  +  z'2/c-  =  l  at  all  points  of  its  inter- 
section with  li/z  +  mzx  +  nxy  =  0  intersect  the  line 

<{'■.<■  _  b'hj  _  <?z 

I (i <-  -  //-) (<■:-  -i#) ~ 7»(68-c8)(aa-os) ~ nC^-a^X^-c2)* 

20.  Shew  that  the  points  on  an  ellipsoid  the  normals  at  which 
intersect  a  given  straight  line  lie  on  the  curve  of  intersection  of  the 
ellipsoid  and  a  conicoid. 

21.  The  normals  to  .»;2/«2 + ?/2/b2  +  *2/c2  =  1  at  points  of  its  intersection 
with  .v/a  +  '//lb  +  z/c  =  l  lie  on  the  surface 

v  /    (ih.ri/  +  bcj/z  +  cazx    \_, 

22.  Prove  that  two  normals  to  (/.>•-  + by- +  c:-  =  \  lie  in  the  plane 
l.v  +  my  +  nz=p,  and  that  they  are  at  right  angles  if 

abcp*~?  { a(b  +  c)P]  =  2  { a2(b  -  »•)■-'««  V- } . 

23.  The  locus  of  a  point,  the  sum  of  the  squares  of  whose  normal 
distances  from  the  ellipsoid  ;v1/ai+i/-/b2-]-z-l'e2  =  \  is  constant,  (=/•-),  is 

I  («2-o2)(c2-«-)  J 

24.  Tf  the  feet  of  the  six  normals  from  (a.,  /?,  y)  are 

(.rr,;y,    :r),     (r=l,  2,  ...6), 

prove  that  aaa2  f I )  +  &«)82  (1 )  +  c^yS  (I )  =  0. 

25.  If  the  feet  of  three  of  the  normals  from   P  to  the  ellipsoid 

'   ,+',.,  +  :t,=  1  lie  in  the  plane  -+v+-  =  l,  the  feet  of  the  other  three 
ar     b1     c2  l  a     b     c 

lie  in  the  plane  '-+•-  +  -+ 1  =0,  and  P  lies  on  the  line 
1  (i     b     c 

a(W -  c").v  =  b(c-  -  a-)//  =  c(a-  -  b-):. 

B.G,  1 
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26.  If  A,  B  are  (04,  /?l5  yt),  (04,  fS2,  y2),  the  pair  of  tangent  planes 
at  the  points  where  AB  cuts  the  conicoid  S  =  ax2  +  by2  +  cz2  —  1  =0  is 
given  by  W-SPAPa+S^f =<* 

and  the  pair  of  tangent  planes  that  intersect  in  AB,  by 

S(S1S2-P212)-S2P12+2P1P2P12-S1P22=0, 
where  Sj= ao.f  +  bfi-f  +  cy{2  - 1,  etc. ; 

Pj =  ao.xx+b$xy  +  cy1z—l,  etc.; 
P12=  00404  +  bfiifiz  +  cjiji  - 1  ■ 

27.  If  P,  (:%  yx,  z{),  Q,  (a?2j  y2,  z2),  R,  (#3,  y3,  z3)  are  the  extremities 

^     ifl      z2 
of  three  conjugate  semi-diameters  of  the  ellipsoid  — 5  +  T9  +  - 5  — 1>  an(^ 

OP  =  rl5   OQ  =  r2,   OR  =  r3,  prove  that   the   equation   to  the  sphere 
OPQR  can  be  written 

^+#+*      '1V*2+62  +  c2>/     Ma2+&2+W 

and  prove  that  the  locus  of  the  centres  of  spheres  through  the  origin 
and  the  extremities  of  three  equal  conjugate  semi-diameters  is 

1 2  (a2x2  +  by  +  c2z*) = (a2  +  b2  +  c2)2. 


§§  85, 86] 


CHAPTER  VIII. 
THE  AXES  OF  A   PLANE  SECTION   OF  A  CONICOID. 

85.  We  have  proved,  (§  54,  Exs.  2,  3),  that  every  plane 
section  of  a  conicoid  is  a  conic,  and  that  parallel  plane 
sections  are  similar  and  similarly  situated  conies.  We  now 
proceed  to  find  equations  to  determine  the  magnitudes  and 
directions  of  the  axes  of  a  given  plane  section  of  a  given 
conicoid. 

General  method  for  determining  the  axes.  If  the  lengths  of 
the  axes  of  a  conic  are  2a  and  2/3,  and  a>  r  >  j3,  the  conic 
has  two  diameters  of  length  2r,  and  they  are  equally 
inclined  to  the  axes.  If  r  =  a.  or  f3,  the  two  diameters  of 
length  %r  coincide  with  an  axis.  Hence  to  find  the  axes 
of  the  conic  in  which  a  given  plane  cuts  a  conicoid,  we  first 
form  the  equation  to  a  cone  whose  vertex  is  the  centre,  C, 
of  the  conic  and  which  has  as  generators  the  lines  of 
length  r  which  can  be  drawn  in  the  plane  from  C 
to  the  conicoid.  The  lines  of  section  of  this  cone  and  the 
given  plane  are  the  semi -diameters  of  length  r  of  the  conic. 
If  2r  is  the  length  of  an  axis,  these  are  coincident,  or  the 
plane  touches  the  cone,  the  generator  of  contact  being  the 
axis.  The  condition  of  tangency  gives  an  equation  which 
determines  r :  the  comparison  of  the  equations  of  the  given 
plane  and  a  tangent  plane  to  the  cone  leads  to  the  direction- 
cosines  of  the  generator  of  contact. 

86.  Axes  of  the  section  of  a  central  conicoid  by  a 
plane  through  the  centre.  Let  the  equations,  referred  to 
rectangular  axes,  of  the  conicoid  and  plane  be 

ax2  +  hy2  +  re2  =  1 ,     Ix  -f-  m  y  +  n :  =  0. 
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The  centre  of  the  conicoid  is  also  the  centre  of  the 
section.  If  A,  jul,  v  are  the  direction-cosines  of  a  semi- 
diameter  of  the  conicoid  of  length  r,  the  point  (Xr,  fir,  vv) 
is  on  the  conicoid.     Therefore 

no  ,  i   9  ,      o      1     X2  +  /u.2  +  v2 
aX2  +  6//-  +  cv  =  -g  =  -  — r-9: • 

Hence  the  semi-diameters  of  the  conicoid  of  length  r  are 
generators  of  the  cone 

aj2(a-l/r2)+2/2(6_l/r2)+08(c-l/*,2)  =  O (1) 

The  lines  of  section  of  the  cone  and  plane  are  the  semi- 
diameters  of  the  conic  of  length  r.  Hence,  if  r  is  the 
length  of  either  semi-axis  of  the  conic  in  which  the  plane 
lx-\-my  +  nz  =  Q  cuts  the  conicoid,  the  plane  touches  the 
cone,  and  therefore 

11      +     m*    +-g-— =  0  (2) 


ar2  —  1     6r2  —  1     cv2  —  1 
or  iA(bcl2  +  cam2  +  a&w2)  - r2{ (6 + c) Z2  +  (c  +  a)m2  +  («  +  6)  n 2 } 
+(Z*'+ma +»*)*=(). 

The  roots  of  this  quadratic  in  r2  give  the  squares  of  the 
semi-axes  of  the  section. 

If  2r  is  the  length  of  an  axis  and  X,  /x,  v  are  the  direction- 
cosines,  the  given  plane  touches  the  cone  (1)  along  the 
line  xj\  =  yjii  =  zlv,  and  therefore  is  represented  by  the 
equation 

Xx{a  -  1/r2)  +  py  (b  -  1/r2)  +  vz(c  -  1/r2)  =  0. 

Therefore    Ma^})  ^(br2 -1)  ^{er2 -1) 

These  determine  the  direction-cosines  of  the  axis  of 
length  2r. 

Since  the  extremities  of  the  semi-diameters  of  length  r  of  the 
conicoid  lie  upon  the  sphere  .r2+i/2+z-  =  f2,  the  equation  of  the  cone 
through  them  may  be  obtained  by  making  the  equation  to  the  conicoid 
homogeneous  by  means  of  the  equation  to  the  sphere.     Thus  the  cone  is 

a,r-  +  b>/-  +  cz-= % , 

which  is  another  form  of  equation  (1). 


§80]  A\i;s  Of  CENTBAI  S£4  1  [<  i  i ;i-$ 

Ex.  1.     Prove    thai    the    axes    of    the     ection    of    tli' 

ax* +  />//-  + c«~  =  I  by  Lin;  plane  /.>:+  in// +  n  .     0  Ii';  "ii  the 

(b-c)-  +  (c- a)- +  (<>-/>)"     0. 
x         '#     y  y  'z 

(From  equations  (3)  we  deduce  that 

(6-c)^+(c-«)^+(a-6)^    0.) 

Ex.  2.  Prove  that  the  com-  of  Ex.  I  passes  through  the  normal  to 
the  plane  of  section  and  the  diameter  to  which  the  plane  of  section  i- 
diametral  plane.  Prove  also  that  the  cone  passes  through  two  .sets  of 
conjugate  diameters  of  the  conicoid.     (Cf.  Ex.  6,  §  77.) 

Ex.  3.     Find  the  lengths  of  the  axes  of  the  conies  given  by 
(i)  3a8 + 2/  +  6*2  =  1 ,  x+y+z=0; 

(ii)       2.r2+.y2-22=l,     &r+4y+5«=0. 

/ins.  (i)   64,  -45  ;     (ii)  308,  '76. 

Ex.  4.     Prove  that  the  equation  of  the  conic 

#2  +  2y2-2$2=l,     Zx-2y-z=0, 
referred  to  its  principal  axes,  is  approximately 
l-7&r2-l-777/2=l. 
Ex.  5.     Prove  that  the  lengths  of  the  axes  of  the  section  of  the 
ellipsoid  of  revolution  - — r~+-#=h  by  the  plane  lx+my+nz=0,  are 

a,     aciP  +  m*  +  nrf  {a?(P  +  wi2)  +  cV}-*, 
and  that  the  equations  to  the  axes  are 

x  _  y  _  z  _     x      y  z 

m     -l~b'    nl~mn~  —(P+m2)' 

Ex.  6.     Prove  that  the  area  of  the  section  of  the  ellipsoid 

#2/a2+//62+-2/c2=l 

by  the  plane  lx+my+m=0  is  — -,  where  p  is  the  perpendicular  from 
the  centre  to  the  tangent  plane  which  is  parallel  to  the  given  plane. 

Ex.  7.     The  section  of  the  conicoid  axi+byi+czi=\  by  a  tangent 

plane  to  the  cone  ,  „  „ 

x-        ?/•*         z* 

AT-+-4-  +  — t-a=0 
o+c     c+a    a+b 

is  a  rectangular  hyperbola. 

Ex.  8.  The  section  of  a  hyperboloid  of  one  sheet  by  a  tangent 
plane  to  the  asymptotic  cone  is  two  parallel  straight  lines.  What  is 
the  corresponding  section  of  the  hyperboloid  of  two  sheets  which  has 
the  same  asymptotic  cone  ? 

Ex.  9.  Central  sections  of  an  ellipsoid  whose  area  is  constant 
envelope  a  cone  of  the  second  degree. 
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Ex.  10.    If  Al5  A2,  A3  are  the  areas  of  three  mutually  perpendicular 
central  sections  of  an  ellipsoid,  Ai-2  +  A2~2  +  A3-2  is  constant. 

Ex.  11.     One  of  the  axes  of  each  section  of  the  ellipsoid  - — ^-  +  -  =  1 

by  a  tangent  plane  to  the  cone  y2+z2=x2  lies  on  the  cone 

(x2 + y 2)2 = z\x2  —  y 2). 

What  is  the  nature  of  the  section  of  this  cone  by  a  plane  parallel  to 
the  plane  XOY  %    Sketch  the  form  of  the  cone. 

Ex.  12.     Prove  that  the  axes  of  sections  of  the  conicoid 
ax2  +  by2  +  cz2=l 

which  pass  through  the  line  -=-  =  — =-  lie  on  the  cone 

r  °  I     m    n 

(mz  —  nij)  H (nx  —  Iz)  H — - — (ly  -  mx)  =  0. 

x  y  z 

87.  Axes  of  any  section  of  a  central  conicoid.    Let  the 

equations,  referred  to  rectangular  axes,  of  the  conicoid  and 
plane  be       axz  _|_  5^2  _^_  cz2  _  j }     \x  +  my  _f_  nz  =p 

Then  if  C,  (a,  /3,   y)  is  the  centre  of  the  section,  the 
plane  is  also  represented  by  the  equation 

(x  —  a.)acL  +  (y  —,j3)b/3  +  (z  —  y)cy  =  Q. 

Therefore       ^Jl^V^  +  b^  +  cy2 (1) 

L       m      n  p 

Hence  ^M-iff  +  oy»  =  p/o+J^+n,/(,=g.  ■*■ 

The  equation  to  the  conicoid  referred  to  parallel  axes 
through  C  is 

ax2  +  by2  +  cz2  +  2  (aoux  +  b(3y  +  cyz) + aa2  +  6/32 + cy2  - 1  =  0, 
or  ax2  +  by2  +  cz2  +  2  (acLX  +  6/3?/  +  cyz)  —  k2  =  0, 

where  k2=l  —  ^-5- 

The  equation  to  the  plane  is  now  lx  +  my-\-nz  =  0. 
If  A,  /a,  i/  are  the  direction-cosines  of  a  line  of  length  r 
drawn  from  C  to  the  conicoid, 

r2(a\2  +  bfx2  +  cv2)  +  2r (aaX  +  6/fy  +  cyv)  -  ¥  =  0. 
If  the  line  lies  in  the  given  plane 

and  therefore,  by  (1),   aa.X  +  bfiju  +  eyi/  =  0. 
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Hence     r®(aX2 +&/**+ e^) -#(X*+ A** +**)=0, 
and  therefore  the  semi-diameters  of  the  section  of  lens 
li<'.  on  the  cone 

If  r  is  the  length  of  either  semi-axis  of  the  section,  the 

plane  touehe.s  the  eone.     Therefore 

+C3— +-! 0.  . 


ar-  of*  cr 

~W~      ~¥~l    ~W~l 


And,    as   in   §86,    the   direction-cosines   of  the  axi-    of 
length  2r  are  given  by 

x(*-i)  ^-0  <w->)  (8) 


I  m  n 

Comparing  the.se  equations  with  equations  (2)  and  (3)  of 
§86,  we  see  that  if  ex.  and  /3  are  the  lengths  of  the  semi- 
axes  of  the  section  by  the  plane  Ix  +  my +  nz  =  0,  the 
semi-axes  of  the  section  by  the  plane  lx+my  +  nz  =  p  are 
ka.  and  k6,  or  /       «2  /        tf 

and  that  the  corresponding  axes  are  parallel.  We  thus 
have  another  proof  for  central  surfaces  of  the  proposi- 
tion that  parallel  plane  sections  are  similar  and  similarly 
situated  conies. 

From  equations  (4)  it  follows  that  if  A,  A0  are  fche  areas 
of  the  sections  of  a  conicoid    by  a  given  plane  and  the 

parallel  plane  through   the  centre,    A  =  A0fl—  ~X    where 

p,  p0  are  the  perpendiculars  from  the  centre  to  the  given 
plane  and  the  parallel  tangent  plane.     Thus  the  area  of  the 

£C2       ?/'2       -'-' 

section  of  the  ellipsoid  '—,  +  -k  +  7-,  =  1  by  the  plane 

lx  +  my  +  nz=p 
.  7ra6c(^+m24-^2)-  f, V2  \ 
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The  student  should  note  that  the  equation  to  the  cone  through  all 
the  lines  of  length  r  drawn  from  C  to  the  conicoid  would  be  obtained 
by  making  the  equation 

ax2 + by2  +  cz2 + 2  (ao-x  +  bfiy  +  cyz)  -  k2  =  0 

homogeneous  by  means  of  the  equation  x2+y2+z2=r2.  It  would  be 
of  the  fourth  degree,  while  for  our  purpose  we  require  a  cone  of  the 
second  degree.  The  cone  chosen  passes  through  the  lines  of  length  r 
which  lie  in  the  given  plane,  and  these  lines  alone  need  be  considered. 

Ex.  1.  OP  is  a  given  semi-diameter  of  a  conicoid  and  OA(  =  ol), 
OB  (  =  /?),  are  the  principal  semi-axes  of  the  section  of  the  diametral 
plane  of  OP.  A  plane  parallel  to  AOB  meets  OP  in  C.  Prove  that 
the  principal  axes  of  the  section  of  the  conicoid  by  this  plane  are 
aVl-OC2/OP2,  /Wl-OC2/OP2,  and  deduce  equations  (4),  §  87. 

(Take  OP,  OA,  OB,  as  coordinate  axes.) 

Ex.  2.  Find  the  coordinates  of  the  centre  and  the  lengths  of  the 
axes  of  the  section  of  the  ellipsoid  3.r2  +  3,y2  +  6z2  =  10  by  the  plane 
x+y  +  z  =  l. 


Ml^W^t- 


Ex.  3.  If  OP,  OQ,  OR  are  conjugate  semi-diameters  of  an  ellipsoid 
prove  that  the  area  of  the  section  of  the  ellipsoid  by  the  plane  PQR  is 
two-thirds  the  area  of  the  parallel  central  section. 

-vi"  ntZ  gu 

Ex.  4.  Find  the  area  of  the  section  of  the  ellipsoid  — 2+t^  +  ~2=1 
by  the  plane  x/a+y/b+z/c  =  l.  a      b      c 

Ans.  ^=(b2c2  +  c2a2  +  a?b2)k 
3v3 

Ex.  5.  Find  the  locus  of  the  centres  of  sections  of  the  ellipsoid 
-2  +  T2+-2  =  l  whose  area  is  constant,  (  =  7rF). 

Ans   a2b2c2  (-  A-y-+-  Vl  -  -  -V-  -  -Y-  ¥  (-  +■£  +  -) 

<y»"  qj&  2," 

Ex.    6.     Prove    that   tangent   planes   to   —s+js — 5- +  1=0  which 

x2     v2     z2  .  a  .. 

cut  —s +T2  — ^-— 1=0  in  ellipses  of  constant  area  ttIc2  have  their  points 

a"  c"  x2     ?/2     z2         &4 

of  contact  on  the  surface  — +^-j — _= — ___. 
a4     o*     c*     4a2b2c2 

Ex.  7.  Prove  that  the  axes  of  the  section  whose  centre  is  P  are 
the  straight  lines  in  which  the  plane  of  section  cuts  the  cone  con- 
taining the  normals  from  P. 

Ex.  8.  Find  the  lengths  of  the  axes  of  the  sections  of  the  surface 
4yz  +  5zx-5xy  =  8  by  the  planes  (i)  x+y-z  =  0,  (ii)  2x+y-z=0. 

Ans.  (i)  2,  n/3  ■    (ii)  2,  2. 

Ex.  9.     Prove  that  the  axes  of  the  section  of 

f(x,  y,  2)  =  ax2  +  by2  +  cz2  +  2fyz  +  2gzx  +  2hxy  =  1 
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Ky  i In;  plane  Z#  i  »'.v  i  /'.    Oare  given  by 

r*(A8B...+2Fwm...)+r8{/(Z,  m,  »)    (a+o+cXP+> 

+  (/-'  +  /„-  +  /,.,    p. 
where  A  =bc—  /2,  etc. 
Prove  also  i hai  tin-  a m-  are  i he  lines  in  which  the  plai  i 

(mz - m/)'^+{iix -I:)  L  +  (ly     mx)    '  -0. 
Ex.  10.     I'rovc  that  tin'  axes  of  I  he  Becl  ion  of  I  he  i  one 

by  the  plane  /.'•-!- /»//+-  nz=p  are  given  by 

p    -+     ™8     + £ =0 

2  ~  /,„  a-a  i  -j  T .. . .  -J...'  _l  .,2     u> 


I  III  ~  1 1  ** 

where  »0a  =  —  +  -p  +  — . 

88.  Axes  of  a  given  section  of  a  paraboloid.  If  the 
equations  to  the  plane  and  the  paraboloid  are 

Ix  +  my  +  n  z  =p,    axs  +  by2  =  2z, 

the  centre  of  the  section,  (oc,  /3,  y),  is  given  by 

aa.  _  6/3  _  —  1  _  aa?  4-  />(#2  —  y 
I      m       a  /> 

Whence    aa-  +  6«j  —  2y  =  — ^ —        =  ay. 

( 'hanging  the  origin  to  (a,  fi,  y)  and  proceeding  as  in 
§87,  we  find  that  A,  //,  v,  the  direction-cosines  of  a  semi- 
diameter  of  length  r  of  the  section,  satisfy  the  equation 

nh*(fl\*  +  6//2)  -/v(  A-  +  fj?  +  r-)  =  0. 
The  semi-diameters  arc  therefore  the  lines  in  which  the 
plane  cuts  the  cone 

xl{ari2rz -p* )  +  !r{hn-r-  -p02)-  :'7\f  =  °- 
Hence  the  lengths  of  the  axes  are  given  by 

or 

and  the  direction  cosines  by 

I  m  - 
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Ex.  1.     Find  the  lengths  of  the  axes  of  the  section  of  the  paraboloid 
2*;2+y2=2by  the  plane  #  +  2^  +  2=4.  Ans.  5-28,  1-68. 

Ex.  2.  A  plane  section  through  the  vertex  of  the  paraboloid  of 
revolution  x2+y2  =  Zaz  makes  an  angle  9  with  the  axis  of  the  surface. 
Prove  that  its  principal  axes  are  a  cot  0  cosec  6,  a  cot  0. 

Ex.  3.  Prove  that  the  axes  of  the  section  of  the  paraboloid  xy  =  az 
by  the  plane  lx+my+nz  =  0  are  given  by 

n6ri  _  4a2r2£2„j2?l2  _  4a*l2m2(l2  +  m2  +  ^2) _ Q 

Ex.  4.     Find  the  locus  of  the  centres  of  sections  of  the  paraboloid 

— v  +  rz  =  2z  which  are  of  constant  area  7rk2. 
a2     b2 


Am.  .»(*+£„)(£+£_*).■_*.. 


Ex.  5.  Given  that  the  radius  of  curvature  at  a  point  P  of  a  conic 
whose  centre  is  C  is  equal  to  CD3/<x/3,  where  a.  and  /3  are  the  axes  and 
CD  is  the  semi-diameter  conjugate  to  CP,  find  the  radius  of  curvature 
at  the  origin  of  the  conic  ax2  +  by2  =  2z,  lx+my  +  nz=0. 

.3.  _i 

Ans.  (l2  +  m2y(a7n2  +  bl2)~1(l2  +  m2+n2)  2. 

Ex.  6.  Planes  are  drawn  through  a  fixed  point  (a,  (3,  y)  so  that 
their  sections  of  the  paraboloid  ax2  +  by2  =  2z  are  rectangular  hyper- 
bolas.    Prove  that  they  touch  the  cone 

(g-q.)»     (y-fl)»     (*-y)»  =  0 

b  a  a  +  b 


CIRCULAR  SECTIONS. 

89.  If  F  =  0,  the  equation  to  a  conicoid,  can  be  thrown 
into  the  form  S  +  Auy  =  0,  where  S  =  0  is  the  equation  to  a 
sphere  and  u  =  0,  v  =  0  represent  planes,  the  common  points 
of  the  conicoid  and  planes  lie  on  the  sphere,  and  therefore 
the  sections  of  the  conicoid  by  the  planes  are  circles. 

90.  The  circular  sections  of  an  ellipsoid.  The  equa- 
tion, referred  to  rectangular  axes,  of  the  ellipsoid, 

can  be  written  in  the  forms 


§§89  92]  CIBCULAJB   SE<  1  tO 

I  liner  the  planes 

cut  the  ellipsoid  in  circles  of  radii  a,  b,  c  respectively.  II* 
a > b >c,  only  the  second  of  these  equations  gives  real 
planes,  and  therefore  the  only  real  central  circular  sections 
of  the  ellipsoid  pass  through  the  mean  axis,  and  are  given 
by  the  equations 

a  ~  c 

Since  parallel  plane  sections  are  similar  and  similarly 
situated  conies,  the  equations 

a  c  a  c 

give  circular  sections  for  all  values  of  A  and  /z. 

91.  Any  two  circular  sections  of  an  ellipsoid  which  cm 

not  parallel  lie  on  a  sphere. 

The  equation         k ft  +  £  +  \  - 1 )  + 

\a  c  /\a  c 

represents  a  conicoid  which  passes  through  tlie  sections, 
and  if  k  —  b'1,  the  equation  becomes 

x--\-ir  +  22  —  - — — x+- — !-jL~         z-\-\lu  —  o-  =  o, 

•'  a  c 

which  represents  a  sphere. 

92.  Circular    sections    of  the    hyperboloids.     By   the 

method  of  §  90,  we  deduce  that  the  real  central  circular 
sections  of  the  hyperboloids 
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are  given  by 

(i)  ytf^W+-sltf+tf  =  0,     (ii)  -*JaF+W+->JW=&  =  Q. 


The  radius  of  the  central  circular  sections  of  the  hyper- 
boloid  of  one  sheet  is  a.     The  planes  given  by 

a  ~c 

do  not  meet  the  hyperboloid  of  two  sheets  in  any  real 
points.  They  are  the  planes  through  the  centre  parallel 
to  systems  of  planes  which  cut  the  surface  in  real  circles. 

00         91         Z 

Ex.  1.     Prove  that  the  section  of  the  hyperboloid -g-'rg  — -2=1  by 
the  plane  -  \fa2  +  b2  +  -  \Jb2  -  c2  =  \  is  real  if  A2  >  a2  +  c2. 

Ex.  2.     Find  the   real  central   circular  sections  of  the  ellipsoid 

%2  +  2g2  +  6z2  =  8.  Ans.  %2-4z2=0. 

Ex.  3.     Prove   that   the  planes  2x+3z-5  =  0,  2x-3z  +  7  =  0  meet 
the  hyperboloid  -.r2  +  3?/2  +  12s2=75  in  circles  which  lie  on  the  sphere 

3x2  +  3f  +  3z2  +  4x+36z- 110=0. 
Ex.  4.     Prove  that  the  radius  of  the  circle  in  which  the  plane 


/v-iJ  q/A  gti  I  A, 

cuts  the  ellipsoid  '-^+'t2"^~2=^     *s    &\1 — 2 — r 

Ex.  5.  Find  the  locus  of  the  centres  of  spheres  of  constant  radius 
k  which  cut  the  ellipsoid  -^+4o+ -g=  1  in  a  pair  of  circles.    (Use  §  91.) 

4ns.  y-0,   ^p-p^=l-p- 

Ex.  6.  Chords  of  the  ellipse  x2/a2+y'2/b2  =  l,  z  =  0,  are  drawn  so  as 
to  make  equal  angles  with  its  axes,  and  on  them  as  diameters  circles 
are  described  whose  planes  are  parallel  to  OZ.  Prove  that  these 
circles  generate  the  ellipsoid  2b2x2  +  2a,y  +  (a2+b2)z2  =  2a2b2. 

93.   Circular   sections   of  any   central   conicoid.    An 

equation  of  the  form 

f(x,  y,  z)  =  ax2  +  hy2  +  cz2  +  2fyz  +  2gzx + 2hxy  =  1 


§§ 92, 03]       SECTIONS  OF  CENTRAL  CONICOIDS  in 

represents  a  central  eonicoid.     li  may  be  written 

f(  r,  y,  z)-M  .>■■  +  //-  +  .;  : )  +  ,\  (x*  +  if  +  Z*  - zj  =  0. 

Hence  if        f(x,  y,  z)—\(x2+y*+s?)=Q 

represents  a  pair  <>f  planes,  these  planes  cul  the  eonicoid  in 

circles.      For  a  pair  of  planes 

"-A,         h,         g  =0. 

h,  h-X,        f 
.'A  /,   ';~A 

This  equation  gives  three  values  of  A.  It  will  be  proved 
later,  §145,  that  these  are  always  real,  and  that  only  tin- 
mean  value  gives  real  planes. 

Ex.  1.     Find  the  real  central  circular  sections  of  the  eonicoid 

a*8  4-  5#2  +  3:2  +  2xz  =  4. 

The  equation  may  be  written 

3^  +  r}J/2  +  3.2  +  2,rz  _  A(./-2 + /  +  z0-)  +  A(..--  +//-  +  :-)  -4  =  0. 

If  3.r2  +  5?/2  +  322  +  2.r'.-- A(.'-  +  y'-'+:2)  =  0  represents  a  pair  bf  planes, 
A3-llA2  +  38A-40  =  0,  or  A  =  2J  4,  or  5.  For  these  values  of  A  the 
equation  to  the  planes  becomes 

(j?+*)a+3y2=0,    (x-zf  -f=0,    .r2-./-  +  .-2=0. 
The  real  circular  sections  correspond  therefore  to  A  =  4  and  have 
equations  x-z+y=0t    x-z-,,  =  0. 

Ex.  2.  Find  the  equations  to  the  real  central  circular  sections 
of  the  conicoids, 

(i)  5?/2-8^+18v/2-  Uz.v-  10.iv/  +  27  =  0, 

(ii)  2,*.-2  +  5?/2  +  2z2  -  i/z  -  4zx  -  xy  +  4  =  0, 

(iii)  6./--  +  1  .V  +  <>:-'  -  10//:  +  \:.x  -  10./-//  =  1. 

Am.      (i)  (x-2y-5z)(3x-4y+z)=Q, 

(ii)  (.r  +  v/  +  r)(2.r-,/  +  2~)  =  0, 

(iii)  2(.r  +  sf-\0i/(.v  +  z)  +  9i/i=0. 

Ex.  3.     Find  the  equations  to  the  circular  sections  of  the  eonicoid 

■•(j+iM:+2)+*(j4)«-* 

Am.  '  +•  +-  =  A,     a.r  +  h//  +  c:  =  u. 
a    b    c  ■ 
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Ex.  4.     Find  the  conditions  that  the  equations 
f(x,y,z)=l,    lx+my  +  nz=0 
should  determine  a  circle. 

The  equation /(a?,  y,  z)-X(x2+y2+z2)  =  0  is  to  represent  two  planes, 
one  of  which  is  the  given  plane.     Therefore 

f(x,  y,  z)- \(x2+y2  +  z2)  =  (lx  +  my  +  nz)((a  - X)j  +  (b- \)^  +  (c- rf\. 

Whence,  comparing  coefficients  of  yz,  zx,  xy,  we  obtain 

,  _  bn2  +  cm2  —  2fmn  _  cl2  +  an2  —  2gnl  _  am2  +  bl2  —  2hlm 
m2  +  n2  112  +  l2  l2  +  m2 

(We  assume  here  that  I,  m,  n  are  all  different  from  zero.     If  1=0, 
the  conditions  become  (A  =  a),  g  =  h  =  0,  (c-a)m2  —  2fmn  +  (b-a)n2=0.) 

94.  Circular  sections  of  the  paraboloids.    The  equation 
ax2  +  by2  =  2z  may  be  written  in  the  forms, 

a  ( x2  +  y2  +  z2  — -  J  —  y2(a  —  b)  —  az2  =  0, 

b(x2  +  y2  +  z2-^)-x2(b-a)-bz2  =  0, 

ax2  +  by2  -  (O'X2 + 0-y2 + Q-z2  +  2z)  =  0. 
Hence  if  a  >  b  >  0,  x2(a  —  b)  =  bz2  represents  real  planes 
which  meet  the  paraboloid  in  circles,  and  the  systems  of 
circular  sections  are  given  by 

xja  —  b  +  z\fb  =  \,     xJa  —  b  —  Z\Jb  =  iu. 
If,  however,  a  or  b  is  negative,  the  only  real  planes  are 
those  given  by  ax2  +  by2  =  0.     The  equation 

0.x2  +  0-y2  +  0-z2+2z  =  0 
is  the  limiting  form  of 

kx2  +  ky2  +  k(z  +  ^f  =  l 

as  fc  tends  to  zero,  and  therefore  the  sphere  containing 
the  circular  sections  is  in  this  case  of  infinite  radius,  and  the 
circular  sections  are  circles  of  infinite  radius,  i.e.  straight 
lines.  They  are  the  straight  lines  in  which  the  plane  z  =  0 
cuts  the  surface,  (§79). 

Ex.  1.     Find  the  circular  sections  of  the  paraboloid  x2  +  10z2=2y. 
Ans.  y±Zz  =  \. 

Ex.  2.     Find  the  radius  of  the  circle  in  which  the  plane  lx  +  2z =5 
cuts  the  paraboloid  53x2  +  4:y2=8z.  Ans.  r2=aj$. 
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95.  Umbilics.     The  centres  of  a  series  of  parallel  plain; 
sections  of  a  conicoid  lie  upon  a  diameter  of  the  conicoid 

and  the  tangent  plane  at  an  extremity  of  the  diameter  id 
parallel  to  the  plane  sections.  If,  therefore,  P  and  P'  ( fig.  4-0) 
are  the  extremities  of  the  diameter  which  passes  through 
the  centres  of  a  system  of  circular  sections  of  an  ellipsoid, 
the  tangent  planes  at  P  and  P'  are  the  limiting  positions 
of  the  cutting  planes,  and  P  and  P'  may  be  regarded  as 
circular  sections  of  zero  radius.     A  circular  section  of  zero 


Pig.  40. 

radius  is  called  an  umbilic.  It  is  evident  from  the  form 
of  the  hyperboloid  of  one  sheet  that  the  smallest  closed 
section  is  the  principal  elliptic  section  and  that  the  surface 
has  therefore  no  real  umbilics. 

To  find  the  umbilics  of  the  ellipsoid  -i  +  T2  +  -2=l- 

If  P,  (£  )],  £)  is  an  umbilic,  the  diametral  plane  of  OP 
is  a  central  circular  section.     Therefore  the  equations 

«,-     bl      <r  a  ~c 

represent  the  same  plane.     Hence 

j/a     __u/b_       & 

J  a2-!)1      0       ±Jb2-c2 

1  .  t1     »8     c2 

=  ,    i  o       8'     since     ^  +  rr,  +  ^  =  l, 

and  therefore 

±as/^K-fy2  ±cJW^ 

Va2— c2  sa-  —  c2 

These  give  the  coordinates  of  the  four  umbilics. 
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The  umbilics  of  the  hyperboloid  of  two  sheets 

G?      b-       C2 

are  real  and  given  by 


v  =  0,     f= 


Ex.  1.     Prove  that  the  umbilics  of  the  ellipsoid  lie  on  the  sphere 

^+f  +  Z2z=a2_b2  +  c.2_ 

Thr.  2.     Prove  that  the  perpendicular  distance  from  the  centre  to 
the  tangent  plane  at  an  umbilic  of  the  ellipsoid  is  o.c  b. 

Ex.   3.     Prove  that  the  central   circular  sections  of  the  conicoid 
(a  —  b)3?+ay-  +  {a  +  b)z2  =  Y  are  at  right  angles  and  that  the  umbilics 

are  given  by  x=  ±  vG^3  y=0:  .=  ±  yO^L, 
y  -2a (a  — b)  i2a(a  +  b) 

JB8  tfl  Z2 

Ex.  4.     Prove  that  the  umbilics  of  the  conicoid        7  +  —  H — — r=l 

a  +  6      «      a  —  b 

are  the  extremities  of  the  equal  conjugate  diameters  of  the  ellipse 

Ex.    5.     Prove    that  the    umbilics   of    the   paraboloid  '—2+jli  =  2z, 
,;>&,  are  (o,   ±bs'a2-tf,  ^—  J- 

Ex.   6.     Deduce  the  coordinates  of  the  umbilics  of  the  ellipsoid 
from  the  result  of  Ex.  4,  §  92. 


*  Examples  V. 

1.  Prove  that  if  A,,  /xls  Vj  ;  A.,,  /ju,  vo  are  the  direction-cosines  of  the 

"*  '.2      -a/2       ~2 

axes  of  anv  plane  section  of  the  ellipsoid  —^+€^+-^=1, 

a-     6J     c- 

A^,  /xt/y-2      =       v,v2 

aW-<?)     b%c2-a2)     <-(«*-&)' 

2.  If  A1?  A2,  A, ;  o\,  S2,  S3  are  the  areas  of  the  sections  of  the 

y^     y2     z2  t2     y2     z2 

ellipsoids  '-:2  +  t2+  />=1j  '— 2  +  7p  +  ;T2=1'  ^Y  three  conjugate  diametral 

planes  of  the  former, 

o{-  +  322  +  832  "a'jSyW  +  62  +  c2/' 

3.  If  A,,  A2,  A3  are  the  areas  of  the  sections  of  the  ellipsoid 


/2        r2 


-+f>  +  -o  =  l 

a-     6-     c- 
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by   the    diametral    planes    of  three    mutually   perpendicular   lemi- 
diameters  of  lengths  ru  r2,  r8, 


A,8,  A,-    A£      -/W    «W    «W 
r?      »?      'V  "      \  «a       ^ 


4.  Through  a  given  point  (a,  #,  y)  planes  are  drawn  parallel  to 

three  conjugate  diametral  planes  of  the  ellipsoid  -i+p+a3"!-     Shew 

that  the  sum  of  the  ratios  of  the  areas  of  the  sections  by  these  planes 

«.-     £P     y- 
to  the  areas  of  the  parallel  diametral  planes  is  3  — r,-  ...  -  -V 

5.  Prove  that  the  areas  of  the  sections  of  greatest  and  least  area 
of   the  ellipsoid   ~2+%+^—^    which    pass    through   the   fixed   line 

-  =  y  =  -a.Tfivabc,  7rabc,  where  r,,  r«  are  the  axes  of  the  section  by 
I     m     a  r,         r2 

the  plane  ^+^+^=0. 

a      b       c 

6.  Prove  that  the  systems  of  circular  sections  of  the  cone 

cut?  +  by2  +  cz2=Q,     a>b>c, 

are  given  by  x*Ja  —  b±z\Ib  —  c  =  k,  and  that  these  also  give  circular 
sections  of  the  cone  (a+/*)a£+ (6 +/»)ys+(c +/*)** =0. 

7.  Any  tangent  plane  to  a  cone  cuts  the  cyclic  planes  in  lines 
equally  inclined  to  the  generator  of  contact. 

8.  Any  pair  of  tangent  planes  to  the  cone  ax2  +  by-  +  cz~  =  0  cuts  the 
cyclic  planes  x\la ~b±zs-b  —  c  =  Q  in  lines  which  lie  upon  a  right 
circular  cone  whose  axis  is  at  right  angles  to  the  plane  of  contact. 

9.  The  plane  -+v+-=l  cuts  a  series  of  central  conicoids  whose 

1  a     b     c 

principal  planes  are  the  coordinate  planes  in  rectangular  hyperbolas. 
Shew  that  the  pole  of  the  plane  with  respect  to  the  conicoids  lies  on  a 
cone  whose  section  by  the  given  plane  is  a  circle. 

10.  OP,  OQ,  OR  are  conjugate  diameters  of  an  ellipsoid,  axes 
a,  b,  c,  and  S  is  the  foot  of  the  perpendicular  from  O  to  the  plane  PQR. 
Shew  that  the  cone  whose  vertex  is  S  and  base  is  the  section  of  the 
ellipsoid  by  the  diametral  plane  parallel  to  the  plane  PQR  has 
constant  volume  Trabc,Ss^3. 

11.  If  two  cones  have  the  same  systems  of  circular  sections,  their 
common  tangent  planes  touch  them  along  perpendicular  generators. 

12.  The  normals  to  the  ellipsoid  *^T)  +  p  +  :^  =  l    at  all  points  of  a 

central  circular  section  are  parallel  to  a  plane  that  makes  an  angle 

,  ac  .  .     . 

cos  '  — .  =  with  the  section. 

bs/d-  -b-  +  (•'-' 

B.C.  K 
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13.  If  9\,  r2  are  the  axes  of  a  central  section  of  an  ellipsoid,  and 
Qt,  62  the  angles  between  the  section  and  the  circular  sections, 

where  a  and  c  are  the  greatest  and  least  axes  of  the  ellipsoid. 

14.  Through  a  fixed  point  which  is  the  pole  of  a  circular  section  of 
the  hyperboloid  -2  +  pA~~~i  =  ^  are  drawn  planes  cutting  the  surface 

in  rectangular  hyperbolas.  Shew  that  the  centres  of  these  hyperbolas 
lie  on  a  fixed  circle  whose  plane  is  parallel  to  one  system  of  circular 
sections. 

15.  The  locus  of  the  centres  of  sections  of  the  cone  ax2  +  by2  +  ez2=0, 
such  that  the  sum  of  the  squares  of  their  axes  is  constant,  (  =  k2),  is 
the  conicoid 

16.  The  area  of  a  central  section  of  the  ellipsoid  —i  +  j^  +  —i  =  ^  is 
constant.     Shew  that  the  axes  of  the  section  lie  on  the  cone 


^a2—p2/c2  —  a2z     a2  —  b2y\2_ 
^~a*~\~~c2~~y~~~¥~~z)        ' 


where  p  is  the  distance  from  the  centre  of  a  tangent  plane  parallel  to 
any  of  the  planes  of  section. 

17.  Prove  that  the  tangents  at  the  vertices  to  the  parabolic  sections 
of  the  conicoid  ax2  +  by2+cz2  —  l  are  parallel  to  generators  of  the  cone 

a(b  —  c)2     b(c-a)2    c(a  —  b)2_ 
x2  y2  z2 

18.  Prove  that  the  normals  to  central  sections  of  the  ellipsoid 


x2     y2     z*_ 


which  are  of  given  eccentricity  e,  lie  on  the  cone 
aW(e2  -  2)2(x2+y2  +  z2)(a2x2  +  bhf  +  c2z2) 

=  (1  -  e2){a2(b2  +  c2)x2  +  b\c2  +  a2)y2  +  c2(a2  +  b2)z2f 
Find  the  locus  of  the  centres  of  sections  of  eccentricity  e. 
19.   Prove  that  the  normal  at  any  point  P  of  an  ellipsoid  is  an  axis 
of  some  plane  section  of  the  ellipsoid.     If  the  ellipsoid  is  ^2+'t2  +  -2=1 
and  P  is  the  point  (x\  y',  z'),  shew  that  the  length  of  the  axis  is 


fx'2     y'2     2'2\-i 


where  p  is  the  perpendicular  from  the  centre  to  the  tangent  plane 
at  P. 
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20.   The  normal  section  of  an  enveloping  cylindei  of  the  elli| 

•' ''."'  I  // "J'' 4- ■-"/''"    '  naH  ;i  given  area  irk '.     Prove  tlial  the  plane  of 
contact  of  the  cylinder  and  ellipsoid  touched  the  cone 


a*(&$    fr)  '  /,'<,->•'    />,  :  c*(a«6»-*»)    °' 


.'/' 


21.  Prove  that  the  locus  of  the  foci  of  parabolic  section!  of  the 
paraboloid  aaP+by*    _.  is 

ab(  2 .    aa?  -  %")("  '2  +  />//-')  =  "'-'■' 'J 4  1 

22.  Prove  tint  tin-  <*< | ua» ton  in  a  conicoid  referred  to  the  tangent 
plane  and  normal  at  an  umbilic  as  Jty-plane  and  .  axis  is 

"(■'-+//-)  +  <•:-  +  ij)r-  +  -!/■■''  +  -"•-  =0. 

If  a  variable  sphere  be  described  to  touch  a  given  conicoid  at  an 

umbilic,  it  n ts  the  conicoid  in  a  circle  whose  plane  moves  parallel 

to  itself  as  the  radius  of  the  sphere  varies. 

23.  If  through  the  centre  <>f  the  ellipsoid  '.,  +  ',.,  +  "-.,=  ]  a  per- 
pendicular is  drawn  to  any  central  section  and  lengths  equal  to  the 
axes  of  the  section  arc  marked  off  along  the  perpendicular,  the  locus 
of  their  extremities  is  given  by 

h'1)/'1  <?z2 


.,-.■/     ,    "~    =Q 


r2  —  a2    r2  —  b'2    r2  —  c2 
where  r2  =  .r2  +  ?y2-f22.     (The  locus  is  the  Wave  Surface.) 

24.  Prove  that  the  asymptotes  of  sections  of  the  conicoid 

ax2  +  bi/-  +  cz-  =  \ 
which  pass  through  the  line  .v  =  h,  y  =  0  lie  on  the  surface 
{ ax  (x  -  h)  +  btf  }2  +  cz*{a  (x  -  h )'-'  4-  !>>/- }  -  0. 

25.  If  the  section  of  the  cone  whose  vertex  is  P,  («,  /?,  y)  and  base 
s=0,  ax2+by2=l,  by  the  plane  .<•=<)  is  a  circle,  then  P  lies  on  the 
conic  v/  =  0,  owe2  — o«2  =  l,  and  the  section  of  the  cone  by  the  plane 

(a-b)yx-±aa.z=0 
is  also  a  circle. 
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CHAPTER  IX. 

GENERATING  LINES. 

96.  Ruled  surfaces.  In  cones  and  cylinders  we  have 
examples  of  surfaces  which  are  generated  by  a  moving 
straight  line.  Such  surfaces  are  called  ruled  surfaces.  We 
shall  now  prove  that  the  hyperboloid  of  one  sheet  and  the 
hyperbolic  paraboloid  are  ruled  surfaces. 

The  equation  -2  +  7(2 — z~^->  which  represents  a  hyper- 
boloid of  one  sheet,  may  be  written, 

(^)(H)=K)H> 

Whence  it  appears  that  the  hyperboloid  is  the  locus  of  the 
straight  lines  whose  equations  are 


K'+iH-HH); « 


=^(1  +  ^),    -+-  =  - (l-f );  (2) 

where  X  and  /u.  are  variable  parameters.  It  is  obviously 
impossible  to  assign  values  to  X  and  jx  so  that  the  equations 
(1)  become  identical  with  the  equations  (2).  Hence  the 
equations  give  two  distinct  systems  of  lines,  no  member  of 
one  coinciding  with  any  member  of  the  other.  As  X 
assumes  in  turn  all  real  values  the  line  given  by  the 
equations  (1)  moves  so  as  to  completely  generate  the  hyper- 
boloid. Similarly,  the  line  given  by  the  equations  (2) 
moves,  as  fx  varies,  so  as  to  generate  the  hyperboloid.  The 
hyperboloid  of  one  sheet  is  therefore  a  ruled  surface  and 
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can  be  generated  in  two  ways  bj  the  motion  •  aight 

line.    (Sec  fig,  41.) 
In  like  manner  I  be  equation 

,,:■■     $-**> 
which  represents  a  hyperbolic  paraboloid,  may  be  written 


Fig.  41. 


Whence  it  is  evident  that  the  paraboloid  is  the  locu^  >>t 
cither  of  the  variable  lines  given  by 

x    y_z     x     y  m 

a    o     X     a     h 

a     0     jul     a     b       ^ 
The  hyperbolic  paraboloid  is  therefore  a  ruled  surface 
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and  can  be  generated  in  two  ways  by  the  motion  of  a 
straight   line.      (See   fig.    42.)     The   generating   lines   are 

Of*         II 

parallel  to  one  of  the  fixed  planes  -  +  r  =  0. 
r  r  a~b 


Fig.  42. 


Ex.  1.     CP,  CQ  are  any  conjugate  diameters  of  the  ellipse 

x2/a2  +  y2\b2  =  1 ,     z=  c. 

C'P',  C'Q'  are  the  conjugate  diameters  of  the  ellipse  x2/a2+y2/b2=l, 

z=  —c,  drawn  in  the  same  directions  as  CP  and  CQ.     Prove  that  the 

2r2     2y2     z2 
hyperboloid     f  +  -fo $  =  1  is  generated  by  either  PQ'  or  P'Q. 

Ex.  2.  A  point,  "  m,"  on  the  parabola  y  =  0,  ex2  =  2a2z,  is  (2am,  0,  2cm2), 
and  a  point,  "n,"  on  the  parabola  .r  =  0,  cy2=  -26%,  is  (0,  2bn,  —2cn2). 
Find  the  locus  of  the  lines  joining  the  points  for  which,  (i)  m=n, 
(ii)  m  =  —  n. 

A        x2     y2     2z 
a*     0-      c 

97.  Section  of  a  ruled  surface  by  the  tangent  plane  at 
a  point.  Since  a  hyperboloid  of  one  sheet  or  a  hyperbolic 
paraboloid  is  generated  completely  by  each  of  two  systems 
of  straight  lines,  there  pass  through  any  point  P,  (fig.  43), 
of  the  surface,  two  generating  lines,  one  from  each  system. 
Each  of  these  meets  the  surface  at  P  in,  at  least,  two 
coincident  points,  and  therefore  the  lines  lie  in  the  tangent 
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plane  at  p.  The  tangent  plane  at  p  i.s  therefore  the  plane 
through  the  generators  which  pass  through  p.  Bui  any 
plane  .section  of  the  surface  is  a  conic,  and  therefore  tin- 
section  of  the  surface  by  the  tangent  plane  at  p  is  the 
conic  composed  of  the  two  generating  lines  through  P. 

It  follows  that  if  a  straight  line  AB  lies  wholly  on  the 
conicoid  it  must  belong  to  one  of  the  systems  of  generating 
lines.  For  AB  meets  any  generating  line  PQ  in  some  point 
P,  and  AB  and  PQ  both  lie  in  the  tangent  plane  at  P.     But 


Fia.  43. 

the  section  of  the  surface  by  the  tangent  plane  at  P  con- 
sists of  the  two  generators  through  P,  and  therefore  AB 
must  be  one  of  the  generators. 

Again  any  plane  through  a  generating  line  is  the  tangent 
plane  at  some  point  of  the  generating  line.  For  the  locus 
of  points  common  to  the  surface  and  plane  is  a  conic,  and 
the  generating  line  is  obviously  part  of  the  locus.  The 
locus  must  therefore  consist  of  two  straight  lines,  or  the 
plane  must  pass  through  the  given  generating  line  and  a 
second  generating  line  which  meets  it.  It  is  therefore  the 
tangent  plane  at  the  point  of  intersection. 

The  intersection  of  a  cone  or  cylinder  with  a  tangent 
plane  consists  of  two  coincident  generators.  The  ruled 
conicoids  can  therefore  be  divided  into  two  classes  according 
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as  the  generators  in  which  any  tangent  plane  meets  them 
are  distinct  or  coincident.  It'  the  generators  are  distinct 
the  tangent  planes  at  different  points  of  a  given  generator 
are  different,  (see  fig.  43).  If  the  generators  are  coincident, 
the  same  plane  touches  the  surface  at  all  points  of  a  given 
generator. 

98.  If  three  points  of  a  straight  line  lie  on  a  conicoid 
the  straight  line  lies  wholly  on  the  conicoid. 

The  coordinates  of  any  point  on  the  line  through  (a,  fi,  y), 
whose  direction-ratios  are  I,  m,  n,  are  CL  +  lr,  fi-\-mr,  y  +  nr. 
The  condition  that  this  point  should  lie  on  the  conicoid 
F(x,  y,  z)  =  0  may  be  written,  since  F(x,  y,  z)  is  of  the 
second  degree,  in  the  form 

Ar2  +  2Br+C  =  0. 

If  three  points  of  the  line  lie  on  the  conicoid,  this 
equation  is  satisfied  by  three  values  of  r,  and  therefore 
A  =  B  =  C  =  0.  The  equation  is  therefore  satisfied  by  all 
values  of  r,  and  every  point  of  the  line  lies  on  the 
conicoid. 

99.  To  find  the  conditions  that  a  given  straight  line 
should  be  a  generator  of  a  given  conicoid. 

Let  the  equations  to  the  conicoid  and  line  be 

ax2-\-by2-\-cz2  —  l, 

X  —  OL_y  —  fi_Z  —  y 
I  m  n 

The  point  on  the  line,  (a.  +  lr,  (3-\-mr,  y  +  nr),  lies  on 
the  conicoid  if 

r2(al2  +  6m2 + en2)  +  2r(acd  +  b/3m + cyn) 

+  aoi2  +  b/32  +  cy2-l  =  0. 
If  this  equation  is  an  identity,  the  line  lies  wholly  on 
the   conicoid,   and   is   a   generator   of   the   conicoid.     The 
required  conditions  are  therefore 

aa2  +  &/32   +cy2  =1,  (1) 

acd+b(3m+cyn  =  0,  (2) 

al2  +bm2  +cn2  =0 (3) 
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Equation  (I)  is  the  condition  id.it  ('/..  fi,  y)  should  lie 
on  the  surface;  equation  (2)  shews  thai  a  generating  line 
must  lie  in  the  tangent  plane  at  any  point  <</..  l-i,  y)  on 
it;  and  from  (3)  it   follows  thai  the  parallels  through  the 

centre  to  the  generating  lines  ^em-rat.-  tin-  asymptotic  cone 

ax2+by2+cz2=0. 

The  three  equations  (1),  (2),  (3)  shew   thai  through  any 
point  (a,  /3,  y)  of  a  central  conicoid  two  straight   line* 
be  drawn  to  lie  wholly  on  the  conicoid,  the  direction-ratios 

of  these  lines  being  given  by  equations  (2)  and  {'■',).     V>y 
Lagrange's  identity,  we  have 

{at2 + &m2)(aoc2  4-  fyS2)  -  (aal  +  bfimf  s  ab(<xm  -  ftlf ; 

whence,  by  (1),  (2),  (3), 

—  rn1  =  ab(a.m  —  /3l)'1 (4) 

rFhe  values  of  I  :  m  :  n  are  therefore  real  only  if  ab  and  c 
have  opposite  signs,  which  can  only  be  the  case  if  two  of 
the  quantities  a,  b,  c  are  positive  and  one  is  negative.  The 
only  ruled  central  conicoid  is  therefore  the  hyperboloid  of 
one  sheet.  From  equations  (2)  and  (4)  we  deduce  the 
direction-ratios  of  the  generators  through  (a,  (3,  y), 

I  __  m  _  v 

Similarly,  the  conditions  that  the  line 

x— a._y  —  /3_~—  y 
/,  m  n 

should  be  a  generator  of  the  paraboloid  n,v-  +  bi/-  =  '2:  are. 

aa2+&j88=2y in 

acd  4-  b/3  m  -;?=() (2) 

„1-  +  bm'2  =  0 (3) 

Equation  (3)  is  satisfied  by  real  values  of  /  :  m  only  if 
a  and  b  have  opposite  signs.     The  only  ruled  paraboloid 
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is  therefore  the  hyperbolic  paraboloid.     The  direction-ratios 
of  the  generating  lines  through  (a,  /3,  y)  are  given  by 
I  m  w 

1~  +    /"^l" '  a.sJa±fisP-b 


VI  ^ 


The  following  examples  should  be  solved  in  two  ways,  (i)  by 
factorising  the  equation  to  the  surface  as  in  §  96,  (ii)  by  means  of  the 
conditions  in  §  99. 

Ex.  1.     Find  the  equations  to  the  generating  lines  of  the  hyperboloid 

T+  q  _Tfi  =  *  w^ich  pass  through  the  points  (2,  3,  -4),  (2,  - 1,  0. 

,        x-2_y—3 _z  +  4  m    x-2_y-3_z+4  . 

x-2_y+l_z-§  .    ^-2_y  +  l_g-f 
0    _    3    ~  -4  '       3    ~    6    ~  10  ' 

Ex.  2.  Find  the  equations  to  the  generating  lines  of  the  hyperboloid 
yz  +  2zx+3xy  +  6  =  0  which  pass  through  the  point  (  —  1,  0,  3). 

[i/z+2zx+3xy  +  6  =  (y+2)(z  +  3)+(2z+3y)(x-l).] 

4  to      x+1       y      z  —  3 

Ans.  x= -I,  z=3  ;   _^_=-^=_^_. 

Ex.  3.  Find  the  equations  to  the  generators  of  the  hyperboloid 
-2+T2 — 2=1  which  pass  through  the  point  (a  cos  a,  6  sin  a,  0). 

/        x  —  a  cos  a.    y-6sina.      z 

Ans.  : =•" — = = 

a  sm  a,         —  6  cos  a.      ±c 

Ex.  4.  Find  the  equations  to  the  generating  lines  of  the  paraboloid 
(x  +  i/  +  z)(2x+y  —  z)  =  6z  which  pass  through  the  point  (1,  1,  1). 

,       x-l    y  —  \    2-1      x-l    y—\    2-1 


THE  SYSTEMS  OF  GENEKATING  LINES. 

100.    We  shall  call  the  systems  of  generating  lines  of  the 
hyperboloid  of  one  sheet  which  are  given  by  the  equations 


M-*M0  H-&-0' w 

2-S-^+fi-  1+KH> (2) 

the  X-system  and  /^-system,  respectively. 
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101.  No  two  generators  of  tin  sarru    y  tern  m 
For  the  equations  1 1 )  and 

■V-v(i+7),  5_«-»(i_f) 

a    e       \      p/     a    c    a V      /// 

B       2  i'Z  H  <l 

Leadto       + '  =0,       -   =0,     1+/-0,    l-/=o, 

r6      C  a      C  '>  '' 

which  are  obviously  inconsistent. 

Otherwise,  ii"  P  and  Q  are  any  pointe  on  any  generate]  of  the 
/./.-system  and  the  generators  of  the  \-8ystem  through  P  and  Q 
intersect  at  R,  then  the  plane  PQR  units  the  byperboloid  in  the  sides 
of  a  triangle.  This  is  impossible,  since  do  plane  section  of  a  conicoid 
is  of  higher  degree  than  the  second. 

102.  Any  generator  of  the  Xsyetem  intersect*  any  gem  - 
rator  of  the  //.system. 

From  the  equations  (1)  and  (2), 

?+?     ^_*     i-U     i+U 

a     c  _  a    c  b  _        I) 

X  JUL  X/Z  1 

adding 
nominators, 


Whence,  adding   and   subtracting    numerators    and    de- 


x_\-\-ju       ,V  _  1  —  X/*      s  _  ^  ~  /* 
a     1+X/z'     b     1+X/x'     c     1+X/x 

These  determine  the  point  of  intersection. 
The  equations 

a     e 
x 
a 
both  reduce  to 


^(X  +  /0  +  ;V-X//)-^X-//)  =  l+X//, (5) 

if  &  =  l/jfc'  =  X//£.  But  equation  (5)  represents  the  tangent 
plane  at  the  point  of  intersection  of  the  generators.  Hence 
the  plane  through  two  intersecting  generators  is  the  tangent 
plane  at  their  common  point.     {Ci\  §  97.) 

If,  in  equation  (3),  k  is  given,  the  equation  represents 
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a  given  plane  through  the  generator.     But  the  equation 

reduces    to    equation   (5)   if    /UL  =  \/k.      Hence    any    plane 

through  a  generating  line  is  a  tangent  plane. 

Ex.  Discuss  the  intersection  of  the  A-generator  through  P  with 
the  /^-generator  through  P'  when  P  and  P'  are  the  extremities  of  a 
diameter  of  the  principal  elliptic  section. 

103.  Perpendicular  generators.  To  find  the  locus  of 
the  points  of  intersection  of  perpendicular  generators. 

The  direction-cosines  of  the  A-  and  //-generators  are 
given  by,  (§  42), 

l/a   _m/b _  n/c  l/a    _m/6_       n/c 

The  condition  that  the  generators  should  be  at  right 
angles  is 

a'2(A2-l)(^2-l)  +  462A//-c2(A2  +  l)(/>t2  +  l)  =  0, 
which  may  be  written 

ft2(A  +  //)2  +  62(l-A/>c)2  +  c2(A-/u)2==(a2  +  62-c2)(l+A//)2, 

and  shews  that  their  point  of  intersection 

ja(\-\-/u)     6(1  — A/x)     6'(A  —  //)") 
IT+A/T'    T+A/T'   T+A//J 

lies  on  the  director  sphere 

x*+y2+22  =  a*+b2-c*. 

The  locus  is  therefore  the  curve  of  intersection  of  the 

hyperboloid  and  the  director  sphere. 

Or  if  PQ,  PR  are  perpendicular  generators  and  PN  is  normal  at  P, 
by  §  102  the  planes  PQR,  PNQ,  PNR  are  mutually  perpendicular 
tangent  planes,  and  therefore  P  lies  on  the  director  sphere. 

104.  The  projections  of  the  generators  of  a  hyperboloid 
on  a  principal  plane  are  tangents  to  the  section  of  the 
hyperboloid  by  the  principal  plane. 

The  projections  of  the  A-  and  //-generators  on  the  plane 
XOY  are  given  by 


•-*  l-KHK) 
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which  may  be  wril  ten 

Whence  (lie  envelope  of  the  projections  is  tin-  ellipse 

a-  lr 

Similarly,  the  projections  on  the  planes  YOZ,  ZOX  touch 
the  corresponding  principal  sections. 

The  above  equations  to  the  projections  are  identical  if 
X  =  /x.  Hence  equal  values  of  the  parameters  give  two 
generators  which  project  into  the  same  tangeni  to  the 
ellipse  s  =  (),  x2/<i'1  +  y2/lr—  1.  The  point  of  intersection,  P. 
of  the  generators  given  by  \  =  /u  =  f  is,  by  §  1()2, 

i.e.  is  (a  cos  a,  b  sin  a,  0),  where  t  =  tan  f  .  — — J.  P  is  there- 
fore the  point  on  the  principal  elliptic  section  whose 
eccentric  angle  is  a,  and  the  generators  project  into  the 

tangent  v 

c  =  (),    -cosa+Tsina=l,    (fig.  44). 

a  o 

From  §  103,  the  direction-cosines  of  the  X-generator  are 
proportional  to  y  _  ^  2\ 

aXHT  5j?+r  c' 

or,  since  X  =  tan(  -j  —  ^),  a  sin  a,   —  b  cos  a,   —  a 

Therefore  the  equations  to  the  X-generator  through  P  are 
x  —  a  cos,  a.    y—-  b  sin  a      c 
a  sin  a         —  b  cos  oc      —  c 

Similarly,  the  equations  to  the  //-generator  are 
x  —  a  cos  OL_y  —  h  sin  a. _ z 
c(  since  —6  cos  (x.      c 

Ex.     Prove  that  the  generators  given  by  X  =  t,  n=  - 1  f  are  parallel, 
and  that  they  meet  the  principal  elliptic  section  in  the  extremities  of 

a  diameter. 


158  COORDINATE  GEOMETRY  [ch.  ix. 

105.  Let  P  and  Q,  (fig.  44),  be  the  points  on  the  principal 
elliptic  section  whose  eccentric  angles  are  a  and  /3.  Then 
the  A-generator  through  P  intersects  the  /x-generator 
through  Q  at  the  point,  R, 

A  +  /«         ,1-  \/ul  A  —  jJ. 

ftr+v    r+v  ci+v 

where         A  =  tan(^  —  ~J     and     yu^tan  ( ^  —  ~A 

Whence  the  coordinates  of  R  are 
/3  +  a  .    /3  +  a 


cos 


.         P-CL 

c  tan  — = — ■ 


Fig.  44. 


Now  the  coordinates  of  any  point  on  the  hyperboloid 
can  be  expressed  in  the  form 

a  cos  6  sec  (p,     b  sin  6  sec  0,     c  tan  0  ; 
therefore  if  R  is  the  point  "  6,  0," 

#=     2~    and    0  =  <— ^— , 

or  0  +  0  =  /?,     B-4>=cl. 

Similarly,  it  may  be  shewn  that  the  //.-generator  through 
P  intersects  the  A-generator  through  Q  at  the  point  u6,  —  <p." 

Suppose  now  that  P  remains  fixed  while  Q  varies,  so  that 
a  is  constant  and  {3  variable.     R  then  moves  along  a  fixed 
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generator  o£  the  \-system  ;hi<1  in  any  position  0  —  0  =  </_ 
1  In*-,  t'li-  points  on  a  generator  of  the  V-system  6  —  <p  m 
constant.     Similarly,  by  supposing  Q  to  remain  fixed  and 

P  to  vary,  we  can  prove  that  for  points  on  a  given  g 
of  the  ju-system  6  +  <p  is  constant. 


Ex.  1.  If  R  is  -  V,  4>,"  (tig.  44),  shew  that  the  equation.-  to  PQ  ar<- 
0  =  0,  '-cosfl  +  Tsin  6=coB<j>,  and  deduce  that  $-<j>  =  ol,  6+<jj  =  fj. 

Ex.  2.     The  equations  to  the  generating  lines  through  u  6,  <$>'  we 

:r  -  a  cos  0  sec  <£_.?/ -6  sin  #sec</>_i-etan  <f> 
asin(d±<f>)    "      bcoa(0±<f>)  ~        ±c 

Ex.  3.  If  (acos0sec<£,  6sin#sec<£,  ctan<£)  is  a  point  on  the 
generating  line 

a+-=A(1+w-  mil1-!)' 

prove  that  tan  ~*P=— Z_  and  hence  shew  that  for  points  of  a  given 
generator  of  the  A-system  6  —  <f>  is  constant. 

Ex.  4.     Prove  that  the  equations 

.'■_cos(#-<£)     y_cos#sin<£     r_sin#cos<£ 
a~ eos(0+<£)'    6-cos(^+0)'    c_cos(0+</>) 

determine  a  hyperboloid  of  one  sheet,  that  V  is  constant  for  points  on 
a  given  generator  of  one  system,  and  that  <f>  is  constant  for  points 
on  a  given  generator  of  the  other  svstem. 

/  5     4ya        \ 

(  The  equation  to  the  surface  is  — g—  H—  =  1.  ) 

Ex.  5.  Find  the  locus  of  R  if  P  and  Q  are  the  extremities  of 
conjugate  diameters  of  the  principal  elliptic  section. 

We  have  #-</>  =  a.,  6+4>  =  ol±'-^,  whence  <£=  ±— ,  and  R  lies  in  one 
of  the  planes  z=  ±c. 

Ex.  6.     Prove  also  that  R P-  +  RQ-  =  aa  +  b-  +  -2c2. 

Ex.  7.  If  A  and  A'  are  the  extremities  of  the  major  axis  of  the 
principal  elliptic  section,  and  any  generator  meets  two  generators  of 
the  same  svstem  through  A  and  A'  respectively  in  P  and  P',  prove 
that  AP.  A'P'  =  ?/-  +  c-. 

Ex.  8.  Prove  also  that  the  planes  APP'.  A'PP'  cut  either  of  the 
real  central  circular  sections  in  perpendicular  lines. 

Ex.  9.  If  four  generators  of  the  hyperboloid  form  a  skew  quadri- 
lateral whose  vertices  are  "  $r.  </>r.':  r=l3  2.  3,  -4.  prove  that 

#i  +  Oi  —  0-2  +  ^4 I      4*1  +  $3  =  $2  +  $4  • 
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Ex.  10.     Interpret  the  equation 


x-      )/ 


6a 


XX        9/1/ 

a1 


W 


% 


where  P,  (x\  y\  z')  is  a  point  on  the  hyperboloid. 

[The  equation  represents  the  pair  of  planes  through  the  origin  and 
the  generators  that  intersect  at  (x,  y\  z').~\ 

Ex.  11.  Prove  that  the  generators  through  any  point  P  on  a 
hyperboloid  are  parallel  to  the  asymptotes  of  the  section  of  the  hyper- 
boloid by  any  plane  which  is  parallel  to  the  tangent  plane  at  P. 

Ex.  12.     Prove  that  the  angle  between  the  generators  through  P 


is  given  by 


cot6»; 


p(r2-a2-b2  +  c2) 
2abc 


where  p  is  the  perpendicular  from  the  centre  to  the  tangent  plane 
at  P  and  r  is  the  distance  of  P  from  the  centre. 

Ex.  13.  All  parallelepipeds  which  have  six  of  their  edges  along 
generators  of  a  given  hyperboloid  have  the  same  volume. 

If  PQRS  is  one  face  of  the  parallelepiped  and  P,  P' ;  Q,  Q'  ;  R,  R' ; 
S,  S'  are  opposite  corners,  we  may  have  the  edges  PS,  RP',  S'R'  along 
generators  of  one  system  and  the  edges  SR,  P'S',  R'P  along  generators 
of  the  other  system.  The  tangent  planes  at  S  and  S'  are  therefore 
PSR,  P'S'R',  and  are  parallel,  and  therefore  SS'  is  a  diameter. 
Similarly,  PP'  and  RR'  are  diameters.  Let  P,  S,  R  be  (x1,  yu  z{), 
(xii  3/2)  z%\  (xzi  #3)  h)-  Then  the  volume  of  the  parallelepiped  is 
twelve  times  the  volume  of  the  tetrahedron  OPSR,  (O  is  the  centre). 
Denoting  it  by  V,  we  have 


V  =  2 


X 

Vi 

X-2i 

2/2 

x3, 

2/s 

--2abc\f  -1 


■  2abcJ-l 


%ri  «x?i  SO  o 

a2  ' 

V^l£3 

~  a2  ' 


v^y 


^\  X.)Xa 


But 


VI  —^1  _i_."l       *i  _l 

^  ^2"  =  ^2  +  T2  ~  ^2  —  h 


?/l 


a 

a1 

y  X2X3 

i 


V^ 

P 

22 

b' 

sl-c2 

=1; 


and,  since  R'  and  S  are  on  the  tangent  plane  at  P,  and  S  on  the  tangent 
plane  at  R, 

V  x\x1 -I  V  X'2X3  _  I  V  X\XZ  _  _  I 

/V2  /y2  /y2 


Therefore 


V  =  2abcJ  - 1  ( -  4)*  =  4abc. 
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Ex.  14.     Find  the  locus  <>(  the  oornen  Q  and  Q'  nrhicfa 
the  given  hyperboloid 
Since  QS  and  PR  bisect  one  another,  Q  i   the  point 

and  bence  lies  on  the  hyperboloul 

a^      b-      i- 

106.  The    systems    of  generators    of  the    hyperbolic 
paraboloid.     We    shall    now    state    the    results    far    tin: 

hyperbolic  paraboloid  —i  —  j^  =  2z  corresponding   to  those 

which  we  have  proved  for  the  hyperboloid.     Their  proof 
is  left  as  an  exercise  for  the  student. 

The  point  of  intersection  of  the  generators 

a     b-ZK     a+6~X'  {i) 


is  given  by 


2+f  =  2ft   5-1-5 (2) 

a     b       '       a     b     [i 

-=«-f-X      £  =  «  — X,     z=2\u. 

a  b 


The  direction-cosines  of  the  generators  are  given  by 

I  _  m  _  n  .      £  _  m  _  n 
a_77~2X'     a~-6~2/i' 

and  hence  the  locus  of  the  points  of  intersection  of  perpen- 
dicular generators  is  the  curve  of  intersection  of  the  surface 
and  the  plane  2z  +  a2  —  6'2  =  0. 

The  plane  r  ^ 

a     b  {<(      I)     A.I 

passes  through  the  generator  (1)  and  is  tangent  plane  at 
the  point  of  intersection  of  that  generator  and  the  generator 
of  the  //-system  given  by  fx  =  \/k. 

The  projections  of  the  generators  on  the  planes  YOZ,  ZOX 
envelope  the  principal  sections  whose  equations  are 

x  =  0,  y'2—  —  2M&;     y  =  0,  .v~  =  2u-:. 

B.G,  L 
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Any  point  on  the  second  parabola  is  (2am,  0,  2m2),  and  if 
\  =  /UL  =  m,  the  generators  of  the  A-  and  ^i-systems  corre- 
sponding to  these  values  project  into  the  tangent  to  the 
parabola  at  "  m." 

Any  point  on  the  surface  is  given  by 

x  =  ar  cos  6,     y  =  br  sin  6,     2z — r2  cos  26, 

and  the  equations  to  the  generators  through  "  r,  6  "  are 

tv3t 

a  i      -a         Z--^- COS  26 

x  — ar  cos  u _y  — or  sm  6 _  2 


+  6  ^(cosO  +  sinO) 

Ex.  1.  Shew  that  the  angle  between  the  generating  lines  through 
(x,  y,  z)  is  given  by 

Ex.  2.     Prove  that  the  equations 

4x=a(l  +  cos2#),    y  =  b  cosh  $  cos  $,    z  =  csinhcjicos0 

determine  a  hyperbolic  paraboloid,  and  that  the  angle  between  the 
generators  through  "$,  <£"  is  given  by 

gec  .      {(&2+c2)2  +  a«cos4fl  +  2a2(&2+c2)cos2flcosh2<frP 
b2  —  c2  +  a2cos20 

Ex.  3.     Prove  that  the  equations 

2x  =  ae2*,    y  =  be*  cosh  0,    z  =  ce*  sinh  $ 

determine  a  hyperbolic  paraboloid,  and  that  #  +  <£  is  constant  for 
points  of  a  given  generator  of  one  system,  and  #  — <£  is  constant  for  a 
given  generator  of  the  other. 

Ex.  4.     Planes  are  drawn  through  the  origin,  O,  and  the  generators 

through  any  point  P  of  the  paraboloid  given  by  x2—y2=az.     Prove 

2?" 
that  the  angle  between  them  is  tan-1 — ,  where  r  is  the  length  of  OP. 

a 

Ex.  5.     Find  the  locus  of  the  perpendiculars  from  the  vertex  of 

the  paraboloid  -2~  ™  =  22  to  the  generators  of  one  system. 

a2+b2 
Am.  x2 +y2+ 2z2  ±  — j —  xy — 0. 

Ex.  6.  The  points  of  intersection  of  generators  of  xy—az  which  are 
inclined  at  a  constant  angle  a.  lie  on  the  curve  of  intersection  of  the 
paraboloid  and  the  hyperboloid  .r2+;y2-22tan2(x.  +  a2=0. 
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107.  Conicoids  through  three  given  lines.     Th< 
equation  to  a  conicoid, 

ax*+ty/i+cz2+2fyz  +  2gzx  +  2haay  +  2ux +2vy+2  wz  +(2=0, 

contains  nine  constants,  viz.,  the  ratios  of  any  Dine  of  tin- 
ten  coefficients  a,  b,  c,  ...  to  the  tenth.  Hence,  since  these 
are  determined  by  nine  equations  involving  them,  a  coni- 
coid can  be  found  to  pass  through  nine  given  points.  But 
we  have  proved  that  if  three  points  of  a  straight  line  lie 
on  a  given  conicoid,  the  line  is  a  generator  of  tin-  conicoid. 
Therefore  a  conicoid  can  be  found  to  pass  through  any 
three  given  non-intersecting  lines. 

108.  The  general  equation  to  a  conicoid  through  the  two 
given  lines  u  =  0  =  v,  u'  =  0  =  v\  is 

\uu'  +  juluv'  +  wu'  +  pvv'  =  0, 
since  this  equation  is  satisfied  when  u  =  0  and  v  =  0,  or 
when    tv=0    and    v'  —  O,    and    contains    three    disposable 
constants,  viz.  the  ratios  of  A,  /u.,  v  to  p. 

109.  To  find  the  equation  to  the  conicoid  through  tit  n  < 
given  non-intersecting  lines. 


If  the  three  lines  are  not  parallel  to  the  same  plane, 
planes  drawn  through  each  line  parallel  to  the  other  two 
form    a    parallelepiped,    (fig.    45).     If    the    centre    of    the 
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parallelepiped  is  taken  as  origin,  and  the  axes  are  parallel 
to  the  edges,  the  equations  to  the  given  lines  are  of  the 
form, 

(1)  y  =  b,  z  =  —  c;     (2)  z  =  c,  x—  —  a;     (3)  x  =  a,  y  =  —  b, 
where  2a,  26,  2c  are  the  edges.     The  general  equation  to  a 
conicoid  through  the  lines  (1)  and  (2)  is 
(y-b)(z-c)  +  \(y-b)(x+a) 

+iu(z+c)(z-c)+v(z+c)(x+a)  =  0. 
Where  x  =  a,  y=  —b  meets  the  surface  we  have 
/ulz2 +2z(av-b)-  //c2  +  2c  (av  +  b)  -  4<ab\  =  0, 
and  if  x  =  a,  y  =  —  b  is  a  generator,  this  equation  must  be 
satisfied  for  all  values  of  z.     Therefore 

=  0       =-     \  _c(av+b)_c 

'  a'  2ab         a 

and  the  equation  to  the  surface  is 

ayz  +  bzx  +  cxy + abc  =  0. 
U 


Fig.   46. 

The  origin  evidently  bisects  all  chords  of  the  surface 
which  pass  through  it,  and  therefore  the  surface  is  a 
central  surface,  and  is  therefore  a  hyperboloid  of  one  sheet. 
(Cf.  §47,  Ex.  1.) 

If  the  three  lines  are  parallel  to  the  same  plane,  let  any 
line  which  meets  them  be  taken  as  2-axis.  If  the  lines  are 
AjBj,  A2B2,  A3B3,  (fig.  46),  and  the  2-axis  meets  them  in 
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cp  c2,  c.,,  take  AtBj  as  ataxia  and  the  parallel  to  a.,b., 

through  cx  as  2/-axis.     Then  the  equations  may  be  written 

(1)  y  =  0,  s  =  0;    (2)  aj=0,  s=a;    (3)  te+wiy^O,  z  =  fi. 

The  equation  to  a  conicoid  through  the  lines  (2)  and  (3)  is 
\x(lx+my)  +  fxx{z  —  /3) 

+  v(z-a.){lx+my)  +  p(z-(/.)(z-fi)  =  Q. 
If  y  =  0,  s  =  0  is  a  generator,  the  equation 
IXx2  —  x(/u.fi + i^oc)  +  pejifi  =  0 
must  be  satisfied  for  all  values  of  x,  and  therefore 

A  =  p  =  0,     /x/3  +  )^oc  =  0  ; 
and  hence  the  equation  to  the  surface  is 

z  { lx(a. — (3)  —  j3my }  +  (xfimy  =  0. 
Since  the  terms  of  second  degree  are  the  product  of  linear 
factors,  the  equation  represents  a  hyperbolic  paraboloid. 

110.  The  straight  lines  which  meet  four  given  lines. 
If  A,  B,  C  are  three  given  non-intersecting  lines,  an  infinite 
number  of  straight  lines  can  be  drawn  to  meet  A,  B,  and  C. 
For  a  conicoid  can  be  drawn  through  A,  B,  C,  and  A,  B,  C 
are  generators  of  one  system,  say  the  X-system,  and  hence 
all  the  generators  of  the  /x-system  will  intersect  A,  B,  and  C. 

A  fourth  line,  D,  which  does  not  meet  A,  B,  and  C,  meets 
the  conicoid  in  general  in  two  points  P  and  Q,  and  the 
generators  of  the  /^-system  through  P  and  Q  are  the  only 
lines  which  intersect  the  four  given  lines  A,  B,  C,  D.  If, 
however,  D  is  a  generator  of  the  conicoid  through  A,  B, 
and  C,  it  belongs  to  the  X-system,  and  therefore  all  the 
generators  of  the  /^-system  meet  all  the  four  lines. 

111.  If  three  straight  lines  can  be  draivn  to  meet  four 
given  non-intersecting  lines  A,  B,  C,  D,  then  A,  B,  C,  D  are 
generators  of  a  conicoid. 

If  the  three  lines  are  P,  Q,  R,  each  meets  the  conicoid 
through  A,  B,  C  in  three  points,  and  is  therefore  a  generator. 
Hence  D  meets  the  conicoid  in  three  points,  viz.  the  points 
of  intersection  of  D  and  P,  Q,  R ;  and  therefore  D  is  a 
generator. 
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Ex.  1.     A,  A' ;    B,  B' ;    C,  C  are  points  on  X'OX,  Y'OY,  Z'OZ. 

Prove  that  BC,  CA',  AB'  are  generators  of  one  system,  and  that 
B'C,  C'A,  A'B  are  generators  of  the  other  system,  of  a  hyperboloid. 

Ex.  2.  A,  A' ;  B,  B' ;  C,  C  are  pairs  of  opposite  vertices  of  a  skew 
hexagon  drawn  on  a  hyperboloid.  Prove  that  AA',  BB',  CC  are 
concurrent. 

Ex.  3.  The  altitudes  of  a  tetrahedron  are  generators  of  a  hyper- 
boloid of  one  sheet. 

Let  A,  B,  C,  D  be  the  vertices.  Then  the  planes  through  DA, 
perpendicular  to  the  plane  DBC,  through  DB,  perpendicular  to  the 
plane  DCA,  and  through  DC,  perpendicular  to  the  plane  DAB,  pass 
through  one  line,  (§  45,  Ex.  6,  or  §  44,  Ex.  22).  That  line  is  therefore 
coplanar  with  the  altitudes  from  A,  B,  C,  and  it  meets  the  altitude 
from  D  in  D,  and  therefore  it  meets  all  the  four  altitudes.  The  corre- 
sponding lines  through  A,  B,  C  also  meet  all  the  four  altitudes, 
which  are  therefore  generators  of  a  hyperboloid. 

Ex.  4.  Prove  that  the  perpendiculars  to  the  faces  of  the  tetrahedron 
through  their  orthocentres  are  generators  of  the  opposite  system. 

Ex.  5.  Prove  that  the  lines  joining  A,  B,  C,  D  to  the  centres  of 
the  circles  inscribed  in  the  triangles  BCD,  CDA,  DAB,  ABC  are 
generators  of  a  hyperboloid. 

112.  The  equation  to  a  hyperboloid  when  two  inter- 
secting generators  are  coordinate  axes.  If  two  inter- 
secting generators  are  taken  as  a?-axis  and  ^/-axis,  the 
equation  to  the  surface  must  be  satisfied  by  all  values  of  x 
when  y  —  z  =  0,  and  by  all  values  of  y  when  z  =  x  =  0. 

Suppose  that  it  is 
ax2  -f  by2 + cz2  +  2fyz  +  2gzx  +  2hxy  +  2ux  +  2vy  +  2wz  =  0. 

Then  we  must  have 

a  =  u  =  0,   and   b  =  v  =  0, 
and  therefore  the  equation  takes  the  form 

cz2 + 2fyz  +  2gzx  +  2hxy  +  2wz  —  0. 

Suppose  now  that  the  line  joining  the  point  of  intersection 
of  the  generators  to  the  centre  is  taken  as  -2-axis.  Then, 
since  the  generators  through  opposite  ends  of  a  diameter 
are  parallel,  the  lines  y  =  0,  z  =  2y;  x  =  0,  z  —  2y  are 
generators,  the  centre  being  (0,  0,  y).     Whence 

f=9  =  0>     y=-w/c, 
and  the  equation  reduces  to 

cz2  +  2hxy  +  2wz  =  0. 
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Ex.  1.     Prove  that  0/  I  im)(g+nx)+h    0  repn  paraboloid 

which  passes  through  OX  ;ui«l  OY. 

Ex.  2.  The  generators  through  a  variable  point  P  of  a  hyperboloid 
meet  the  generators  through  a  fixed  point  O  in  Q  and  R.  If  OQ:OR 
is  constant,  find  the  Locus  of  P. 

Take  OQ  ami  OR  as  x-  and  //axes,  and  the  line  joining  O  to  the 
centre  as  z-axis.    The  equation  to  the  hyperboloid  is 
cz2  +  2hxy  +  2wz  =  0. 
It  may  be  written        z(cz  +  2w)  +  2Lv>/  =  0, 
and  hence  the  systems  of  generating  lines  are  given  l>y 
z  =  2h\x,     \(cz  +  2w)+y  =  0 ; 
z = 2h\Ly,     fi.(cz  +  2  w) + x  =  0. 
OX  belongs  to  the  A-systeru  and  corresponds  to  A  =  0 ;  OY  l>elong8  to 
the  //-system  and  corresponds  to  /a  =  0.     If  P  is  (£, »;,  Q,  the  generators 
through  P  correspond  to 

Where  a  generator  of  the  /x-system  meets  OX, 

?/  =  0,       2  =  0,      X=-2lV/JL, 

therefore  OQ  =  -  2w\i  =  -  w(/hrj. 

Similarly,  OR  =  -  2wX=  -  wQh£t 

and  P  therefore  lies  on  the  plane  x=hy. 

[OQ  and  OR  may  be  found  more  easily  by  considering  thai  the 
plane  PQR  is  the  tangent  plane  at  P  whose  equation  (see  jj  134)  is 
ht]X  +  h$y  +  (c£+  w)z  +  wQ  =  0.] 

Ex.  3.     Find  the  locus  of  P  if  (i)  OQ  •  OR  =  /(-',  (ii)  OQ-  +  OR-  =  /-. 

Ex.  4.  If  OQ"'J  +  OR~2  is  constant,  P  lies  on  a  cone  whose  vertex 
is  O  and  whose  section  by  a  plane  parallel  to  OXY  is  an  ellipse  whose 
equal  conjugate  diameters  are  parallel  to  OX  and  OY. 

Ex.  5.  Shew  that  the  projections  of  the  generators  of  one  system 
of  a  hyperboloid  on  the  tangent  plane  at  any  point  envelope  a  conic. 

Take  the  generators  in  the  given  tangent  plane  as  OX  and  OY.  and 
the  normal  at  O  as  OZ.     The  plane  z  =  X>/  is  a  tangent  plane. 
and  the  projection  on  OXY  of  the  second  generator  in  which  it  meets 
the  surface  has  equations 

z  =  0,     c\\)/  +  2\(gx+fy  +  H-)  +  -2/i.r  =  0. 
Whence  the  envelope  of  the  projections  is  the  conic 
z  =  0,    (gx  +///  +  H')2  =  2chxy 

*113.  Properties  of  a  given  generating  line.  If  we 
have  a  system  of  rectangular  axes  in  which  the  .'-axis  is 
a  generator  and  the  2-axis  is  the  normal  at  the  origin, 
the  equation  to  the  hyperboloid  is  of  the  form. 

by*  +  cz1  +  2fyz  +  2gzx  +  2h  wy  +  2w:  =  0. 
or  y  (by  +  2kx)  +  z  (cz  +  2gx  +  2fy + 2w)=  0. 
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The  systems  of  generating  lines  are  given  by 

\y  =  z,     (by  +  2hx) + X  {cz  +  2gx  +  2fy  +  2w)  =  0 ; 
y= fi(as+2gx+2fy +2w),    z+fi(by+2hx)=0. 

The  a>axis  belongs  to  the  /z-system  and  corresponds  to 
fjL  =  Q.  The  generator  of  the  X-system  through  the  point 
(a,  0,  0)  is  given  by  -frq 

~gaL+w 

The  tangent  plane  at  (a,  0,  0)  is  the  plane  through  this 
generator  and  OX.     Its  equation  is  therefore  \y  =  z, 
or  h<xy  +  z(ga.-hic)  =  0. 

Let  P,  (oc,  0,  0),  P',  (a',  0,  0)  be  points  on  the  a.'-axis. 
Then  the  tangent  planes  at  P  and  P'  are  at  right  angles  if 

(h2 + g2)cux.'  +  wg  (a  +  a') -Mo2  =  0, 
^.e.  if  ^+^)(*+^)=WWf (1) 

Therefore  if  C  is  the  point  (-J^f»,  0,  o\  CP-CP'  is 

constant  for  all  pairs  of  perpendicular  tangent  planes 
through  OX.  C  is  called  the  central  point  of  the  generator 
OX.  If  the  origin  is  taken  at  the  central  point,  the  equa- 
tion (1)  must  take  the  form  oca/ =  constant,  and  therefore 
g  =  0,  and  clol'=  —iu-  It'2.  The  equation  to  the  conicoid 
when  OX  is  a  generator  and  O  is  the  central  point,  OZ  is 
the  normal  at  O,  and  the  axes  are  rectangular,  is  therefore 
by2  +  cz2  +  2fyz  +  2hry  +  2wz  =  0. 

Ex.  1.  Find  the  locus  of  the  normals  to  a  conicoid  at  points  of  a 
given  generator. 

Taking  axes  as  above,  the  equations  to  the  normal  at  (04  0,  0)  are 

'-— — =-^  =  -.     The  locus  of  the  normals  is  therefore  the  hvperbolic 
0        ho.     ic  Jtf 

paraboloid  whose  equation  is  hxz = wy.    It  has  OX  and  OZ  as  generators, 

and  its  vertex  at  the  origin. 

Ex.  2.  The  anharmouic  ratio  of  four  tangent  planes  through  the 
same  generator  is  the  anharmonic  ratio  of  their  points  of  contact. 

The  tangent  plane  at  (a^.,  0, 0)  is  /cCLri/  +  icz=0,  whence,  by  §  38.  Ex.  4, 
the  anharmonic  ratio  of  the  planes  is 

(04-04)  (0.3-0.4) 

(«3-  «4)(o4  -°4)' 
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Ex.  3.     Four  fixed  generatoi  soft] 
of  the  opposite  system  in  a  range  oi  constant  anbai  m<  i 

Ex.4.  Find  the  locus  of  the  perpendicnlan  from  a  point  on  a 
hyperboloid  to  the  generators  of  one  -\  stem. 

Take  O,  the  point,  as  origin,  and  a  generatoi  through  O  ;i-  OX. 
Take  the  normal  at  O  as  OZ,  then  XOY  is  the  tangent  plant-  at  O. 
The  equation  to  the  hyperboloid  is 

In/-  +  ci-  +  2///Z  +  %gzx  +  2hxy  +  2wz  =  0. 

The  systems  of  generators  are  given  by 

A?/  =  z,     (by  +  2kx)  +  A (ez  +  2g:>  +  2fy  +  2 w)  =  0  ; 

?/  =  ji(cz  +  2gx  +  2fy  +  2w),     z  +  p.(by  +  2A  0=0. 

The  locus  of  the  perpendiculars  to  the  generators  of  the  A -system  is 
the  cubic  cone 

.v(c22  +  %fyz  +  by*)  -  2  (.y2  +  z2)(hy  +gz)  =  0. 

*114.  The  central  point  and  parameter  of  distribution. 

Taking  the  axes  indicated  in  §113   the   equation  to  the 

conicoid  is       7    ..  ,      „  ,  0 r      .  0,       .  0         n 
/>//-  +  cz-  +  2/yz  +  2/ta  y  4-  "wz  =  0. 

The  equations  to  the  system  of  generators  to  which 
OX  belongs  are 

y=M2fy+cz+2w),    z+\(2kx+by)*=0, 

OX    being    given    by    X  =  0.     The    direction-cosines    of    a 
generator  of  this  system  are  proportional  to 

bcX2-2f\  +  l,     -2rh\-,     •2h\(2fX-l), 

and  therefore  the  shortest  distance  between  this  generator 
and  OX  has  direction-cosines  proportional  to 

0,     2/A-l,     cX. 
Hence  the  limiting  position  of  the  shortest  distance,  as  X 
tends  to  zero,  is  parallel  to  OY.     Again,  any  plane  through 
the  generator  is  given  by 

y  (2  A  - 1 )  +  cXz  +  2ivX  -  k  { 2Kkx  +  bXy  + : }  =  0. 
This  plane  meets  OX  where  x=w/hk.     It  contains  the 
S.D.  if  (2/\_l)i2/\-l  -/;/,\)  +  r\vr\-/,  )  =  0, 

i.e.  if  fc=;       ■ 

(c— 6)A 

squares  and  higher  powers  of  X  being  rejected. 
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Therefore  the  s.D.  meets  OX  where 

w(c  —  b)\ 


x  = 


7K1-4/A)* 

Since  x  tends  to  zero  with  X,  the  limiting  position  of  the 
s.D.  is  OY.  Hence  the  central  point  of  a  given  generator  is 
the  point  of  intersection  of  the  generator  and  the  shortest 
distance  between  it  and  a  consecutive  generator  of  the 
same  system. 

The  equation  y  =  \(2fy-\-cz  +  2w)  represents  the  plane 
through  the  X-generator  parallel  to  OX.  Therefore  the 
shortest  distance,  S,  is  given  by 

2wX 

s=ja-2fxy+cw=2wX 

rejecting  X2,  etc. 

Again,  if  6  is  the  angle  between  the  generator  and  OX, 

a  6cX2-2/X  +  l 

COS  u  =  

J  (bc\2  -  2/X  + 1  )2 + 4c2/i2X4 + 4A,2X2( 2/X  - 1 )2' 
whence,  if  X2  and  higher  powers  be  rejected, 

6  =  2h\. 

The  limit  of  the  ratio  S/6,  as  X  tends  to  zero,  is  called 
the  parameter  of  distribution  of  the  generator  OX.  Denoting 
it  by  p,  we  have  2w\     w 


£>  =  Lt 


2h\     h' 


Cor.       If  O  is  the  central  point  and  the  tangent  planes  at 
A  and  A'  are  at  right  angles,  OA  .  OA'  =  —  p2. 

Ex.  1.     If  the  generator  "  9 "  of  the  hyperboloid 


•2 


x'     y 

a2     b2     c 


i  x  —  a  cos  <b    y  —  b  sin  d>      z 

is  given  by  : — TJ-= - — t ■£-= — ■> 

a  sin  9         —  6  cos  9      —  c 

and  9  is  the  angle  between  the  generators  "9"  and  "9X,"  prove  that 

•  '/a  _  a2b2  sin2(4>  —  4>x)  +  a2c2(sin  9  —  sin  <£j)2  +  62c2(cos  9  —  cos  91)2 
Sm  U~  (a2sin29  +  b2 cos29  +  c2) (a2 sin2^  +  b2 cos2^  +  c2)  ' 

,    ,    n         t1    ,     dd     (a262+62c2sin2<i  +  c2a2cos2<i)? 

and  deduce  that     -j-r  =  - .  ; — „         9        • 

0(9  a1  smzcf>  +  0 J  cos-9  +  c J 
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Ex.  2.     Prove  thai  the  shortest  distance,  $  .  th<  genei 

" <l>:'  and  "</>,"  is  given  by 


2«ocsin  — s — 


0  =  ' 


iii  l      j         "'"  "'"' 

and  deduce  tnat 


^    (a26-  +  6  V  sin-'c/,  +  <?d?oo&4>)  * 
Ex.  3.    Prove  that  the  parameter  of  distribution  for  the  generator 
V     '  abc(a2sin2<f)  +  b2cos2<fi  +  c2) 

a2b2 + b2c2  sin2<£  +  c2a?  tos'(f> 

Ex.  4.     If  D  is  the  distance  of  any  generator  of  the  hyperboloid 

a2     b2     c2 
from  the  centre,  and  p  is  its  parameter  of  distribution,  D2p  =  abc. 

Ex.  5.     Find  the  coordinates  of  the  central  point  of  the  generator 

"  (/>." 

The  equation  to  the  plane  through  the  generator  "<£"  parallel  to 
the  generator  "  <b"  is 

-  sin      ^      -V cos      a      +  ~ cos      ~      +sin  r  a    '  =0. 
a  2         b  2  c  2  2 

Whence  the  direction-cosines  of  the  s.d.  between  the  generator  "</>:' 
and  a  consecutive  generator  of  the  same  system  are  proportional  to 

-  sm  d>,      —  t  cos  <p,     -. 

The  coordinates  of  any  point,  O,  on  the  generator  are 

«(cos  </>  -  k sin  <f>),     ?>(sin  <£  +  /■  cos  (£),     ct. 

If  O  is  the  central  point  the  normal  at  O  is  perpendicular  to  the 
s.d.  between  the  generator  and  a  consecutive  generator  of  the  same 
system.     Hence  we  find 

c2(b2  —  «2)sin  <f>  cos  (f> 


crb1  +  b2c2  sin-'<£  +  c2a2  cos2<f> 

and  the  coordinates  of  the  central  point  are  given  by 

■r y £ 

a3(62+c2)cos  (f>  ~  b3(c2  +  <r)sin  $     c3^2  -  «2)sin  <£  cos  <£ 

1 


a262  +  b2c2  sin2c£  +  ra2  eos'-'<£' 

Ex.  6.     Find  the  locus  of  the  central  points  of  the  generators  of 
the  hyperboloid. 

The  equation  to  a  surface  containing  the  central  points  is  obtained 
by  eliminating  <j>  between  the  equations  for  the  coordinates.     It  is 

a6  ¥'  r6 

^  +  c^  +  ^{ci  +  a2y-^{b2-a-Y  =  0. 
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Ex.  7.     For  the  generator  of  the  paraboloid  -|— ^§=22  given  by 

V      V  X      V       z 

-  —  t=2A,   ~~+y=yj    prove  that   the   parameter   of   distribution   is 

g6(g2  +  6S  +  4A2),  and  that  the  central  point  is 

/  2a3 A       -2&3A     2(a2-fe2)A2\ 

W  +  fc2'     a-'+i2'        a2  +  b2     /" 
Prove  also  that  the  central  points  of  the  systems  of  generators  lie  on 
the  planes  ^±^=0. 

Ex.  8.  If  G  is  a  given  generator  of  a  hyperboloid.  prove  that  the 
tangent  plane  at  the  central  point  of  G  is  perpendicular  to  the  tangent 
plane  to  the  asymptotic  cone  whose  generator  of  contact  is  parallel 
toG. 

Ex.  9.  A  pair  of  planes  through  a  given  generator  of  a  hyper- 
boloid  touch  the  surface  at  points  A  and  B,  and  contain  the  normals 
at  points  A'  and  B'  of  the  generator.     If  6  is  the  angle  between  them, 

prove  that  tan20=  —  .  „>    A/r-»- 
r  AB  . A  B 

Ex.  10.  If  the  tangent  plane  at  a  point  P  of  a  generator,  central 
point  O,  makes  an  angle  0  with  the  tangent  plane  at  O.  pt&n  #=OP, 
where  p  is  the  parameter  of  distribution. 


*  Examples  VI. 

1.  Prove  that  the  line  lx+mi/+nz+p=0,  l'x+m'y+n'z+p'=0  is  a 
generator  of  the  hyperboloid  a?/a+y2jb+#fc=l  if  al2  +  bni2  +  cn2—p2, 
al  '2  +  bm"2 + en'2  =p'2,  and  all'  +  bmm'  +  cnn'=pp'. 

2.  Shew  that  the  equations 

y-kz  +  \  +  l  =  0,     (A  +  l).r+j/  +  A  =  0 

represent  for  different  values  of  A  generators  of  one  system  of  the 
hyperboloid  i/z+zx+xy +  1  =  0,  and  find  the  equations  to  generators 
of  the  other  system. 

x2     y2     z2 

3.  Tangent  planes  to  — +V9 — 2=1>  which  are  parallel  to  tangent 
planes  to  a      b~     c" 

b2c2x2     c2ahj2     a2W-z2  _ 
J^¥+c2^a2+a2+b2~0, 

cut  the  surface  in  perpendicular  generators. 

4.  The  shortest  distances  between  generators  of  the  same  system 
drawn  at  the  ends  of  diameters  of  the  principal  elliptic  section  of  the 

hyperboloid  -^'p--^!  ^e  on  ^ne  surfaces  whose  equations  are 

easy    _         abz 

x2tf~±W^W 
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5.  Shew  that  the  In  tance  of  any  two  perpendicalai 
members  of  thai  system  of  generators  of  the  paraboloid  y(a 

which  is  perpendicular  to  the  y-axis,  liei  in  th 

6.  Prove  that  any  point  on  the  line 

./:+  I  =  /!//  =-(/;.+  !)•. 

lies  on  the  surface  yz  +  -':  +  ■>.'/+//  +  J=0, 

and  find  equations  to  determine  the  other  system  of  lines  which  li»-> 
on  the  surface. 

7.  The  four  conicoids,  each  of  which  passes  through  three  of  four 
given  non-intersecting  linos,  have  two  common  generator-. 

8.  Prove  that  the  equation  to  the  conicoid  through  the  lii 

u  =  0  =  v,     u'  =  0  =  v', 

Am  +  fxv  +  A  V  +  \)'.c  =  0  =  lu  +  mv  + 1'  a'  +  m'c' 

kic  +  ixv  _  lu  +  mv 

A  V  +  fiv'    l'v!  +  m'v' 

9.  ABC,  A'B'C  are  two  given  triangles.  P  moves  so  that  the  lines 
through  P  which  meet  the  pairs  of  corresponding  sides  AB.  A'B'  : 
BC,  B'C  ;  CA,  C'A'  are  coplanar.  Prove  that  the  locus  of  P  is  thf 
hyperboloid  through  AA',  BB',  and  CC 

10.  If  from  a  fixed  point  on  a  hyperboloid  lines  are  drawn  to 
intersect  the  diagonals  of  the  quadrilaterals  formed  by  two  fixed  and 
two  variable  generators,  these  lines  are  coplanar. 

11.  Through  a  variable  generator 

x—y  =  X,    x+>/  =  2:  A 

of  the  paraboloid  .r2  — y2=2z  a  plane  is  drawn  making  a  constant 
angle  a.  with  the  plane  x=y.  Find  the  locus  of  the  point  at  which 
it  touches  the  paraboloid. 

12.  Prove  that  the  locus  of  the  line  of  intersection  of  two  perpen- 
dicular planes  which  pass  through  two  fixed  non-intersecting  lines  is 
a  hyperboloid  whose  central  circular  sections  are  perpendicular  to  the 
lines  and  have  their  diameters  equal  to  their  shortest  distance. 

13.  Prove  that  if  the  generators  of  '—,+y., -\  =  1  be  drawn  through 
the  points  where  it  is  met  by  a  tangent  to 

—o      •**     ■    yl    -  l 

8     U'    a->(«-'  +  c2)'+"62(62  +  t•-)_o•-'  +  6-, 

they  form  a  skew  quadrilateral  with  two  opposite  angles  right  angles, 
and  the  other  diagonal  of  which  is  a  generator  of  the  cylinder 

a2  b- 

14.  The  normals  to  '—+',.,- "o  =  l   at  points  of  a  generator  meet 

<t-     b-    cz  r 

the  plane  ,-  =  0  at  points  lying  on  a  straight  line,  and  for  different 
generators  of  the  same  system  this  line  touches  a  fixod  conic. 
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15.  Prove  that  the  generators  of  ax2 + by2  +  cz2—l  through  (xx ,  yx ,  zx), 
(x2,  y2,  z2)  lie  in  the  planes 

(axxx2  +  byxy2-\-czxz2  —  l)(ax2+by2+cz2-  1) 

—  2  (axxx  +  byyx  +  czzx  - 1)  (axx2  +  byy2  +  czz2  -  1 ). 

16.  The  generators  through  points  on  the  principal  elliptic  section 
of  -2+^2_^2=1j  such  that  the  eccentric  angle  of  the  one  is  double  the 
eccentric  angle  of  the  other,  intersect  on  the  curves  given  by 

17.  The  planes  of  triangles  which  have  a  fixed  centre  of  gravity 
and  have  their  vertices  on  three  given  straight  lines  which  are  parallel 
to  the  same  plane,  touch  a  cone  of  the  second  degree,  and  their  sides 
are  generators  of  three  paraboloids. 

18.  The  cubic  curve 

111 

y- 


"~A-ol'     y~\-P     "~X-y 

meets  the  conicoid  ax2  +  by2  +  cz2  =  1  in  six  points,  and  the  normals  at 
these  points  are  generators  of  the  hyperboloid 

ayz($  -  y)  4-  bzx(y  -  a)  +  cxy(<x  -  fi)+x(b  -  c)  +y(c  -a)  +  z(a  -b)  =  0. 

19.  Prove  that  the  locus  of  a  point  whose  distances  from  two  given 
lines  are  in  a  constant  ratio  is  a  hyperboloid  of  one  sheet,  and  that 
the  projections  of  the  lines  on  the  tangent  plane  at  the  point  where 
it  meets  the  shortest  distance  form  a  harmonic  pencil  with  the 
generators  through  the  point. 

20.  The  generators  through   P   on  the  hyperboloid  ^2  +  ^2-^2  =  1 

meet  the  plane  z=0  in  A  and  B.  If  PA  :  PB  is  constant,  find  the 
locus  of  P. 

21.  If  the  median  of  the  triangle  PAB  in  the  last  example  is 
parallel  to  the  fixed  plane  clx  +  j3y  +  yz=0,  shew  that  P  lies  on  the 

surface  z(oLX  +  (3y)  +  y(c2  +  z2)  =  0. 

22.  If  A  and  B  are  the  extremities  of  conjugate  diameters  of  the 
principal  elliptic  section,  prove  that  the  median  through  P  of 
the  triangle  PAB  lies  on  the  cone 

2x2    2,y2 
a2       b2 

23.  A  and  B  are  the  extremities  of  the  axes  of  the  principal  elliptic 

section  of  the  hyperboloid  — 2  +  T2-~2=i>  and  T  is  any  line  in  the  plane 

of  the  section.  Gl5  G2  are  generators  of  the  same  system,  Gx  passing 
through  A  and  G2  through  B.  Two  hyperboloids  are  drawn,  one 
through  T,  Gl5  OZ,  the  other  through  T,  G2,  OZ.  Shew  that  he 
other  common  generators  of  these  hyperboloids  lie  on  the  surface 

^.4.y2.j.-f^.--A---y=a 

a2  +  b2±c\a     b)     a     b 


<-*-G+0- 
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24.  Prove  that  the   borte  I  di  tance    betweei  bhegeneratoi 

x  v 

cos  a  -.sm '/.,     ,  '/., 

and  the  other  generators  of  the  same  system,  meet  the  generators  in 
points  lying  in  the  plane 

a  ii  <■ 

25.  If  the  generators  through  P,  a  point  on  the  hyperboloid 

•'■'- ,.'/-_^    , 

a2+62      c2-'» 

whose  centre  is  O,  meet  the  plane  z—0  in  A  and  B,  and  the  volume  of 
the  tetrahedron  OAPB  is  constant  and  equal  to  abejd,  P  lies  on  one 
of  the  planes  z  =  ±c. 
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CHAPTER  X. 

CONFOCAL  CONICOIDS. 

115.   Confocal  conicoids   are  conicoids  whose  principal 
sections  have  the  same  foci.     Thus  the  equation 

x2  y%  z2, 

-   '■  -"  -+- 


represents,  for  any  value  of  A.,  a  conicoid  confocal  with 

a2-t-fe2-1-c2--lS 

since  the  sections  of  the  conicoids  by  the  planes  YOZ,  ZOX, 
XOY  are  confocal  conies.  Again,  if  arbitrary  values  are 
assigned  to  a  in  the  equation 

^j t_ ■      z2     _-, 

"I"  „j  9,         „9.         X ' 


ol2  oc2  —  b2  oc2  —  c2 
b  and  c  being  constants,  we  obtain  the  equations  to  a 
system  of  confocal  conicoids.  If  this  form  of  equation  be 
chosen  to  represent  a  confocal  a.  is  called  the  primary  semi- 
axis. 

The  sections  of  the  paraboloids 


a2-\  '  b2-X 

by  the  planes  YOZ,  ZOX,  consist  of  confocal  parabolas,  and 
hence  the  paraboloids  are  confocal. 

116.  The  three  confocals  through  a  point.  Through 
any  point  there  pass  three  conicoids  confocal  with  a  given 
ellipsoid, — an  ellipsoid,  a  hyperboloid  of  one  sheet,  and  a 
hyperboloid  of  two  sheets. 
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The   equation      -/_x +/-.'L\+r--ilx  =  ]    n'1"'' •  n,~    iiny 

conicoid  coni'ocal  with  the  ellipsoid  '  .,  +  ', .,+  '.,=  1.  U  the 
con  focal  passes  through  (</.,  fi,  y), 

«.2     ,     (?  y2       , 

or    /(X)s(a2-X)(62-X)(c2-X)-a2(68-X)((?-X) 

-  /32(c2  -  X)(a2  -  X)  -  y2(«2  -  X)(62  -  X )  =  0. 

This  cubic  equation  in  X  gives  the  parameters  of  three 
confocals  which  pass  through  (a,  (3,  y).  Suppose  that 
a  >  b  >  c.     When 

X  =     oo ,     a2,      62,      c2,     —  oo , 
/(X)is     -,     -,     +  ,     -,         +  . 
Hence  the  equation  /'(X)  =  0  has  three  real  roots  \,  X2,  X3 
such  that  a2  >  Xx  >  62  >  X2  >  c2  >  X3. 

Therefore  the  confocal  is  a  hyperboloid  of  two  sheets,  a 
hyperboloid  of  one  sheet,  or  an  ellipsoid,  according  as 
X  =  XX,  X2,  or  X3. 

As  X  tends  to  c2  the  confocal  ellipsoid  tends  to  coincide 
with  that  part  of  the  plane  XOY  enclosed  within  the  ellipse 

z  =  0,   -g g  +  ^2 — 2  ~  * >    and  ^ne  confocal  hyperboloid  of 

one  sheet  tends  to  coincide  with  that  part  of  the  plane 
which  lies  without  the  ellipse.  As  X  tends  to  62  the  con- 
focal hyperboloid  of  one  sheet  tends  to  coincide  with  that 
part  of  the  plane  ZOX  which  lies  between  the  two  branches 

x2  z2 

of  the  hyperbola  y  =  0,  -g — ^  +  8_,a  =  1 ;  and  the  confocal 

hyperboloid  of  two  sheets  tends  to  coincide  with  the  two 
portions  of  the  plane  which  are  enclosed  by  the  two  branches 
of  the  hyperbola.  If  X  =  a2,  the  confocal  is  imaginary.  The 
above  ellipse  and  hyperbola  are  called  the  focal  conies. 

Ex.  1.     Three  paraboloids  confocal  with  a  given  paraboloid  pass 
through  a  given  point,— two  elliptic  and  one  hyperbolic. 
B.G.  M 
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Ex.  2.     Prove  that  the  equation  to  the  confocal  through  the  point 
of  the  focal  ellipse  whose  eccentric  angle  is  a.  is 

^ .V2  ,  =1 

{a2  -  b2)  cos2a.    (a2  -  b2)  sin2a.    c2  -  a2  sin2a.  -  b2  cos2a. 

Ex.  3.     Prove  that  the  equation  to  the  confocal  which  has  a  system 
of  circular  sections  parallel  to  the  plane  x=y  is 

x2  y2  ^ 1 

(c2-a2)(a2-62)  +  (62-c2)(a2-62)  ~  2  (b2  -  c2)(c2  -  a2)  ~  2c2  -  a2  -  ft2" 

117.    Elliptic  coordinates.     Since  A1?  A2,  A3  are  the  roots 
of  the  equation  /(A)  =  0, 

Ax)=-(X-Xi)(x-xB)(x-v 

Therefore 

1    _a?_     _j^_    _rL  =  __      /(A) 

_  -(A-A1)(A-A2)(A-A3) 
~    (a2-A)(62-A)(c2-A)  ' 

Hence,  by  the  rule  for  partial  fractions, 

_.,     (gZ-\)(a*-\)(a*-\3)      /,2_(&2-X1)(&2-X2)(62-A3) 

a   -  (&2_a2)(c2_a2)  '       P    "  (c8-&2)(a2-&«) 

V  -  (a? -#)(&-<?)  ' 
These  express  the  coordinates  a,  /3,  y  of  a  point  P,  in 
terms  of  the  parameters  of  the  confocals  of  a  given  conicoid 
that  pass  through  P ;  and  if  the  parameters  are  given,  and 
the  octant  in  which  P  lies  is  known,  the  position  of  P  is 
uniquely  determined.  Hence  A^  A2,  A3  are  called  the 
elliptic  coordinates  of  P  with  reference  to  the  fundamental 
conicoid  x2/a2 + y2/b2  +  z2/c2  =  1. 

Ex.  1.     If  «1}  a2>  a3  are  ^ne  primary  semi-axes  of  the  confocals  to 
x2ja2 +y2jb2  +  z2Jc2  =  1  which  pass  through  a  point  (<x,  /3,  y), 


~(b2-a2)(c2-a2y 
R9    (b2  -a2  +  ai2)(b2  -  a2  +  a22)(&2  -  a2  +  %2) 

P   ~  (C2_&2)(a2_&2)  » 

2  _  (c2  -  a2 + aj2)  (c2  —  a2 + a22)  (c2  -  a2  +  a32) 
?  ~  {a?-c2){b2-c2)  ' 
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Ex.  2.     \V'li;ii    loci  are   represented  by  the  equation*   in  elliptic 
coordinates, 

(i)  A,  +  \g+ A3— constant, 

(ii)  AvA:i+ A-.A,  +  A1A2  =  constant, 
(iii)  A1A2A3=con8tan1  ) 
Ex.3.     If  A|,  A2,  A.j  are  the  parameters  of  the  paraboloids   con- 
focal  to  —+i  =2;  which  pass  through  the  point  («.,  fj,  7),  prove  that 

(a-AtXa-AgXa-Aa)     m_(b-  A,)(6-  A2)(&-  A3) 
a'-~  6-a  -'  /^—       — ^Tft ' 

_  A,  +  A2  +  A3  —  a  —  6 
7—       — g  • 

118.  Confocals  cut  at  right  angles.    TAe  tangent  planes 
to  two  confocals  at  any  common  point  are  at  right  angles. 

Let  {xv  yv  zx)  be  a  point  common  to  the  confocals  to 

x2     >r     z2 

-^+jt>  +  —>  =  1,  whose  parameters  are  \  and  A2. 

Then  _J^+^iL  +  _:£iL  =  l 

and  "L-.+  JL+    «L_=L 

a2-A2     6--A.2     c2— X2 

Tlierefore,  subtracting, 

#  2  ^2  ^2 

(a2-Xy(a2-X2)+(62-X1)1(68-X2)+(c2-X1)1(c2--X2)=0, 

and    this    is    the    condition    that    the    tangent    planes    at 
(xv  yv  zx)  to  the  confocals  should  be  at  right  angles. 

Cor.     The  tangent  planes  at  a  point  to  the  three  con- 
focals which  pass  through  it  are  mutually  perpendicular. 

119.  Confocal  touching  given  plane.    One  con  icoid  con- 

focal  with  a  given  conicoid  touches  a  given  plane. 

For  the  condition  that  the  plane  Lv  +  m  y  +  n:  =  />  should 
touch  the  conicoid 

X2  V2  Z2 

tf-X  +  P-X  +  C*-A       L> 

viz.,    p8==(a2_X)22+(62-X)m2+(c2-X)»21 

determines  one  value  of  A. 
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Ex.  1.  A  given  plane  and  the  parallel  tangent  plane  to  a  conicoid 
are  at  distances  p  and  p0  from  the  centre.  Prove  that  the  parameter 
of  the  confocal  conicoid  which  touches  the  plane  is  p02  —  p2. 

Ex.  2.  Prove  that  the  pei'pendiculars  from  the  origin  to  the  tangent 
planes  to  the  ellipsoid  which  touch  it  along  its  curve  of  intersection 
with  the  confocal  whose  parameter  is  A  lie  on  the  cone 

rt2r&  \p"ip>  C2Z2 


a2-A    62-A  '  c2-A 

120.  Confocals  touching  given  line.  Two  conicoids 
confocal  with  a  given  conicoid  touch  a  given  line  and  the 
tangent  planes  at  the  points  of  contact  are  at  right  angles. 

The  condition  that  the  line  — j —  =  - — —  = ^  should 

touch  the  conicoid 

x2  yi  z% 

"•"7,2         \  "T"  „-2        "\    —  1> 


VIZ. 


a2-A^62-A^c2-A 

/    P  m2  n*   V    a2  /32  y2         \ 

\a2-A^62-A"t"c2-A/\a2-A_h62-A^c2-A      / 
_/   od         (3m        yn  \2 


>2 


^    (fin  —  ymf  I2  m2         w 

OT'  Z(62-A)(c2-A)~^2^A  +  62^A+?^A' 

gives  two  values  of  A. 

Let  the  equations  to  the  two  confocals  be 

a2-A1  +  62-A1+c2-A1       '  K  } 

and  let  the  line  touch  the  first  at  P,  (xx,  y1}  zx)  and  the 
second  at  Q,  (x2,  y2,  zz).  Then,  since  PQ  lies  in  the  tangent 
planes  to  the  confocals  at  P  and  Q, 

a2-Ai     62-Ai     c*-\~l   anQ   a2-A2fP^r2+c2-A2" 
Therefore,  subtracting, 

^1^2 | 2/l2/2 i glZ2 _n 

(«2-A1)(a2-A2)i'(62-A1)(62-A2)'+"(C2-A1)(C2-A2)       ' 
which  is  the  condition  that  the  tangent  planes  should  be  at 
right  angles. 
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121.  Parameters  of  confocals  through  a  point  on  a 
conicoid.  If  p  is  a  point  on  a  central  conicoid,  the 
parameters  of  the  lu-o  con  focal*  <>f  the  conicoid  which 
pass  through  p  are  equal  to  the  squares  oftfu  lemi 
of  the  central  section  of  me  conicoid  which  is  parallel  to 
the  tangent  plane  at  P,  and  the  normals  to  the  confocals 
at  P  are  parallel  to  the  axes. 

Let  p, (.',,  •//,,  :,)  lie  on  the  conicoid -g+Ts+a—  '■    Then 

the  parameters  of  the  eoni'ocals  through  P  are  given  by  the 
equation 

ai-.\  +  o*-\+c*-\~        a-      \r  +  c2' 

or  ^        I       tf      +—i_=0 

a2(a2-X)  W/2(62-Xr  o2(c2-X) 

But  tlie  squares  of  the  semi-axes  of  the  section  of  fche 

OCOC       111  J       %z 

conicoid  by  the  plane     2X+  /^ -\ — ^  =  0  are  given  by,  (§  86), 

/v»  2  vj  i  2  ^-2 


I    7,9/1.9         „9\    I     _«/_«         „9\         v" 


a2(a2-r2)^62(62-r2)  '  c^-i3) 
Therefore  the  values  of  X  are  the  values  of  r2.     Again, 
the    direction-cosines    of   the    semi-axis   of   length    /•    are 
given  by  j^      ^^     ^^ 

xi  Vi  zi 


a1  —  r2     62  —  r2     c2  —  r- 
and  therefore  the  axis  is  parallel  to  the  normal  at  {xly  yx,  zt) 
to  the  con  focal  whose  parameter  is  equal  to  r2. 

122.  Locus  of  poles  of  plane  with  respect  to  confocals. 
The  locus  of  the  poles  of  a  given  plane  with  respect  to  the 
conicoids  eonfocal  with  a  given  conicoid  is  the  normal 
to  the  plane  at  the  point  of  contact  with  that  eonfocal 
which  touches  it. 

Let  a  eonfocal  be  represented  by 

x     i  JL_,  _£__i 

a2-Xi"62-X+c2-X~   ' 
and  the  given  plane  by     Ix  +  m y  -\-nz— 1, 
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Then,  if  (£  r\,  £)  is  the  pole  of  the  plane  with  respect  to 
the  confocal, 

7_     €  n  I 

L-^\>  m-W^x'  n~*=\- 

Whence  f  —  a?  =  —  —  62  =  ^  —  c2. 

L  m  n 

Therefore  the  locus  of  (£  tj,  £)  is  a  straight  line  at  right 
angles  to  the  given  plane.  Again,  the  pole  of  the  plane 
with  respect  to  that  confocal  which  touches  it  is  the  point 
of  contact.  Hence  the  point  of  contact  is  on  the  locus, 
which  is  therefore  the  normal  to  the  plane  at  the  point  of 
contact. 

123.  Normals  to  the  three  confocals  through  a  point. 

Three  conicoids  confocal  with  a  given  conicoid 

_.9.~r  to  T"    o  —  J-i 


Fig.  47. 


pass  through  a  given  point  P,  and  PQ,  PR,  PS,  the  normals 
at  P  to  the  confocals,  meet  the  polar  plane  of  P  with  respect 
to  the  given  conicoid  in  Q,  R,  S.  To  prove  that 
PQ  =  X1/p1,  PR  =  \,fp2,  PS  =  \3/p3, 
where  pv  pz,  p3  are  the  perpendiculars  from  the  centre  to 
the  tangent  planes  at  P  to  the  confocals,  and  \,  A2,  X3  are 
the  parameters  of  the  confocals. 
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If  the  coordinates  of  P,  (fig.  47),  are  (a,  j9,  y)  the  equal  iona 

toPQare  x-.(JL_y-.fj      z-y 

V\<*-  ~  /'iff  "  Vxj         }' 

a2  —  \     b2  —  Xt     e2  —  Xj 
Hence,  if  PQ  =  r,  the  coordinates  of  Q  are 

■4+aey.  K»+ifiy  v(i+^> 

But  Q  is  on  the  polar  plane  of  P,  and  therefore 

-'   «-2     ,     ff     ,     V2 

Rearranging,  this  becomes 

f  r/2  /9'2  2  ^ 

^ir"Ai>\tt8(a*_X1)  +  62(62-X1)  +  ci(?-X1)/  =  a 
Therefore  r  =  \/pv     Similarly,  PR  =  X2/^.2  and  PS=Xa/ps. 

124.  T/ie  tetrahedron  PQRS  is  self-polar  ivith  respect  to 
the  given  conicoid. 

Substituting   Xx   for  ^r,   the  coordinates  of  Q   become 

-5 — —j  ,.,  .  >  „  \  .  Whence  the  polar  plane  of  Q  with 
a2  —  AT    62  —  Ax    c2  —  Xx  L  r 

respect  to  the  conicoid 

aj2/a2+2/2/&2+02/c2*=l 

,  ocsc  /5-?y  yz        , 

13glVe„by  -^-+^+-£-  =  1, 

and  therefore  is  the  tangent  plane  at  P  to  the  con  focal 
whose  parameter  is  Xl3  or  is  the  plane  PRS.  Similarly,  the 
polar  planes  of  R  and  S  are  the  planes  PQS,  PQR,  and,  by 
hypothesis,  the  polar  plane  of  P  is  the  plane  QRS. 

125.  Axes  of  enveloping  cone.  The  normals  to  the 
three  confocals  through  P  are  the  agues  of  the  enveloping 
cone  whose  vertex  is  P. 

Since  the  tetrahedron  PQRS  is  self-polar  with  respect  to 
the  conicoid,  the  triangle  QRS  is  self-polar  with  respect 
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to  the  common  section  of  the  conicoid  and  enveloping  cone 
by  the  plane  QRS.  Therefore,  (§  78),  PQ,  PR,  PS  are 
conjugate  diameters  of  the  cone,  and  being  mutually  per- 
pendicular, are  the  principal  axes. 

126.  Equation  to  enveloping"  cone.  To  find  the  equa- 
tion to  the  enveloping  cone  whose  vertex  is  P  referred  to 
its  principal  axes. 

The  equation  will  be  of  the  form  Ax1  +  By-  +  Cz2  =  0. 
Since  the  tangent  planes  at  P  to  the  confocals  are  the 
coordinate  planes,  C,  the  centre  of  the  given  conicoid,  is 

(Vi>  Pi>  Ps)>  and  the  equations  to  PC  are  %/p1  =  y/p2  =  z/2h- 
But  the  centre  of  the  section  of  the  cone  or  conicoid  by 
the  plane  QRS  lies  on  PC.  and  therefore  its  coordinates 
are  of  the  form  kp1}  kp.2,  kps,  and  the  equation  to  the  plane 
QRS  is,  (§  71), 

(x  -  kp1)Ap1 +(y-  kp.2)Bp2 +(z-  kp3)Cps  =  0. 
By  §  1 23,  the  plane  QRS  makes  intercepts   \Jpv  XJlh' 
\Jp3  on  the  axes,  and  therefore  its  equation  is  also 

Aj         A2        A3 
Therefore  A.=^-  =  ^-, 

and  the  equation  to  the  cone  is 

127.  Equation  to  conicoid.  To  find  the  equation  to  the 
given  conicoid  referred  to  the  normals  to  the  confocals 
through  P  as  coordinate  axes. 

The  equation  will  be  of  the  form 

f+t+^ktm+m+m^y a]; 

Ax      A2      A3  \  Aj         A2        A3  / 

The  centre  C,  (pv  p2,  p3)  bisects  all  chords  through  it. 
The  equations  to  the  chord  parallel  to  OX  are 

x-Pi_y-P-2_z-Ps 


10  0 


(=*-), 
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and  hence  the  equation  obtained  by  substituting  j>j+ 

/>.,  tor  x,  y,  z,  in  (1),  viz., 

(^+^)2|/>;-|rv_/;/7V/M4-r)|/>,2|/>     ]  I 

Aj  A.>       A.j         (.        Aj  A..      A3         J 

bakes  the  form  LrJ  +  M  =  0.    Therefore 

19  O 

k     Aj      A2      A3 
and  the  equation  to  the  conicoid  is 


Ex.  1.     If  A  and  fx.  are  the  parameters  of  the  confocal  hyperboloids 
through  a  point  P  on  the  ellipsoid 

.'•'-'  «-  +  >/-  /:>-  +  :-  r-  =  \, 

prove  that  the  perpendicular  from  the  centre  to  the  tangent  plane 

at  P  to  the  ellipsoid  is  .     Prove  also  that  the  perpendiculars  to 

vA/z 
the  tangent  planes  to  the  hyperboloids  are 

/(«2-a)(^-a)7^a)    A/vZESE3EZ3 

\  X(X-lx)  '      V  /»(/*- A) 

Ex.  2.     If  A,,  A2,  A3  are  the  parameters  of  the  three  confocals  to 
.r2/"2 +y-jb-  +  z-  c-  =  1 
that  pass  through  P,  prove  that  the  perpendiculars  from  the  centre  to 
the  tangent  plane  at  P  are 


\ 


(^-A,)(o--A1)(<---A1) 
(A2-A,)(A3-A1)       ' 


Ex.  3.  If  aj,  6P  Cj  ;  a..,  6.,,  c2 ;  a-,  b3,  c3  are  the  axes  of  the 
confocals  to  o       •■>       g 

— +  '4  +  -  =  l 
«.-     /?-     y- 

which  pass  through  a  point  (x,  y,  .),  and  Pi<  p:.  ffc  are  the  perpen- 
diculars from  the  centre  to  the  tangent  planes  to  the  confocals  at  the 
point,  prove  that 

.v-  +  i/-  + :-  =  cv  +  b.;-  +  c,-\    ^s+^j  +^r*  =  1, 

*  *  rt,"  (To"  Oj? 

•    Pi3  t ,     /v   t ,     /V       T  =  «■-#->" 

Oj8— a?    <r.,-  — a.-    Oj8— a.8          (fj-  -  o.'-"U".."-  o.'-")(".r  —  **) 

Ex.  4.  If  (V  6|,  Cj  ;  a,,  b,<  Co;  a3,  63,  c.,  are  the  axes  of  the 
confocals  to  a  given  conicoid  through  P,  show  that  the  equations, 
referred  to  the  normals  at  P  to  the  confocals.  of  the  cones  with  P 
as  vertex  and  the  focal  conies  as  bases,  are 

o+£i+o=°i    — +^.+— =0. 

(>r     o2-    o3-  c,-     c._.-     c3- 
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Ex.  5.  Prove  that  the  direction-cosines  of  the  four  common 
generators  of  the  cones  satisfy  the  equations 

I2  m2  n2 

V\\<*>x  ~P22/«22  ~PiKl ' 
(The  intercepts  on  these  generators  by  the  ellipsoid  are  called  the 
bifocal  chords  of  the  ellipsoid  through  the  point  P.) 

Ex.  6.     Prove  that  the  bifocal  chords  of  the  ellipsoid 

a1     b2      c2 
through  a  point  P  on  the  surface  lie  on  a  right  circular  cone  whose 

axis  is  the  normal  at  P  and  who  sesemi-vertical  angle  is  cos_1-p=, 
where  Aj,  A2  are  the  parameters  of  the  confocals  through  P.       v  AjA2 

Ex.  7.  If  the  plane  through  the  centre  parallel  to  the  tangent 
plane  at  P  meets  one  of  the  bifocal  chords  through  P  in  F,  then 
PF  =  a. 

Ex.  8.  P  is  any  point  on  the  curve  of  intersection  of  an  ellipsoid 
and  a  given  confocal  and  r  is  the  length  of  the  central  radius  of  the 
ellipsoid  which  is  parallel  to  the  tangent  to  the  curve  at  P.  If  p  is 
the  perpendicular  from  the  centre  to  the  tangent  plane  to  the  ellipsoid 
at  P,  prove  that  pr  is  constant. 


CORRESPONDING  POINTS. 

128.  Two  points,   P,  (x,  y,   z)   and   Q,  (£  rj,  £),  situated 
respectively  on  the  conicoids 

x*    f    z^  &+£+^  =  1 

are  said  to  correspond  when 

x _  £      y  _  n      z _y 

a    ol      b     j3'     c     £' 
If  P  and  Q  are  any  points  on  an  ellipsoid  and  P'  and 
Q'  are  the  corresponding  points  on  a  confocal  ellipsoid, 

PQ'=P'Q. 

Let  P  and  Q,  (x,  y,  z),  (£  v\,  £)  lie  on  the  ellipsoid 

a2-f-&2--t-c2  ' 

and  let  P'  and  Q',  (x\  y' ,  z'),  (£',  >/,  £')  be  the  corresponding 
points  on  the  confocal 

err'  i/2  <?$ 


a2-\  '  b2-\  '  c2-A 
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Then             '"  =  ,  p     -    £=-=$==,  etc. 
Therefore  

and  hence 

which  proves  the  proposition. 

Ex.  1.  rf  P  is  a  point  on  an  ellipsoid  and  P'  is  the  corresponding 
point  on  a  confocal  who.se  parameter  is  A,  OP'-- OP"-'  =  A,  where  O  i- 
the  centre. 

Ex.  2.  OP,  OQ,  OR  arc  conjugate  diameters  of  an  ellipsoid,  arid 
P',  Q',  R'  are  the  points  of  a  concentric  sphere  corresponding  t" 
P,  Q,  R.     Prove,  that  OP',  OQ',  OR'  are  mutually  perpendicular. 

Ex.  3.  If  P",  Q",  R''  are  the  corresponding  points  on  a  coaxal 
ellipsoid,  OP",  OQ",  OR"  are  conjugate  diameters. 

Ex.  4.  An  umbilic  on  an  ellipsoid  corresponds  to  an  umbilic  on 
any  confocal  ellipsoid. 

Ex.  5.  P  and  Q  are  any  points  on  a  generator  of  a  hyperboloid 
and  P'  and  Q' are  the  corresponding  points  on  a  second  hyperboloid. 
Prove  that  P'  and  Q'  lie  on  a  generator,  and  that  PQ  =  PQ'. 

THE  FOCI  OF  CONICOIDS. 

*129.  !(I)  The  locus  of  a  point  such  that  tin  squart  on 
its  distance  from  a  given  point  is  in  a  constant  ratio 
to  the  rectangle  contained  by  its  distances  from  two  fixed 
planes  is  a  conicoid. 

The  equation  to  the  locus  is  of  the  form 
(x-a.y  +  (y-PY-{-(z-y? 

=  l?(lx  +  my  +  nz+p)(l'.v  +  »?' y  +  n'z+p*), 
which  represents  a  conicoid. 

X(II)  The  locus  of  a  point  whose  distance  from  a  fixed 
point  is  in  a  constant  ratio  to  its  distance,  measured 
parallel  to  a  given  'plane,  from  a  given  line,  is  a  conicoid. 

JThat  a  conicoid  could  be  generated  by  the  met  hod  (1)  was  first 
pointed  out  by  Salmon.     The  method  (II)  is  due  to  MaoCullagh. 
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Choose  rectangular  axes  so  that  the  given  plane  is  the 
ary-plane  and  the  point  of  intersection  of  the  given  line 
and  given  plane  is  the  origin.     Let  the   fixed   point  be 

rv\  Of  0 

(cl,  B,  y)  and  the  fixed  line  have  equations  ■=-  =  -£-  =  —.     The 

plane  through  (g,  rj,  £)  parallel  to  the  a?2/-plane  meets  the 

given    line    in   the    point   (  — ,  — -,  O,   and  therefore   the 

distance  of  (£  rj,  £)  from  the  line  measured  parallel  to 
the  given  plane  is  given  by 

Hence  the  equation  to  the  locus  is 

(a,_a)H(2/-3)2+(^-y)2  =  ^-|)2+(2/-^)2f 
which  represents  a  conicoid. 

In  (I)  the  equation  to  the  locus  is  of  the  form  \<f>  —  uv  =  0, 
and  in  (II)  of  the  form  \(f>  —  (u2+v2)  =  Q,  where 

0a(B_a)»+(y-j8)f+(*-y)P, 

and  u  =  (),  v  =  0  represent  planes.  In  either  case,  if  S  =  0 
is  the  equation  to  the  locus,  the  equation  S  —  A0  =  O  re- 
presents a  pair  of  planes.  In  (I)  the  planes  are  real,  in 
(II)  they  are  imaginary,  but  the  line  of  intersection,  u  —  0, 
v  =  0,  is  real  in  both  cases.  These  suggest  the  following 
definition  of  the  foci  and  directrices  of  a  conicoid : 

If  S  —  0  is  the  equation  to  a  conicoid  and  A,  cl,  /3,  y  can 
be  found  so  that  the  equation  S  —  A<£  =  0  represents  two 
planes,  reed  or  imaginary,  (a,  (3,  y)  is  a  focus,  and  the 
line  of  intersection  of  the  planes  is  the  corresponding 
directrix. 

If  the  planes  are  real  we  shall  call  (a,  /3,  y)  a  focus  of 
the  first  species,  if  they  are  imaginary,  a  focus  of  the 
second  species. 

Lemma.  If  the  equation  F(x,y,  z)=0  represents  a  pair  of  planes, 
the  equations  ~— =0,  ~— =0,  -^-=0  represent  three  planes  passing 
through  their  line  of  intersection. 
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[£  F(r,  //, :.)     w,  where  u     ".<■  +  />>/ -\-i.  \  </  and  >■    »' •  Hi 

tn<-n  ^«?;  +  ««,     ,-     —  bv  +  bu,      .■  -  —  cr  +  r  ,/ 

Ox  > '// 

whence  the  proposition  is  evident. 

*130.  Foci  of  ellipsoid  and  paraboloids.     To  find  Uu 
foci  of  the  ellirpHoid 

The  equation 

^+6"  +  S-1-A(*~a)2"A(2/"/3)2~X(3"y)2  =  0  "(1) 

is  to  represent  a  pair  of  planes,  and  hence,  by  our  lemma, 
the  equations 

|-A(a-a)  =  0,     |-A(2/-/3)  =  0,    ^-\{z-y)  =  Q 

represent   three   planes   through   the  line  of  intersection. 
The  three  planes  pass  through  one  line  if 

(i)X  =  -\,  a  =  ();   or  (ii)A  =  ^,  (3  =  0:  or  (iii)X=i    y=0. 

The  line  is, 

/.x  —  b28  C2y  ,...  —  C2y  (i-(x. 

''     a-  —  b-  <-  —  a-  U-  —  C-  a-  —  b- 

.....         —  a2a.  lr  8 

or  (m )  x  =  -, 5 ,     !J  =  7o      .,- 

<-  —  «,-      *y     l)-  —  c 


But  the  line  is  the  line  of  intersection  of  the  planes  given 
by  equation  (1),  and  therefore  the  coordinates  of  any  point 
on  the  line  satisfy  equation  (1).  Therefore,  substituting 
from  the  equations  to  the  line  in  equation  (1),  we  obtain 

no  9 

(i)     o     „ — P- — 5=1,  and  in  this  case,  a  =  0: 
az  —  bl    al  —  cl 

(ii)  ££+;£p-l.        „  .      0=0; 
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Hence,  (i)  there  is  an  infinite  number  of  imaginary  foci 
in  the  2/3-plane  lying  on  the  imaginary  ellipse 

x~v>        a2-b2     a2-c2       ' 
and  the  corresponding  directrices  are  imaginary. 

(ii)  There  is  an  infinite  number  of  real  foci  in  the  zx-plane 
lying  on  the  hyperbola 

y  =  0,       2_,2  —  ,2_  2  =  1,    (the  focal  hyperbola), 
and  the  corresponding  directrices  are  real. 

(iii)  There  is  an  infinite  number  of  real  foci  in  the  #2/-plane 
tying  on  the  ellipse 

2  2 

z  =  °>     ^TZ^2 + p~i  =  *>    (the  focal  ellipse), 

and  the  corresponding  directrices  are  real 

The  directrix  corresponding  to  a  point  (a,  0,  y)  on  the 
focal  hyperbola  has  equations 

_   a2a.  _  —  c2y 


ft2_&2>       ~       b2-C2' 


a2  y2 


and  therefore,  since  -5 — j-s  —  r^r- — 5  =  1, 
cr  —  b1     b*  —  c2 

the  directrices  corresponding  to  points  on  the  focal  hyper- 
bola lie  on  the  hyperbolic  cylinder 

x\a2-b2)     z\b2-c2)_1 


Similarly,  the  directrices  corresponding  to  foci  which  lie 
on  the  focal  ellipse  lie  on  the  elliptic  cylinder 

XZ(g2-C2)     y\b2-c2)_ 
a*       +        ¥ 


;  180]  FOCI    OF   ELLIPSOID  191 

II'  (a,  0,  y)  is  a  point  on  the  Eocal  hyperbola 

s-\<p^+!^  +  ^-\-lt,{u-<,.f+!r+(^-7f\, 

a2-b2(         a?OL  \2     b2-c2/         <Ly    f 

n2  —  b2  b2  —  cl 

where  the  equations  to  the  directrix  corresponding  to 
(a,  0,  y)  are  x  =  £,  z  =  £-  But  the  equations  to  the  planes 
through  the  line  x  =  £,  z  =  £,  parallel  to  the  real  circular 
sections,  are 

Therefore  any  point  on  the  focal  hyperbola  is  a  focus  of 
the  first  species,  and  the  ellipsoid  is  the  locus  of  a  point  the 
square  on  whose  distance  from  a  focus  of  the  first  species 
is  proportional  to  the  rectangle  under  its  distances  from 
the  two  planes  through  the  corresponding  directrix  parallel 
to  the  real  circular  sections. 

If  (a,  f3,  0)  is  a  point  on  the  focal  ellipse, 

S_A0^^+|  +  ^-l-A{(;.-a)2  +  O/-/3)H:2}, 

_c2-a2/         afa  \2     c2-b2(         b2(3 
~  a2c2  V     c2-a2)  +  /A-  V     b2-c2 

U-  —  C-     br—cr 

o2  —  a2  r2  —  h2 

where  the  equations  to  the  directrix  corresponding  to 
(a,  /3,  0)  are  0J=(f3  y  =  i].  Now  the  equation  to  a  plane 
through  P,  (x\  y\  z')  parallel  to  a  real  circular  section  is 


V' 


^-V-.>W^(=-=>o, 
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and  hence  this  plane  meets  the  directrix  .r  =  £  y  =  >/  in  the 
point  P '.  whose  coordinates  are 


£   *  ='±^w^^-x'i 


The  distance  PP'  is  the  distance  of  P  from  the  directrix, 
measured  parallel  to  the  plane.     It  is  given  by 


or 


{ 

be       f      .        ---—.L  }        ,        -vlr—C-^ 


b-  —  c~\- 


Hence  any  point  on  the  focal  ellipse  is  a  focus  of  the 
second  species,  and  the  ellipsoid  is  the  locus  of  a  point 
whose  distance  from  a  focus  of  the  second  species  is  pro- 
portional to  its  distance,  measured  parallel  to  a  real  circular 
k  : :  i  :>n,  from  the  corresponding  directrix. 

By  the  same  methods,  we  find  that  the  points  on  the 
parabolas 

are  foci  of  the  paraboloid  - — \-j-  =  2z.     These  parabolas  are 

called   the   focal  parabolas.     The  corresponding  directrices 
tjenerate  the  cylinders 

i    ^V  =  2r  +  a,     «ii.^^  =  2r  +  6. 

If  (0.  3,  y)  is  any  point  on  the  focal  parabola  in  the 
ys-plane, 

a-b(    ,    18  \-     1 

If  (ol,  0,  y)  is  any  point  on  the  focal  parabola  in  the 
car-plane, 
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S-V;,     -+J-2*-l      ■-"-r  +  //-'-r<:-V'  ! 
1,  —  uf        aa.         ! 


Whence  the  species  of  the  foci  can  be  determined  if  the 
signs  and  relative  magnitudes  of  a  and  b  are  driven. 

Cor.     All  cont'ocal  conicoids  have  the  same  focal  eoniea 

Ex.  1.  Prove  that  the  product  of  the  eccentricities  of  the  focal 
conies  i.s  unity. 

Ex.  2.  Find  the  equations  to  the  focal  conies  of  the  hvperboloid 
.i~+gz--2  =  0.    Arts.  x=Q,  y*+4yM-^=6;   y-:  =  <>.  -  --'■'■  '=12. 

Ex.  3.  If  P  is  a  point  on  a  focal  conic,  the  corresponding  directrix 
intellects  the  normal  at  P  to  the  conic. 

Ex.  4.  If  P  is  a  point  on  a  focal  conic  the  section  of  the  conicoid 
by  the  plane  through  P  at  right  angles  to  the  tangent  at  P  bo  the 
conic  has  a  focus  at  P. 

Ex.  5.  If  P  is  any  point  on  the  directrix  of  a  conicoid  which 
corresponds  to  a  focus  S,  the  polar  plane  of  P  passes  through  S  and 
is  at  right  angles  to  SP. 

Ex.  6.     The  polar  plane  of  any  point  A  cuts  the  directrix 
sponding  to  a  focus  S  at  the  point  P.     Prove  that  AS  is  at  right 
angles  to  SP. 

Ex.  7.  If  the  normal  and  tangent  plane  at  any  point  P  of  a 
conicoid  meet  a  principal  plane  in  the  point  N  and  the  line  QR.  QR  is 
the  polar  of  N  with  respect  to  the  focal  conic  that  lies  in  the  principal 
plane. 

Ex.  8.  Prove  that  the  real  foci  of  a  cone  lie  upon  two  straight 
lines  through  the  vertex  ^the  focal  lines). 

Ex.  9.  Prove  that  the  focal  lines  of  a  cone  are  normal  to  the  cyclic 
planes  of  the  reciprocal  cone. 

Ex.  10.  The  enveloping  cones  with  vertex  P  of  a  system  of  con- 
focal  conicoids  have  the  same  focal  lines,  and  the  foal  lines  ate  the 
generators  of  the  confocal  hvperboloid  of  one  sheet  that  passes 
through  P. 

*  Examples  VII. 

1.  If  the  enveloping  cone  of  an  ellipsoid  has  three  mutually 
perpendicular  generators  the  plane  of  contact  envelopes  a  confocal. 

2.  The  locus  of  the  polars  of  a  given  line  with  respect  to  a  system 
of  confocals  is  a  hyperbolic  paraboloid. 

3.  Through  a  straight  line  in  one  of  the  principal  planes,  tangent 
planes  are  drawn  to  a  system  of  confocals.  Prove  that  the  points  of 
contact  lie  in  a  plane  and  that  the  normals  at  these  points  pass; 
through  a  tixed  point  in  the  principal  plane. 

b.o.  N 
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4.  Shew  that  the  locus  of  the  centres  of  the  sections  of  a  system  of 
confocals  by  a  given  plane  is  a  straight  line. 

5.  If  PQ  is  perpendicular  to  its  polar  with  respect  to  an  ellipsoid, 
it  is  perpendicular  to  its  polars  with  respect  to  all  confocal  ellipsoids. 

6.  Any  tangent  plane  to  a  cone  makes  equal  angles  with  the  planes 
through  the  generator  of  contact  and  the  focal  lines. 

7.  Through  any  tangent  to  a  conicoid  two  planes  are  drawn  to 
touch  a  confocal.  Prove  that  they  are  equally  inclined  to  the  tangent 
plane  to  the  conicoid  that  contains  the  tangent. 

8.  The  locus  of  the  intersection  of  three  mutually  perpendicular 
planes  each  of  which  touches  a  confocal  is  a  sphere. 

9.  The  sum  of  the  angles  that  any  generator  of  a  cone  makes  with 
the  focal  lines  is  constant. 

10.  The  four  planes  through  two  generators  OP  and  OQ  of  a  cone 
and  the  focal  lines  touch  a  right  circular  cone  whose  axis  is  the  line 
of  intersection  of  the  tangent  planes  which  touch  the  cone  along  OP 
and  OQ. 

11.  The  planes  which  bisect  the  angles  between  two  tangent  planes 
to  a  cone  also  bisect  the  angles  between  the  planes  containing  their 
line  of  intersection  and  the  focal  lines. 

12.  A  conicoid  of  revolution  is  formed  by  the  revolution  of  an 
ellipse  whose  foci  are  S  and  S'.  Prove  that  the  focal  lines  of  the 
enveloping  cone  whose  vertex  is  P  are  PS  and  PS'. 

13.  The  feet  of  the  normals  to  a  system  of  confocals  which  are 
parallel  to  a  fixed  line  lie  on  a  rectangular  hypei'bola  one  of  whose 
asymptotes  is  parallel  to  the  line. 

14.  A  tangent  plane  to  the  ellipsoid  x2/a2  +  y2/b2  +  z2/c2 =1  intersects 
the  two  confocals  whose  parameters  are  A.  and  /x.  Prove  that  the 
enveloping  cones  to  the  confocals  along  the  curves  of  section  have  a 
common  section  which  lies  on  the  conicoid 

(a2~A)(a2~-^i) +"(62  -  X)(b2  -  fx) +  (c2-A)(c2-M) = L 

15.  The  three  principal  planes  intercept  on  any  normal  to  a  confocal 
of  the  ellipsoid  x2/a2+y2/P  +  z2/c2=l,  two  segments  whose  ratio  is 
constant.  Also  the  normals  to  the  confocals  which  lie  in  a  given 
plane  lx+my  +  nz=0  are  parallel  to  the  line 

Ix     _   my  nz 

b2  —  c2     c2  —  a2    a2  —  b2 

16.  The  cone  that  contains  the  normals  from  P  to  a  conicoid 
contains  the  normals  from  P  to  all  the  confocals,  and  its  equation 
referred  to  the  normals  to  the  confocals  through  P   as   coordinate 

axesis  ^t(X8-A3)    ys(Aa-X1)|j>3(X1-^)    Q 

x  y  z  ' 
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17.  Normals  are  drawn  from  a  point  in  one  of  the  principal  plana 
to  a  system  of  confocals.     Prove  thai  they  lie  in  the  principal  pi 

in  a  plane  at  right  angles  to  it,  thai  the  tangent  planet  at  the  f< 
those  in  the  principal  plane  touch  a  parabolic  cylinder,  and  thai  the 
tangent  planes  at  the  feet  of  the  others  pass  through  I  line 

lying  in  the  principal  plane. 

18.  If  tangent  planes  are  drawn  through  a  fixed  linn  to  a  system  ol 
confocals  the  normals  at  the  points  <>f  contact  generate  a  hyperbolic 
paraboloid.  Shew  that  the  paraboloid  degenerates  into  a  plane  when 
the  given  line  is  a  normal  to  one  of  the  surfaces  of  the  system, 

19.  From  any  two  fixed  points  on  the  same  normal  to  an  elli] 
perpendiculars  are  drawn  to  their  respective  polar  planes  with  regard 
to  any  confocal  ellipsoid.  Prove  that  the  perpendiculars  intersect  and 
that  the  locus  of  their  intersection  as  the  confocal  varies  is  a  cubic 
curve  whose  projection  on  any  principal  plane  is  a  rectangular 
hyperbola. 

20.  Kind  the  parabola  which  is  the  envelope  of  the  normals  to  the 

confocals  -s — t-+h  .   .  +-s — r  =  l  which  lie  in  the  plane lx+my+m=p, 

a-  +  X     fr  +  X     c-  +  X  '  r 

and  prove  that  its  directrix  lies  in  the  plane 

(6*  -  c*).r,  I  +  (c2  -  a-)i/>m  +  (a*  -  b*)z/n  =0. 

21.  If  A,  n,  v  are  the  direction-cosines  of  the  normal  to  a  system  of 
parallel  tangent  planes  to  a  system  of  confocal  conicoids,  express  tin- 
coordinates  of  any  point  of  the  locus  of  their  points  of  contact  in 
the  form  x  =  X(t  +  a2/t),    y=ii{t+¥jt\    z=v(t  +  c-,t), 

where  a,  b,  c  are  the  principal  axes  of  a  particular  confocal  of  the 
system.     Deduce  that  the  locus  is  a  rectangular  hyperbola. 

22.  If  A,  /jl,  v  are  the  parameters  of  the  confocals  of  an  ellipsoid, 
axes  «,  b,  c,  through  a  point  P,  the  perpendicular  from  P  to  its  polar 
plane  is  of  length 

A^v{//V2/xi/(«2  -  A)  +  c'2a-vX(b'2  -  fx)  +  a2b-X[i(c-  -  v) )~ '-'. 

23.  Through  a  given  line  tangent  planes  are  drawn  to  two  confocals 
and  touch  them  in  A,  A'  ;  B,  B'  respectively.  Shew  that  the  lines 
AB,  AB'  are  equally  inclined  to  the  normal  at  A  and  arc  coplanai 
with  it. 

24.  If  P  and  Q  are  points  on  two  confocals  such  that  the  tangent 
planes  at  P  and  Q  are  at  right  angles,  the  plane  through  the  centre 
and  the  line  of  intersection  of  the  tangent  planes  bisects  PQ.  Hence 
shew  that  if  a  conicoid  touches  each  of  three  given  confocals  at  two 
points  it  has  a  fixed  director  sphere. 


[CH.  XI. 


CHAPTER  XL 
THE  GENERAL  EQUATION  OF  THE  SECOND  DEGREE. 

131.  In  Chapter  VII.  we  have  found  the  equations  to 
certain  loci,  (tangent  planes,  polar  planes,  etc.)  connected 
with  the  conicoid,  when  the  conicoid  is  represented  by 
an  equation  referred  to  conjugate  diametral  planes  as 
coordinate  planes.  We  shall  in  this  chapter  first  find  the 
equations  to  these  loci  when  the  conicoid  is  represented 
by  the  general  equation  of  the  second  degree,  and  then 
discuss  the  determination  of  the  centre  and  principal 
planes,  and  the  transformation  of  the  equation  when  the 
principal  planes  are  taken  as  coordinate  planes. 

132.  Constants  in   equation  of  second  degree.    The 

general  equation  of  the  second  degree  may  be  written 

F  (x,  y,  z)  =  ax2  -\-by%-\-cz2  +  2fyz  +  2gzx  +  2hxy  ' 

+  2ux  +  2vy  +  2wz+d  =  0, 

or  f{x,  y,  z)  +  2ux  +  2vy  +  2wz  +  d  =  0. 

It  contains  nine  disposable  constants,  and  therefore  a 
conicoid  can  be  found  to  satisfy  nine  conditions  which  each 
involve  one  relation  between  the  constants ;  e.g.  a  conicoid 
can  be  found  to  pass  through  nine  given  points  no  four 
of  which  are  coplanar,  or  to  pass  through  six  given  points 
and  touch  the  plane  XOY  at  the  origin,  or  to  pass  through 
three  given  non-intersecting  lines. 

Ex.  1.  A  conicoid  is  to  pass  through  a  given  conic.  How  many 
disposable  constants  will  its  equation  contain?  Is  the  number  the 
same  when  the  conicoid  is  to  pass  through  a  given  circle  ? 


g§131-133]  OOK  ATIOH 

Ex.2.  tion  to  a  conicoid  through  the 

<f>+z(ax-r  =0, 

where     .  ;;sposable 

Ex.  3.     The  equation  I  id  that   I  -Oat 

an  uinbilic  at  tl.  nd  touches  the  plat.  -nz=p\& 

where  A,  /i,  v  are  disposable  constant'. 

Ex.  4.     Find  the  equation   to  the  conicoid  which 
the  circle                _  points  \  and 

has  the  :-axi>  as  a  generator. 
Atu.       ----:■     -I   .  -  _  =0. 

133.  Points  of  intersection  of  line  and  conicoid.  The 
equations  to  the  straight  line  through  A.  ex.  3.  -/».  whose 
direction-ratios  are  /.  m,  v..  are 


X  —  rx._y  —  3_:  —  '/ 


I  m  u 

and  the  point  on  this  line  whose  distance  from  A  is  r  has 
coordinates  a+Zr,  8+mr,  y+nr.     It  lies  on  the  coi: 

F.       /.  :)  =  0, 
if  Fioc-O'.  3  +  mr.  y+nr)=0; 

that  is,  if 

F(a,Ay)+r(«^+m^+n^)+ry(J  =0 ,2, 

Hence  the  straight  Hne  meets  the  conicoid  in  two  points 
P  and  Q,  and  the  measures  of  AP  and  AQ  are  the  roots  of 
the  equation  (  2  ). 

If  (i)  F(ot,  ft  y)=0,     (ii)  /F-        ^  -       ^  = 

(iii)  r\l  m.  »)=0, 

equation  (2)  is  satisfied  by  all  values  of  r.  or  every  point 

on  the  line  lies  on  the  conicoid.     The  conditions  <  ii)  and  (iii) 

give  two  sets  of  values  for  I  :m  :  n.  and  therefore  through 

any  point  on  a  conicoid  two  straight  lines  can  be  drawn  t«> 

lie  wholly  on  the  conicoid.     They  are  parallel  to  the  Hues 

in  which  the  plane 

?F         ?f      n 
op 
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cuts  the  cone  f(x,  y,  z)  =  0,  (cf .  §  60).  They  may  be  real, 
imaginary,  or  coincident,  as  in  the  cases  of  the  hyperboloid 
of  one  sheet,  the  ellipsoid,  and  the  cone,  respectively. 

134.  The  tangent  plane.  If  f(oc,  /3,  y)  =  0,  A  is  on  the 
conicoid,  and  one  root  of  equation  (2)  is  zero.  A  coincides 
with  P  or  with  Q.     If  also 

73F  ,       dF   ,      3F 

^  +  m^  +  ?^  =  0'   <8> 

both  roots  of  equation  (2)  are  zero,  and  P  and  Q  coincide 
at  A,  which  lies  on  the  conicoid.  The  line  is  therefore  a 
tangent  line  to  the  surface  at  A.  If  we  eliminate  I,  m,  n 
between  the  equations  to  the  line  and  equation  (3),  we 
obtain  the  equation  to  the  locus  of  the  tangent  lines  drawn 
through  A  in  all  possible  directions.     The  equation  is 

(«-a)|[+<y-0)*  +  (.-y)g-O1 

and  hence  the  locus  is  a  plane,  the  tangent  plane  at  A.  The 
above  equation  may  be  written 

3F,      3F,     3F  3F  ,   QdF         dF  ,  ', 

x^+y^+%=^+Pw+^ (4) 

If,  now,  F(x,  y,  z)  be  made  homogeneous  by  the  introduc- 
tion of  an  auxiliary  variable  t,  which  is  equated  to  unity 
after  differentiation,  equation  (4)  is  equivalent  to 

3F^    dF        dF      ,3F         dF  ,   ^BF         3F       dF 
^  +  ^  +  ^  +  %  =  a^  +  ^  +  ^  +  %' 

=  2F(a,  /3,  y,  t),  (Euler's  Theorem), 

=  0. 

Ex.  1.     Find  the  equations  to  the  tangent  planes  at  (x1,  y\  z')  on 

(i)  xy  =  cz,     (ii)  x2  +  2yz—a2. 
Ans.  (i)  xjx' -\-yly' -zjz'=\,     (ii)  xx'+yz'+zy'=a2. 

Ex.  2.  The  bisectors  of  the  angles  between  the  lines  in  which  any 
tangent  plane  to  z2  =  4xy  meets  the  planes  x=0,y=0,  lie  in  the  planes 
x+y  +  z=0,  x+y-z  —  0. 


§§  1?3, 134] 


thk  tanoent  plane 


Ex.  3.     Find  the  equation  to  the  tangent  plane  al  (lj  2,  '-'>)  on  the 
hyperboloid 

aP+8y*+#-9i/z+l4zx-  \Qxy  -<><-.'/  +  U  -2=0, 
and  the  equations  to  the  two  generators  througli  the  point. 

Ans.   (i)   x-2//  +  z  =  0;     (ii)    the    equation    (ij    and     \x— ty+2     "■ 
3i;-2//  +  l  =0. 

Ex.  4.     Find  the  condition  that  the  plane  lx+my+W+p=Q  should 

touch  the  conicoid  F(.v,  ?/,  z)  =  0 

If  the  point  of  contact  is  (a.,  (3,  y),  then 

3F,     3F,    3F.3F    .  .    .    .       ^     ^       n 

'Vd^  +  1Jd^  +  Z'dy+    dt       '  U-  +  m>/  +  >iz+p=0 

represent  the  same  plane.     Therefore 

3F    3F    3F    3F 


ool    oLS    oy     at        .. 
-—  =  -£-=— L  =  —  =  -2A,  say. 
I       m      n       p 


3£    ■ 
m 

Hence  aa.+h(3+gy  +u+  l\  =  0, 

ha.  +  b(3  +  fy  +  v  +  7,i\  =  0, 

ga.+ffi  +  cy  +  io  +  n\  =  0, 

UOL  +  v(3  +  wy  +  d+  p\  —  0. 

And  la.  +  m(3  +  ny+p  —  0, 

since  the  point  of  contact  must  lie  in  the  given  plane.     Therefore 
eliminating  a.,  /3,  y,  A,  we  obtain  the  required  condition,  viz. : 

a,  /t,  g,  u,    I    =0. 

h,  b,  f,  v,  m 

9-,  f,  c,  w,   n 

u,  v,  iff,  d,  p 

I,  m,  n,  p,    0 

Prove  that  lx+my+nz=p  touches  xy  =  cz  if  clm  +  np  =  0. 
Prove  that  lx  +  my  +  nz=p  touches /(.r,  //,  :)  —  1  if 
Pdi+Bm?+Gn2+2Fmn+2Gnl+2Hlm=2pD, 


Ex.  5. 
Ex.  6. 

where 


a, 

h>  9 

h, 

b,f 

g> 

/.  o 

,  and  A  = 


3D 
3a' 


B=3T'efc0- 


Ex.  7.     If   the   axes   are    rectangular,    prove    that    the    locus    of 
the  feet  of  the  perpendiculars  from  the  origin  to  tangent  planes  to 

Ax2+  Bi/2  +  Cz2  +  2Fi/z  +  2Gz.  v  +  2H.ry  =  D(.r2+.y2  +  ;-)-. 

Ex.  8.     Prove  that  the  locus  of  the  point  of  intersection  of  three 
mutually  perpendicular  tangent  planes  to  f(.v,  //,  :)=1  is  the  sphere 

D  (.r-  +//-'  +  :-)  =  A  +  B  +  C.     (Of .  §  68,  Ex.  1.) 
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Ex.  9.  Prove  that  the  plane  2^  —  22=1  is  a  tangent  plane  to  the 
surface     x2  +  -7y2  +  2z2-9yz+5zx-6xy  +  5x-Uy  +  10z  +  6  =  0. 

Prove  also  that  the  lines  of  intersection  of  the  given  plane  and  the 
planes  2.r  +  3  =  0,  2^7-22+1=0  lie  on  the  surface. 

Ex.  10.  If  two  conicoids  have  a  common  generator,  they  touch 
at  two  points  of  the  generator. 

If  the  generator  is  taken  as  .r-axis,  the  equations  to  the  conicoids  are 
by2  +  cz2+  2fyz  +  2gzx  +  2hxy  +  2vy  +  2wz  =0, 
b'y2 + c'z2 + 2fyz + 2g'zx  +  2h'xy  +  2v'y  +  2w'z  =  0. 
The  tangent  planes  at  (a,  0,  0)  are 

y(hoL+v)  +  z(ffo.+w)  =  0,     y(h'a.  +  v')  +  z(c/'u.  +  w')=X). 

They  are  coincident  if 

hcL+v  _  go.+vj 

h'a.+v     g'o.+w 
This  equation  gives  two  values  of  a.. 

Ex.  11.  If  two  conicoids  touch  at  three  points  of  a  common 
generator,  they  touch  at  all  points  of  the  generator,  and  the  generator 
has  the  same  central  point  and  parameter  of  distribution  for  both 
surfaces. 

Ex.  12.     Tangent  planes  parallel  to  the  given  plane 

<xx+(3y  +  yz=0 

are  drawn  to  conicoids  that  pass  through  the  lines  x=Q,  y  =  0;  2=0, 
x=c.     Shew  that  the  points  of  contact  lie  on  the  paraboloid 

x  (ouv +/3y+yz)  =  c(a~v  +  fiy). 

Ex.  13.  If  a  conicoid  passes  through  the  origin,  and  the  tangent 
plane  at  the  origin  is  taken  as  2=0,  the  equation  to  the  surface  is 

ax2  +  by2 + cz2  +  2fyz + 2gzx  +  2hxy + 2v:z  =  0. 

Ex.  14.  If  a  set  of  rectangular  axes  through  a  fixed  point  O  of  a 
conicoid  meet  the  conicoid  in  P,  Q,  R,  the  plane  PQR  meets  the 
normal  at  O  in  a  fixed  point. 

Ex.  15.     If         i<r  =  ar^+6ry  +  cr2+o?r,     r=l,  2,  3, 
prove  that  the  tangent  planes  at  (x,  y',  z')  to  the  conicoids 
(i)  Aj Wj2 + \2u22  +  X3u32  =  1 , 

(ii)  X1i(12  +  X2u22  —  ^3ll3 
are  given  by  (i)  AjWjV./  +  \£i2u2  +  X3u3u3'  =  1 , 

(ii)  X^Uj1  +  X2u2u2'  =  X3(u3  +  u3), 
where  ur'  =  a^x'  +  br?/  +  c^  +  dr . 

Ex.  16.     Prove  that 

u  xu2  +  X{o2  +  2 X2v1v2  +  X3v22  =  0 

represents  a  conicoid  touching  the  planes  ut  =  0,  u2  =  0  at  their  points 
of  intersection  with  the  line  v,=0  =  ?v 


§135]  THE   POLAB    PLANE 

135.  The  polar  plane,     [f  any  secant  through  a  d 
the  conicoid  in  p  and  Q  and  if  R  is  the  harmonic  conjugate 
of    A    with    respect    to    P    and    Q,    the    locus    of    R    ifl    L 1 1 « - 
polar  of  a. 

If  A  is  (<jl,  (3,  y)  and  the  equations  to  the  secant  are 

X  —  OL_y  —  fi_Z  —  y 

i  m  n 

then  rv  r.,,  the  measures  of  AP  and  AQ:  arc  the  root 
the  equation 

Hence  if  R  is  (£,  >/,  £)  and  the  measure  of  AR  is  p, 

=_2r£g  =  2F(«.,  ft,  y) 

P     r,+r»  'dF  ,       dF  ,      dF' 

da.         dp         dy 

and  g—oL  =  lp,     ,1  —  (3=mp,     g—y  =  np. 

Therefore 

tf-a)g+<,-ffl|g+<J-y)g-  -2F(a,A  7), 

and  the  equation  to  the  locus  of  (£  >],  £),  the  polar  plane, 
becomes 

dF,     3F  '     BF  .  ,3F 

3F  ,  03F  ,     3F..3F     B/       n 

=  2F(oc, /?,  y, /)-2F(a,£,  y,  0, 
=  0. 

Ex.  1.     Find   the  equations   to   the   polar   of   ^~—  =1LLH  =  z~y 

I  m  n 

with  respect  to  the  conicoid  F(.r,  y,  ;)  =  0.     (Cf.  §  70.) 

.         3F,    3F,    3F,    'dF    _     79F        3F       3F    _ 
oa.    *  op      ay       I  )t  ox        oy 

Ex.  2.     Prove  that  the  linos 

.r  — a.     ?/  — /3_: -y      r- a.' _>/  — f3' _:-y' 
I  m  n   '         /'  in  it' 
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are  polar  with  respect  to  the  conicoid  F(.v,  y,  z)  =  0  if 

>dFj.n>'dFJ_    >9F^F     n  7>dF^.     '3F^    >dF     n 

&o— 7  + wi-Tv +  «-—;  =  0,    and    6  ^  +  m  ^ +%  ~^  =0. 

da.         op        dy  dt  dm         d?i 

Ex.  3.  Any  set  of  rectangular  axes  through  a  fixed  point  O  meets 
a  given  conicoid  in  six  points.  Prove  that  the  sum  of  the  squares  of 
the  ratios  of  the  distances  of  the  points  from  the  polar  plane  of  O  to 
their  distances  from  O  is  constant. 

(Take  O  as  origin,  and  use  §  54,  Ex.  9.) 

Ex.  4.     Prove  that 

A^2  +  X2U2  +  A3m32  4-  A4w42  =  0 
represents  a  conicoid  with  respect  to  which  the  tetrahedron  whose 
faces  are  ^{1=0,  u2=0,  u3  =  0,  ui  =  0  is  self -con  jugate. 

Ex.  5.  Find  the  equation  to  the  conicoid  with  respect  to  which 
the  tetrahedron  formed  by  the  coordinate  planes  and  the  plane 

-+!  +  -! 

a     b     c 

is  self -con  jugate,  and  which  passes  through  the  points  (  —  a,  0,  0), 
(0,-6,0),  (0,0, -c). 


'"  '(S+S+sHH^-1)'-* 


Ex.  6.     All  conicoids  which  touch  a  given  cone  at  its  points  of 
section  by  a  given  plane  have  a  common  self -con  jugate  tetrahedron. 

136.  The  enveloping  cone.    The  equations 

x  —  a.  _y  —  j3  _z  —  y 
I  m  n 

represent  a  tangent  if  equation  (2)  of  §  133  has  equal  roots. 
The  condition  for  equal  roots  is 

4F(oc,  0,  y)f(l,  m,  n)=(l-  +  m^  +  n-)  . 

Therefore   the   equation  to   the   locus   of   the   tangents 
drawn  from  a  given  point  (a,  f3,  y)  is 
4F(a,  (8,  y)/(a5-a,  y-frz-y) 

But  f(ol+x  —  a.,  /3  +  2/  — /3,  y  +  2  —  y) 

=f(x-CL,y-P,z-y) 

+(fl,-a)^+(y-/8)^+(«-y)^+F(a,  ft  y). 


§8136-138]    ENVELOPING  DONE    LND  CYLINDEB 
Therefore  the  equation  fco  the  Locos  becoi 

4F(0C,j8,  y)F(.r    -/    .. 

=  {(,-,,,;:%,,-ft;/;+u-/,F/+2F,,,rt7| 

Ex.  1,  [f  a  cone  envelope  a  sphere,  the  section  of  the  cone  by  any 
tangent  piano  to  the  Bphere  is  a  conic  which  hasa  focus  at  the  point 
of  contact. 

Ex.  2.    The  tangent  plane  to  a  conicoid  at  an  ombilic  meets  any 

enveloping  cone  in  a  conic  of  which  the  nmbilic  is  a  focus. 

Ex.  3.  Find  the  locus  of  ;i  luminous  point  which  moves  so  that 
the  sphere  aP+y*+&-2az=0 

casts  a  parabolic  shadow  on  the  plane  2=0. 

Ans.  z  =  2a. 

137.  The  enveloping  cylinder.  From  the  condition  for 
equal  roots  used  in  the  last  paragraph  we  see  that  (a,  /3,  y), 
any  point  on  a  tangent  drawn  parallel  to  the  fixed  line 

x  _  y  _z 
J     m     lu 

lies  on  the  cylinder  given  by 

4F(a>,  y,  z)f(l,  m,  n)  =  [l  —  +m  —  +  n  d -)  . 

Ex.  A  cylinder  whose  generators  make  an  angle  a.  with  the  -■-axis 
envelopes  the  sphere  x1+yi  +  z'1  =  2az.  Prove  that  the  eccentricity  of 
its  section  by  the  plane  2  =  0  is  sin  ex.. 

138.  The  locus  of  the  chords  which  are  bisected  at 
a  given  point.  If  (a,  (3,  y),  the  given  point,  is  the  mid- 
point of  the  chord  whose  equations  are 

x  —  a._y  —  fi_c  —  y 
I  m  n 

the  equation 

F(oc,  0,  y)+r(l^+m^+n^)+r«A«»  »»•  *)=0 

takes  the  form  r2  =  /.2,  and  therefore 

,3F.        ?F,       ,Y       ,  m 

^  +  mD8+^y  =  ° (1) 
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Hence  all  chords  which  are  bisected  at  (a,  j3,  y)  lie  in 
the  plane  given  by 

(.-a)^  +  (,-ft|+(.-y)|-a 

The  section  of  the  conicoid  by  this  plane  is  a  conic  of 
which  (a,  /3,  y)  is  the  centre. 

Ex.     Find  the  locus  of  centres  of  sections  of 

ayz + bzx + cxy  +  abc = 0 

which  touch  x%la?  +y2//S2  +  z2/y2  =  1 . 

A  lis.  a?(bz  +  cy)2  +  /32(cx  +  az)2 + y\ay + bx)2  =  4  (ayz  +  bzx  +  cxy)2. 

139.  The  diametral  plane.    Equation  (1)  of  §  138  shews 
that  the  mid -points  of  all  chords  drawn  parallel  to  a  fixed 

line 

x  _  y  _  z 

I     m     n 

lie  on  the  diametral  plane  whose  equation  is 

,3F         3F,      3F 
ox         oy        oz 

Ex.  1.     Find   the   central   circular   sections  and   umbilics   of    the 
following  surfaces : 

(i)  x2+yz+ 2  =  0, 

(ii)  4yz+5zx-5xy  +  8=0, 

(iii)  y2 — yz  —  2zx  —  xy  —  4  =  0. 

Ans.  (i)  x+y-z=0,  x-y  +  z  —  0; 

1      -2     2  >3'1     2      -2  >3 

(ii)  2x+y-z  =  0,  x  +  2y-<2z=0; 

x _y _   z   _      2V3    x  _y       z  sfe 

(iii)  x+z  —  0,  x+y+z=0  ;    the  umbilics  are  imaginary. 
Ex.  2.     Prove  that  the  umbilics  of  conicoids  that  pass  through  the 

CirCJ.CS  s\  O     ,         o  o  r\  9    ■        9  9 

z  =  0,  sei-\-yi=ar ;     x  =  0,  yi+zi=ai 
lie  on  two  equal  hyperbolas  in  the  ^A'-plane. 

140.  The  principal  planes.    A  diametral  plane  which  is 
at  right  angles  to  the  chords  which  it  bisects  is  a  principal 
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a  p.". 


plane.    If  fche  axes  are  rectangular,  the  diametral  plane 
whose  equation  is 

#9F.       dF,      3F     n 
fc^   -fm, — \-n      =0, 

OB  .'/ 

or     x(<d+h/m+gri)+y(hl+bm+fn  }+  ~Agl+fnt  +  <i'  ) 

+  u/  +  WW  +  tyu  =  0, 
is  at  right  angles  to  the  line 

x  _  y  _z 

I     m    n 

al  +  Jim + gn  _fd  +  bm  +fn  _  gl  +fm  +  en 

I  m  n 

If  each  of  these  ratios  is  equal  to  X,  then 

(a  —  \)l  +  hm+gn  =  0,\ 

hl+(b-\)m+fn=o\  (1) 

gl+fm  +  (c-\)n  =  Q.\ 

Therefore  X  is  a  root  of  the  equation 

a  —  X,  h,  g   =0, 

h,     b-\,  f\ 

9,  f,    e-A  I 

or     X3  -  \\a  +  b  +  c)  +  \(bc  +  ca  +  ab  -f-  -  g-  -  h-)  -  D  =  0, 


if 


where  D  = 


a, 

h, 

9 

h, 

b, 

f 

g> 

f* 

c 

Or  if  A  =  — -  ,  etc.,  the  equation  may 

da 


be  written 

X3-X2(a  +  6  +  c)  +  X(A  +  B  +  C)-D  =  0. 
This  equation  is  called  the  Discriminating  Cubic.     It  gives 
three  values  of  X,  to  each  of  which  corresponds  a  set  of 
values  for  l:m:n,  and  by  substituting  these  sets  in  the 
equation  3F         df        dF 

ox         dy        oz 
which,  by  means  of  the  relations  (1),  reduces  to 

\(lx + my  +  nz)  +  id  +  vm  +  wn  =  0 (2) 

we  obtain  the  equations  to  the  three  principal  planes  of 
the  conicoid. 
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Ex.     Find  the  pi'incipal  planes  of  the  conicoids  : 

(i)  Ux'i  +  Uy2  +  8z2-4i/z-4zx-8xy  +  l8x-l8>/  +  b  =  0, 
(ii)  3x'2  +  by2  +  3s2  -  2yz  +  2zx  -  2xy  +  2x  +  \2y  +  IO2  +  20  =  0. 

Ans.  (i)  A  =  6,  12,  18;  x+y  +  2z=0,  #+#-3=0,  x-y+l=0; 
(ii)  A  =  2,  3,  6;  #-z-2=0,  x+y  +  z+4:=0,  x-2y+z-l=0. 

141.  Condition  for  two  zero-roots.     If  d  =  0,  then 

BC-F2  =  aD  =  0,      CA-G2  =  6D  =  0,      AB-H2  =  cD  =  0, 

and  therefore  A,  B,  C  have  the  same  sign.  Therefore  if 
D  =  0  and  A  +  B  +  C  =  0,  A  =  B  =  C  =  0,  and  therefore  we  have 
also  F  =  G  =  H  =  0.  Hence  if  the  discriminating  cubic  has 
two  zero-roots,  all  the  six  quantities  A,  B,  C,  F,  G,  H,  are 
zero  and  f(x,  y,  z)  is  a  perfect  square. 

142.  Case  of  one  zero-root.  If  the  discriminating  cubic 
has  one  zero-root,  the  corresponding  principal  plane  either  is 
at  an  infinite  distance  or  may  be  any  plane  at  right  angles 
to  a  fixed  line.     For  if  A  =  0,  the  equations  (1),  §  140,  give 

I  _m _n 
G~  F~_C' 

kr%-$c-  (§141)- 

These  determine  a  fixed  direction,  since  A,  B,  C  are  not 
all  zero.  The  corresponding  principal  plane  has,  by  §  140, 
(2),  the  equation 

/-  /-  /—     ,  »JAU-\->Jbv+>JCW      n 

*/Ax+*jBy  +  Jcz  +  - ^    Q    ^  =0, 

and  is  at  an  infinite  distance  if  \fAu-\-jBv+\Jcw=f=0,  or 
may  be  any  plane  at  right  angles  to  the  fixed  line 

Q(\  %l  %  _ 

-t=  =  ^=  =  -7='  if  Jau-\-Jbv-\-\/cw  =  0. 
VA     VB     yC 

In  the  first  case  the  conicoid  is  a  paraboloid  whose  axis 
is  in  the  fixed  direction,  in  the  second,  an  elliptic  or  hyper- 
bolic cylinder  or  pair  of  intersecting  planes  whose  axis  or 
line  of  intersection  is  in  the  fixed  direction. 
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Ex.  1.     Find  the  principal  planes  of  the  surface 

( i )  2X*  +  2(  >//-  -I-  1 8 . "      I  :'.v  -  +  '  -■'.'/  "I  --  ' H  * ;.'/     -  •     2=0, 

( i  i )  5x*  +  26#a  +  1 0^  +  4  //*•  +  1 4a* + Gxy    8j      1 8 .y  ■  1 1 1 :  +  4  =  0. 

/f»w.  (i)  A=14,  26,  0  ;  a?+2y+3z+  1  =0,  x+4y-3z+l=0,  the  plane 

at  infinity  : 

(ii)  A  =  14,  27,  0;    2.r-?y  +  32  =  l,  x  +  »t/  +  z  =  2,  any  plane  al 
right  angles  to  -^=-|  =  A. 

Ex  2.     Verify  that  tlie  principal   planes  in    Exs.  §§  140,   142  are 
mutually  at  right  angles. 

143.  Case   of  two    zero-roots.     If  the  discriminating 

cubic  has  two  zero-roots  the  equations  (1),  §  140,  when 
A  =  0,  all  reduce  to 

Jal+>Jbm+Jcn=Q, 

and  therefore  the  directions  of  the  normals  to  two  of  the 
principal  planes  are  indeterminate.  These  planes,  however, 
must  be  at  right  angles  to  the  plane  Jax  +  \/by-\--Jcz  =  0. 
and  they  may  be  at  an  infinite  distance,  (if  ul  +  vm  +  wn=f=Q). 
or  at  any  distance  from  the  origin,  (if  ul  +  vm  +  ivv=0). 
In  the  first  case  the  surface  is  a  parabolic  cylinder  and  the 
axes  of  normal  sections  are  parallel  to  the  plane 

J  ax  +  Jby  +  Jcz  =  0 ; 
in  the  second  the  surface  is  a  pair  of  planes  parallel  to 
\A  i  x  -f  Jb  y + Jcz  =  0. 

Ex.  1.     For  the  surfaces 

(i)  x2 + y2  +  z2  -  2yz  +  2zx  -  2.ry  -  2x  -  4y  -  2«+ 3 = 0, 
(ii)  x2+  y2  +  z2  -  2yz  +  2zx  -  2xy  -  2x + 2y  -  2z  -  3  =  0, 
A  =  3,  0,  0.     The  determinate  principal  plane  is  .r -.?/  +  .:  =  0.     If 

a?-y  +  2=0,     x  +  2y  +  z  =  0,    x-z  =  0 
are  taken  as  coordinate  planes  the  equations  transform  into 
3£2  =  2^6?/  -  3,     3£2  -  2n/3|  -3  =  0. 

Ex.  2.     If  one  of  the  principal  planes  of  the  cone  whose  vertex  is  P 
and  base  the  parabola  y2  =  ±a,v,  2  =  0  is  parallel  to  the  tixed  plane 

lx  +  my  +  nz  —  Q, 

the  locus  of  P  is  the  straight  line 

z__y_M    to    •    ./»    I\ 

ii     m      (       in      I     m\l     i> ' 
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THE  DISCRIMINATING  CUBIC. 

144.   All  the  roots  of  the  discriminating  cubic  are  real. 
The  equation  may  be  written, 

<}>(\)  =  (\-a){(\-b)(\-c)-f} 

-{(\-b)g*+(\-c)h*  +  2fgh}=(). 
We  may  assume  a^>b^>c.     Consider 

y  =  ^(\)^(\-b)(\-c)-f. 
Corresponding  values  of  X  and  y  are 

-co,       c,  b,         +  co, 

+  00,        -f,        -f\        +». 


Fig.  48. 


Hence   from   the  graph,  (fig.  48),  it  appears   that   the 
equation  ^(A)  =  0  has  real  roots  rx  and  /3,  such  that 

/3<c<6<a. 

Consider  now  y  =  <p(X).     When  \=+oo,i/=+co; 
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when 


X  =  a,    y  =  -  {(a  -  6 )<f  +  (a  -  c)h*  ±  2%/(a  -  5)j  a  -c)gh } 

=  —  (#«/«.  —  6  ±  Woe  —  cf, 
where  y/OL—b,  J</-  —  c  are  real ; 
when 
\  ■  ft     y  .  (6  -  0)02  +  (C  -  0)tf 1 2J{b-fi)(c-fi)<,h 

where  \fb—~(3,  Jc  —  fi  are  real. 

Hence  from  the  graph  we  see  that  the  equation  0(A)  =  0 
has  three  real  roots,  Xx,  X2,  X8>  such  that 
X3</5<X,<a<X1. 
The   above   proof   fails   if   a.   and   /3,  the  roots  of   the 
equation  \Jr(X)  =  0,  are  equal.     In  that  case,  however,  we 
have  b  —  c,  and/=0;  and  therefore  the  cubic  becomes 

(\-b){{\-a){\-b)-<f-h-}=0, 
the  roots  of  which  are  easily  seen  to  be  all  real. 

145.  The  factors  of  fix,  y,  z)-\(x2  +  y2-\-z2).    If  X  is  a 
root  of  the  discriminating  cubic, 

ax2 + by2  +  cz2  +  2fyz  +  2gzx  +  2hxy  -  X  (x2  +  y2  + .:  - ) 
is  the  product  of  two  factors  of  the  form  ax  -f  /3y  +  yz.     Only 
one  of  the  three  roots  leads  to  real  values  of  ex.,  /3,  y.     For 
(a  -  \)x2  +  (b-  X)y2 +(c-  X)c2  +  2fyz  +  2gzx  +  2hxy 
1 
(6-X) 
and  therefore  is  of  the  form 


{/^+(^-X)^+/^H^-){^(M-[V-(7>-X)<7>}2 


^[tt'+*k)4 


(6-X)L  ^r(X) 

where  ?t  and  -u  are  linear  functions  of  X,  y,  z,  with  real 


*  ax2  +  by2  +  cz1  +  2/yz  +  2gzx  +  2h  xy 

=  I  Uhx  +  by  +/zf  +  (Cx-  -  2Gzx  +  As9)  J , 

ee  i  [(A*  +  by  +fa)*  +  ^  ( A:  -  G*)9]  , 

if  A  =  0  and  therefore  G'2  =  AC. 
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coefficients.     Reference  to  the  graphs  shews  that  the  signs 
of  b  —  A  and  \KA)  f°r  A  =  Al5  A2,  A3  are  as  follows: 

b-X,        x[r(X), 

x=xx,         —  >  +, 

A  =  A2,  i,  — , 

A  =  A3)  +  ,  +. 

Hence  f(x,  y,  z)  —  X(x2  +  y2+z2)  takes  the  forms 

-  L%2  -  M  V,     L2u2  -  MV,     \Ju2  +  M  V, 

according    as    A  =  A1}   A2,   or   A3.      The   factors   with  real 

coefficients    correspond    therefore   to    the    mean   root,   A2. 

(Of.  §93.) 

146.  Conditions  for  equal  roots.  To  find  the  condi- 
tions that  the  discriminating  cubic  should  have,  (i)  two 
roots  equal,  (ii)  three  roots  equal. 

The  cubic  is 


0(A): 


=  0. 


a  —  X,  h,  g 

K    b-X,         f 
9,  f,    c-A 

Therefore,  as  in  §  141,  if  A  is  a  root  of  the  cubic, 
{b-X)(c-X)-f\    (c-X)(a-X)-g2,    {a-X){b-X)-h* 
have  the  same  sign. 

(i)  If  A  is  a  repeated  root,  <p(X)  =  0  and 

-^(b-\)(c-X)-P 

+(c-X)(a-X)-g*+(a-X)(b-X)-hz  =  0, 
and  therefore 

(6_A)(C-A)=/2,    (c-AXa-A)=#2,l  (a) 

(a-X)(b-X)  =  h*,  f 

and  hence,  (corresponding  to  F  =  G  =  H  =  0),  we  have  also 

(a-X)f=gh,     (b-X)g  =  hf,    (c-X)h=fg (b) 

Any  one  of  the  three  sets  of  conditions, 
(c-X)(a-X)=g*,     (a-X)(b-X)  =  h*,     (a-X)f=gh,  (a') 
(a-X)(b-X)=h*,     (b-X)(c-X)=f,    (b-X)g  =  hf,    (b') 
(b-X)(c-X)=f\    (c-X)(a-X)  =  g\    (c-X)h=fg,    (C) 
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is  both  necessary  and  sufficient.  For  i)  (a')  is  given,  substi- 
tuting for  a  —  \  from  the  thinl  equation  in  the  first  two, 
we  obtain  {b-\)y=hft     (c-X)A=/# 

whence  (6  —  \)(c  —  \)=f'i. 

Tl  lore  fore,  if  none  of  the  three  quantities  f,  g,  h  is  zero, 
A,  the  repeated  root,  is  not  equal  to  a,  b  or  c,  and  wo  have 

/  9  h 

x  F        G         H  l\\ 

or  —  X  =  -.=  -  =  T \^) 

f     9     h 

If  /,  one  of  the  three  quantities  /,  g,  It,  is  zero,  then, 
from  (A),  \  =  b  or  c.     If  X  =  fc,  then  //  =0,  and 

(c  —  b)(a  — b)  =  ;f. 

I  f  \  =  c,  tlien  g  =  0,  and 

(a-c)(b-c)  =  h2. 

Therefore  if  one  of  the  three  quantities  is  zero,  another 
must  be  zero,  and  we  have 

\=a,    g  =  h  =  0,     (b-a)(c-a)=f2;\ 

or  \  =  b,     h=f=0,     (c-b){a-b)=f\ (2) 

or  X  =  c,     f=g  =  0,     (a-c)(b-c)  =  h\) 

The  equations  (1)  and  (2)  give  the  conditions  for  a  pair 
of  equal  roots  and  the  value  of  the  roots  in  each  case. 

(ii)  If  the  three  roots  are  equal  to  X,  X  also  satisfies  the 
equation 

^  =  0,    or    (a-X)+(6-X)+(c-X)=a 

But,  by  (a), 
{(a-X)+(&-X)+(c-X)}2 

=  {a-\Y  +  {b-\Y  +  (e-\)-  +  2f  +  2g-  +  2h-. 

Therefore  \  =  a  =  b  =  c,  and  f=g  =  h  =  0.     The  conieoid  in 
this  case  must  be  a  sphere. 
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147.  The  principal  directions.  We  shall  call  the  direc- 
tions determined  by  the  equations 

at  +  hm + gn  _hl  +  bm  +fn  _  gl  +fm  -f  en 

- : —  — — =  A 

I  m  n 

§f    ¥    # 

dl  _  dm  _  dn  _ 
or  2Z~2^~2^~A' 

the  principal  directions. 

If  X  is  a  root  of  the  discriminating  cubic  giving  values 
I,  m,  n  of  the  direction-cosines  of  a  principal  direction, 
X  =f(l,  m,  n). 

df     df      df     rf ,        df  ,      df 
'  ol     am     on       ot         dm        an      .,,  . 

21     2m     2w         2(^2  +  m2+w2)       ^ v  y 

148.  The  principal  directions  corresponding  to  two 
distinct  roots  of  the  discriminating  cubic  are  at  right 
angles. 

If  X1,  X2  are  the  roots,  and  lx,  mx,  nx;  l2,  m2,  n2  are  the 
corresponding  direction-cosines,  then 

2L\1=-f>  etc .;     2LX9  =  -f>  etc. 

oix  oi2 

But     ^  ^-+^4  ^+^i  ^-  =  h^f-+m,-^-  +  n,  -^-, 

1  ot2        1  dm2       L  an2      *  dlx        J  dmx       *  dnx 

and  therefore 

(Xx  — X2)(Z1Z2+m1m2+n1?i2)  =  03 

which  proves  the  proposition. 

149.  Cases  of  equal  roots,  (i)  If  X1?  X2,  X3  are  the  roots 
of  the  discriminating  cubic,  and  X2  =  X3,  there  is  a  definite 
principal  direction  corresponding  to  \x ;  but  the  equations 

dl2     dm2     dn2_^  (i\ 

2l2~2m2~2lT2~   2   ^  ' 

reduce  to  a  single  equation  which  is  satisfied  by  the 
direction-cosines  of  any  direction  at  right  angles  to  the 
principal  direction  corresponding  to  \x. 
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Suppose  f  hat  we  have 

\2  =  \..  /<>,     and     \.,^a-'l,':  =  h-l'J  ^r-'-1. 

2  .  /  g         I' 

Then  the  equations 

( a  —  X2)l2+ hm2  +  <jn2  =  0,    ld2  +(b—  X., )  m .,  +//'._.  =  < >, 

y/.,+/7n2  +  (c-\2)n2  =  0 

all  become  ghl2  +  hfm2+fgn2  =  0. 

And  since  the  sum  of  the  roots  of  the  cubic  is  ct  +  6  +  c, 

and  hence  the  equation 

(a  —  X1)^1  +  /t?n1  +  r/?i]  =0 
may  be  written 

The  three  equations  corresponding  to  AT  therefore  give 

gh~7hf~fy' 

which  determine  a  definite  principal  direction.  The  single 
equation  corresponding  to  A2  is  the  condition  that  the 
directions  given  by  gh  :  hf:fg,  l2  :  m., :  n2  should  be  at  right 
angles. 

If  we  have 

X2==X3=a,  g  =  0,  h=0,  and  (b -a)(c -a)=f\ 

the  equations  corresponding  to  A2  and  \  are 

(6  —  a)m2+fn2  =  0, 

ll_  mx  _nx 
0~b-a~J' 

If  Xo  =  A3  =  0)     then     D  =  0, 

be  =/'2     ca = g2,     ab  =  1r  ; 

and  the  equations  corresponding  to  A.2  and  Aj  are 

v/oZ2+V6m2+>/cn2=0> 

•J  a    v/6     s/c 
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(ii)  If  the  discriminating  cubic  has  three  equal  roots, 
any  direction  is  a  principal  direction.  For  \  =  a  =  b  =  c, 
and  f=g  =  h  =  0,  and  the  equations  for  principal  directions 
reduce  to  l_m_n 

I     m    7i 
The  reason  is  obvious.     The  surface  is  a  sphere,  and  any 
plane   through  the  centre  bisects  chords  at  right  angles 
to  it. 

To  sum  up,  if  the  discriminating  cubic  has  distinct 
roots,  there  are  three  mutually  perpendicular  principal 
directions.  If  it  has  two  or  three  repeated  roots,  three 
mutually  perpendicular  directions  can  be  chosen  whose 
direction-cosines  satisfy  the  equations  of  §  147,  which 
determine  the  principal  directions.  Therefore  in  all  cases 
we  can  transform  the  equation,  taking  as  new  rectangular 
axes  three  lines  through  the  origin  whose  direction-cosines 
satisfy  the  equations 

§/   _§£    y_ 

dl  _  dm  _  dn  _ 
Tl~2m~2n~   ' 
where  X  is  a  root  of  the  discriminating  cubic. 

150.  Transformation  of  f(x,  y,  z). 
f(x,  y,  z)  transforms  into  X^+Xg^+Xgf2. 
Let  o£  Or],  O^have  direction-cosines  lx,  mv  nx ;  l2,  m2,  n2 ; 
l3,  mz,  nz,  corresponding  to  the  roots  Xls  X2,  X3  of  the  cubic. 
Then     x  =  l1£+l2ri+l3£,  etc.     ^=lxx-\-n\{y-\-nxz,  etc. 
We  have  also 

7    S/_l.  df^         Pf-      ^_L         ^_L       df 

%x+mi^+ni^  =  Xdl1+y'dm1  +  Zdn~1' 

=  2X1(Z105 + mxy  +  nxz), 

=  2\£. 
And  similarly, 

3/  ,        3/  ,       3/ 


JaI+™s|+«s|=2Xsf 
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Hence,  multiplying  hy  £  >/,  <;  respectively  and  adding, 

Ex.  1.     (i)  In  Ex.  (i),  §  140, 

I  i.^+i4;y-  +  8i--4//:-4;./:-Hv,//  transforms  Into  *;.;--f-  12./-  +  i- 
(ii)  In  Ex.  1,  (i),  §  142, 
2afl  4-  20>/2  + 18.3- -12^.2  + I 2.ry  transforms  into  I4£'-'  +  2»;,,-'. 
(iii)  In  Ex.  (i),  §  143, 
.i;-+>/'-  +  2i-2i/z+2z.)'-2:iy  transforms  into  3£*. 

Ex.  2.     Prove  that  the  conicoids 

2ayz  +  2bzx  +  2ay  =  1 ,     2*yz  +  2(J:>  +  2y..y/  =  1 
can  be  placed  so  as  to  be  con  focal  if 

abc        |        «-gy _0     and    — -  "'"7/V"        +        "'J/;,'Jr'       =  — 

0+V+*    at+P+'f  (a2  +  6-  +  c-):-    (a.-  +  #-  +  y-):»    27' 


THE  CENTRE. 

151.  If  there  is  a  point  O,  such  that  when  P  is  any  point 
on  a  conicoid  and  PO  is  produced  its  own  length  to  P', 
P'  is  also  on  the  conicoid,  O  is  a  centre  of  the  conicoid. 

If  the  origin  is  at  a  centre,  the  coefficient*  of  x,  y,  z  in 
the  equation  to  the  conicoid  are  zero. 
Let  the  equation  be 

f(x,  y,z)+ 2ux  +  2vy  +  2wz +d= 0. 
Then  if  P  is  (x\  y\  z'),  P'  is  (  —  x,  —  y',  —  z'\  and 
f(x',  y',  z)  +  2u.r'  +  2ey'  +  2wz'  +  d  =  0, 
f(x\  if,  z) - 2ux  - 2vy' - 2wz  +d=  0. 

Therefore  ux'+vy'+wsf=0 (1) 

Hence,  since  equation  (1)  is  satisfied  by  an  infinite 
number  of  values  of  x,  y\  z'  other  than  the  coordinates 
of  points  lying  in  the  plane 

ux+vy  +  wz—% 
we  must  have  w  =  v  =  w  =  0. 
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152.  To  determine  the  centres  of  the  conicoicl 

F(x,y,z)  =  0. 
Let  (oc,  /3,  y)  be  a  centre.     Change  the  origin  to  (a,  /3,  y) 
and  the  equation  becomes 

F(05  +  a,  y  +  (3,  z  +  y)  =  0, 

*^\C  ^C  "T-^C 

or         f(x,  y,  *)+«^+3^+^+F(a,  /3,  y)  =  0. 

Therefore,  since  the  coefficients  of  x,  y,  z  are  zero, 
3F_3F_c3F 

3a     d/3     dy 

Cor.     The  equation  to  any  diametral  plane  is  of  the  form 
,3F,       3F^     9F 
3aj         cty        3^ 
and   therefore   any   diametral    plane    passes    through   the 
centre  or  centres. 

153.  The  central  planes.    The  equations 

1  dF 

2  —  =  ax  +  hy-\-gz  +  u  =  0 (1) 

I  ^  =  ^+%+/*+<;  =  0, (2) 

2^,=9x+fy  +  cz  +  w  =  °  (3) 

represent   planes   which   we   may   call  the   central  planes. 
Any  point  common  to  the  central  planes  is  a  centre. 

Multiply  equations  (1),  (2),  (3)  by  A,  H,  G  respectively 
and  add  ;  then,  since 

aA  +  hH+gG  =  D     and     /iA  +  6H+/G  =  0,  etc., 
Au+Hf  +  Gw 


x  = 


—  D 


~.     ..     .                Hll+Bv+Fw             Gu  +  Fv  +  Cw 
Similarly,    y  — ,     0  = 

We  have  to  consider  the  following  cases,  (cf.  §  45) : 
I.  D=/=0,  single   centre    at    a  (ellipsoid,    hyper- 

finite  distance,  boloid,  or  cone). 
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II.  D  =  0, 

Att+Hv+Gw  /  0, 

III.  D  =  0, 

Au  +  H?;  +  Gltf  =  0, 
A=£0, 


IV.   A,  B,  C,  F,  G,  H, 

all  zero, 

fu>=hgv, 


V.   A,  B,  C,  F,  G,  H, 

all  zero, 
fu—gv  =  \vh, 


single  centre  .-it   an    (paraboloid), 
infinite  distance 

line  of  •■'•Hi  ree  al  ;<  (elliptic  or  liy- 

I'iniic  dista no-.  ]!■  rbolic,  •■y- 

(ceni  ra  I    planes  linder,    pair 

pass  through  one  of  Inter 

line  and  arc  not  ing  plan 
parallel,) 

line  of  centres  at  an    (parabolic   cy- 

iiifinite    distance,        linder). 
(central  planes 
parallel    but    not 
coincident,) 

plane     of     centres,    (pairofparallel 
(central    planes        planes), 
coincident,) 


154.  Equation  when  the  origin  is  at  a  centre.  If 
the  conicoid  has  a  centre  (a,  /3,  y)  at  a  finite  distance,  and 
the  origin  is  changed  to  it,  the  equation  becomes 

f(x,y,z)+F(a.,l3,y)  =  0, 


or,  since 


?F      „3F        3F 


"3oc 


/(a,  ;/,  »)+wa.+vi8+wy+d=0. 

This   becomes,   on   substituting   the   coordinates  of   the 
centre  found  in  §  153, 

,v  x      An'2  +  Bv1  +  Cw2  +  2Fnr  +  -2GirH-\--2Hur-dD 


D 

-s 

where 

S  = 

a,    h, 
h,    b, 

9> 
f, 
c, 
w, 

u 

V 

w 
d 

' 

Cor.     If  F(x,  y,  c)  =  0  represents  a  cone.  S=0  and  D=x=0. 
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Ex.  1.     Find  the  centres  of  the  conicoids, 

(i)  Ux2  +  Uy2  +  8z2  -  4yz  -  4zx  -  8xy  +  18x  -  18y  +  5  =  0, 
(ii)  3x2  +  5y2  +  3z2  -  2yz  +  2zx-2xy  +  2x  +  12y  +  10z  +  20=0, 
(iii)  2x2  +  20y2  +  18z2  -12yz  +  \2xy  +  22x  +  6y-2z-2  =  0, 
(iv)  bx2  +  26y2  +  10z2  +  4yz  +  I4zx  +  6xy-8x-l8y-  lOz  +  4  =  0, 
(v)  x2 +y2  +  z2- 2yz  +  2zx - 2xy -2x-4y-2z  +  3  =  0, 
(vi)  x2+y2  +  z2- 2yz  +  2zx-2xy-2x  +  2y- 2z- 3  =  0. 

Ans.  (i)  (-£>   g'  ° )'    ^"H  ~6' _3'  _"^)'     (iH)  the  central  planes 

are  parallel  to  the  line  — -=-L  —  l      (iv) -=-l=z- — -  is  the  line  of 

F  -9     3     1  ;   -16     1       11 

centres,     (v)  the  central  planes  are  parallel,     (vi)  x— y+z=\  is  the 

plane  of  centres. 

Ex.  2.  If  the  origin  is  changed  to  the  centre,  the  equations  (i)  and 
(n)  become  1 4^2  +  x  4^2  +  8z2  _  Ayz  _  4zx  _Sxy  =  ^ 

3x2  +  by2  +  3s2  —  2yz  +  2zx  —  2xy  =  1 . 

Ex.  3.  If  the  origin  is  changed  to  (5,  0,  -  3),  or  to  any  point  on 
the  line  of  centres,  the  equation  (iv)  becomes 

5x2  +  26y2  +  10z2  +  4yz  +  Uzx+Qxy  =  l. 

Ex.  4.  Prove  that  the  centres  of  conicoids  that  pass  through  the 
ellipses  x2/a2+y2jb2  =  l,  3=0  ;  x2/a2+z2/c2  =  l,  y=0  lie  on  the  lines 

C1JL=J- 
0     6     ±c 

Ex.  5.  The  locus  of  the  centres  of  conicoids  that  pass  through  two 
given  straight  lines  and  two  given  points  is  a  straight  line. 

Ex.  6.  If  F(x,  y,  z,  t)  =  0  represents  a  cone,  the  coordinates  of  the 
vertex  satisfy  the  equations 

3F^9F=3F=3F=0 
~dx    ~dy     'dz      cit 

Ex.  7.  Through  the  sections  of  a  system  of  confocals  by  one  of  the 
principal  planes  and  by  a  given  plane,  cones  are  described.  Prove 
that  their  vertices  lie  on  a  conic. 

Ex.  8.  Prove  that  the  centres  of  conicoids  that  pass  through  the 
circle  x2+y2  =  2ax.  s  =  0,  and  have  OZ  as  a  generator,  lie  on  the  cylinder 
x2+y2  =  ax. 

Ex.  9.  A  conicoid  touches  the  axes  (rectangular)  at  the  fixed 
points  (a,  0,  0),  (0,  b,  0),  (0,  0,  c),  and  its  section  by  the  plane  through 
these  points  is  a  circle.     Shew  that  its  centre  lies  on  the  line 

x  y  z 

a3(b2  +  c2)  ~  b3(c2  +  a2)  ~  c\cfi  +  b2)' 

Ex.  10.  Shew  that  the  locus  of  the  centres  of  conicoids  which 
touch  the  plane  z  —  0  at  an  umbilic  at  the  origin,  touch  the  plane  x=a 
and  pass  through  a  fixed  point  on  the  s-axis,  is  a  conicoid  which 
touches  the  plane  z—0  at  an  umbilic. 
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Ex.  11.     Variable  conicoidi  patf  through  th< 

-•  =  (),  cufl+ty*+2fx+d    0;     - 

hew  that  the  locus  of  their  centre    i   a  conic  in  the  plane  y 

Ex.  12.     Find  the  locus  of  the  centres  of  conicoide  thai  pa 
two  conies  which  have  two  common  points. 


REDUCTION  OF  THE  GENERAL  EQUATION. 

155.  Case  A:  d^O. 

There  is  a  single  centre  at  a  finite  distance    (^  153    I 
Change  the  origin  to  it,  and  the  equation  becomes 

f(x,y,z)+l=o. 

The  discriminating  cubic  has  three  non-zero  roots, 
A,,  A.,,  A;J,  and  there  are  three  determinate  principal  direc- 
tions, (A^Ag^As),  or  three  directions  that  can  be  taken 
as  principal  directions,  (A2  =  A3,  or  A1  =  Ao  =  A3).  The  lines 
through  the  centre  in  these  directions  are  the  principal 
axes  of  the  surface.  They  are  the  lines  of  intersection 
of  the  principal  planes.  Take  these  lines  as  coordinate 
axes,  and  the  equation  transforms  into 

A1«-J+A.2?/  +  A3c;2  +  j*  =  <>. 

The  surface  is  thus  an  ellipsoid,  a  hyperboloid  of  one 

sheet,  a  hyperboloid  of  two  sheets,  or  a  sphere,  if  S^O. 
If  S  =  0,  the  surface  is  a  cone. 

Ex  1.     a2 +y2  +  z2  -  Qi/z  -  2zx  -  2xy  -  6.v  -  2>/  -  2z  +  2  =  0. 
The  discriminating  cubic  is 

A3-3A--8A  +  16  =  0. 

,„,  .      .    -l+vl7   —  1— Vl7       .      .,       0o 

Whence       A  =  4,  - > ;     4,  a.-,  - p~,    say. 

For  the  centre  a? — y — s  —  3=  0, 

-.r+y-3:-l=0, 

-x-Zy+z-\=Q. 
These  give  »=1,  V=  —  1,  8==  —  1. 

.*.   =r=ux+vy+ws+d=l. 

The  reduced  equation  is  therefore  —  4.c- -  a.7/- +  /}'-':-  =  1,  and  re- 
presents a  hyperboloid  of  two  sheets. 
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Note.  If  the  roots  of  the  discriminating  cubic  cannot  be  found  by 
inspection,  their  signs  may  be  determined  by  a  corollary  of  Descartes' 
Rule  of  Signs  :  "If  the  roots  of  /(A)  =  0  are  all  real,  the  number  of 
positive  roots  is  equal  to  the  number  of  changes  of  sign  in  /(A)."  In 
the  above  case,  /(A)  =  A3  +  3A2-8A  +  16,  and  there  are  two  changes  of 
sign,  and  therefore  two  positive  roots. 

Ex  2.     Reduce  : 

(i)  x°-  +  3f  +  3s2  -  2i/z  -  2x  -  2y  +  6z + 3  =  0, 

(ii)  Zx1  -f-z2  +  6yz  -  6x  +  6y-  2?  -2  =  0, 

(iii)  2y2  +  4zx  +  2x-fy  +  Qz  +  b  =  0. 

Ans.  (i)  x2  +  2y2  +  ±z2  =  l,     (ii)  3x2  +  2f  - 4z2  =  4,     (iii)  x2+y2-z2  =  0. 

156.  CaseB:  d  =  0,  Au+Hv+Gw=f=0. 

There   is   a   single   centre   at   infinity,   (§  153,   II.).     If 

\,  X2,  A3  are  the  roots  of  the  discriminating  cubic,  \=fzQ> 

A2=/=0,  A3  =  0,  (§  141).     If  l3,  m3,  n3  are  the  direction-cosines 

of  the  principal  direction  corresponding  to  A3, 

gl3+fm3+cn3  =  0 

and  hl3  +  bm3  -\-fnz  =  0, 

t  ,,       c           L    m,     n-     uL-\-vvio-\-w7io 
and  therefore      -?  = — ^  =  _3  = — s_j s_i s. 

A       H        G        uA  +  vH  +  wG 
Hence  ul3-\-vm3-\-wn3=^0.     Denote  it  by  7c. 
The  principal  plane  corresponding  to  A3  is  at  infinity, 
(§142). 

Where  the  line   — j —  =  - — —  =  - — —  =  r 
l3  m3         n3 

meets  the  surface,  we  have 

r2/a3,  m3,  nB)+r(ls^+m3^+n^+F(cL,  /3,  y)  =  0, 

which,  by  means  of  the  equations  of  §  147,  may  be  written 
A3r2  4-  2r{\3(l3oi + m3/5 + n3y)  +  ul3 + vms  +  wn3} 
+  F(a,/3,  y)  =  0, 
or  0.r2  +  2&r+F(a,  /3,  y)  =  0. 

Therefore  any  line  in  the  principal  direction  corre- 
sponding to  A3  meets  the  surface  in  one  point  at  a  finite 
and  one  point  at  an  infinite  distance. 

If  the  line  T  =  -^-=— 
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is  norma]  to  fche  tangent   plane  al   | x'   y'    \  |    b   point  of 
the  surface, 

3F      3F       OF      .  OF  F  F 

3ic      cfy      32       'Jdx  •    '/        soz 

i         m3         ":;  V+Wlj  +Wj 

=    2(-?t/.,+     ''//A..   +   U'7l.j)    =    2/'. 

Hence  such  points  as  (.<•',  //',  z)  lie  on  fche  three  planes 

px  =  ax  +  hy  +  gz  +  u  —  /d3  =  i),   |  1  | 

p2  =  hx-\-by+fz-\-  v  —  kmz  =  0,  (2) 

p3  =  gx+fy  +  cz+w  —  /v?l3  =  0 (3) 

But  te+V2  +  %?85°> 

therefore  the  three  planes  pass  through  a  line   which   is 
parallel  to  j-  =       =  — . 

Therefore  there  is  only  one  point  on  the  surface  at  which 

x       II        z 
the  normal  is  parallel  to  the  line  r  =  -^-=—.     That  point 

^3     wis     ns 

is  the  vertex  of  the  surface.     Its  coordinates  are  given  by 

the  equations  (1),  (2),  (3),  (which  are  equivalent  to  two 
independent    equations,)   and    the   equation   F(x,  y,  :)  =  (). 

But     F(x,  y,  z)  =  hx  —  +  hy  —  +  \z  —  +  ux  +  vy  +  wz  +  d , 

=  k(l&x  +  m3y  +  n3z)  +  ux  + 1  -y  +  wz  +  d. 
Hence  any  two  of  the  equations  (1),  (2),  (3)  and  the 
equation 

h(lzx  +  m.Aij  +  nBz)  +  ux  +  vy  +  wz  +d= 0 

determine  the  vertex. 

To  reduce  the  oiven  equation,  change  the  origin  to  the 
vertex,  (x\  y',  z).     The  equation  becomes 

fix,  y,  f)+a!*+y  *+,*+F(flrI  y,  o=o 

or  f(x,  y,  z)  +  2k(ls.v-\-m,i/-\-n.,:)  =  0. 

Take  the  three  lines  through  the  vertex  in  the  principal 
directions  as  coordinate  axes,  so  that   o£  has   direction- 
cosines  /.,,  m8>  ??.,,  and  the  equation  transforms  into 
Aif+A^+2fcf=0. 
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The  surface  is  therefore  a  paraboloid. 
Since,  from  (1),  (2),  (3), 

73F,         3F,        3F  3F  3F  3F 

13fl3         132/        132;  23o?         ^3^/  3^ 

the  principal  planes  corresponding  to  \  and  A2  pass  through 
the  vertex.  The  new  coordinate  planes  are  therefore  the 
two  principal  planes  at  a  finite  distance  and  the  tangent 
plane  at  the  vertex. 

Ex.  1.     2x2  +  2y2+z2  +  2yz-2zx-4:Xy  +  x+y  =  0. 
The  discriminating  cubic  is 

A3-5A2  +  2A  =  0. 

wi.  x       5  +  \/l7     5-Vl7     »  2      02     n 

Whence  A  =  — -= >  — = >  0;     a2,  /32,  0,     say. 

For  the  principal  direction  corresponding  to  A3, 

2l3  —  2m3  —  n3  =  0, 
—  l3  +  m3+n3=0. 

Therefore  h^f=^=^ 


and  k=ul3+vm3  +  wn3=—j= 


V2 


2 

The  reduced  equation  is  therefore  a.2x2  +  /32y2-\ — pz  =  0. 

The   equations  for  the   vertex  give  x=y=z=0,  and  the  axis  is 
x=y,  z=0. 

Ex.  2.     The  following  equations  represent  paraboloids.     Find  the 
reduced  equations,  the  coordinates  of  the  vertex,  and  the  equations 
to  the  axis.        ^  ^  +  4„2  +  ^ _  2.£  _  1 4j/  -  22z + 33  = 0, 
(ii)  Ax2  -  y2  -z2  +  2yz  -  8x  -  Ay  +  8z  -  2 = 0. 

Ans.    (i)y2  +  3z2  =  x;     (1,1/2,5/2);      ^1  =  21^  =  2-^.; 

(ii)2x2-y2  +  ^2z=0;      (1,-9/4,3/4);     ^=^+9  =  ^. 

157.  Case  0:  d  =  0,  au+hv+gw  =  0,  A=f  0. 
There  is  a  line  of  centres  at  a  finite  distance,  (§  153,  III.). 
The  discriminating  cubic  has  one  zero-root,  A3,  giving, 
(as  in  §156),  l_3  =  m,  =  n, 

AH       G' 

or,  since  GH  =  AF,         =-f-  =  =-/    =  r-r5-- 
1/F      1/G      1/H 
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In  this  case  ul.,+  ''///..-J-  wns—0,  and  the  principal  plane 
corresponding  to  A.,  is  indeterminate,  (§  L42),  It  ma}-  \>c 
any  plane  at  right  angles  fco  F./;  =  G//  =  H:. 

The  line  oi'  centres  has  equations 

ax  -\-  hy  +  gz  +  u  =  0, 
hx  +  by+fz  +'•  =  (), 
which  may  be  written 


uf  vg  wh 


x — -     v  — 
F       y      G 


1/F  1/G  1/H 

Hence  lv  m3,  nz  are  the  direction-cosines  of  the  line  of 
centres. 

Any  point  on  the  line  of  centres  has  coordinates 
uf+r     vg  +  r     wh  +  r 
~F~~'     ~G~'    "IT" 

If  we  change  the  origin  to  it,  F(x,  y,  z)  =  0  becomes 

to  y,  S)+^±r)+^^)+^±r)+(i=o. 

or,  since  ul.i-{-vriii.i-{-wn.i  =  0> 

Transform  now  to  axes  through  the  centre  chosen  whose 
directions  are  the  principal  directions,  and  the  equation 
further  reduces  to      x^>  +  ^2  +  d>  =  0> 

where  *m&+&+^+d. 

F   ^  G         H 

If  d'=f=0,  the  surface  is  an  elliptic  or  hyperbolic  cylinder ; 
if  d'  =  0,  it  is  a  pair  of  intersecting  planes. 

Ex.  1.    .r2  +  6</2  -  -'-'  -  yz  +  5xy  +  ±r + hy  =  0. 
The  discriminating  cubic  is 

1 5 
A3-6A2-~  A=0. 

2a 

Whence  A  =  3±Y^3,  0;    a2,  -/J2,  0,    say. 

Corresponding  to  A3  =  0,  we  have 

2?3+5»is=0,     5/3 +  1  :>>».. ->i3  =  0, 
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and  therefore  -5=^-4=^3, 

5      —  2      1 

and  (^3  +  (,/7'(3+(r?!3=0. 

Hence  there  is  a  line  of  centres,  given  by  2.r-i-5j/  +  2=0,  ^  +  2^=0. 
A  point  on  this  line  is  (— 1,  0,  0).  Change  the  origin  to  it,  and  the 
given  equation  becomes 

.r2 + 6i/'2  —  z-  —  yz  -t  5:ry  =  1 , 
which  reduces  to  ctAi*2  —  /?v/2  =  l. 

Ex  2.     What  surfaces  are  represented  by 

(i)  2y*-2ys+  is*  -  2*3  -*-%+&-  2 =0, 

(ii)  26T2  +  20/  +  IO22  -  4yr  -  16z.r  -  3&>y  +  52.?  -  36y  - 16.-  +  25  =  0  ? 

-1 ml    (i)     ar2  -   -2y-  =  1 ,  axis  2» +3=  2y  =  2 .-  - 1  ; 
(ii)  14s2 +42/ =  1,  axis  jp=y-l=s-l. 

4   Ex.  3.     Prove  that  the  equation 

5./-  -  4j/-  +  hz-  -4-  ±yz  -  142X + 4xy + 16.r  + 1 6  y  -  32r  +  8=0 
represents  a  pair  of  planes  which  pass  through  the  line  ;r  +  3=y  =  z  +  l 
and  are  inclined  at  an  angle  2  tan-1  \  2. 

158.   CaseD:  a  =  b  =  c  =  f  =  g  =  h  =  0,  iif—vg. 

There  is  a  line  of  centres  at  infinity,  (§  153,  IV.).     If 
Xl3  Xo,  X3  are  the  roots  of  the  discriminating  cubic. 
\  =  a+b  +  c,    X,  =  X3  =  0. 

If  lx,  m1}  nx  are  the  direction-cosines  of  the  principal 
direction  corresponding  to  Xl5  since  f'2  =  bc,  g2  =  ca,  and 
],2  =  ab,  we  have 

al1  +  sfabmx  +  Jacn1_  \!o.blx  +  bm-^  4-  Jbcnx 
lx  mx 

_  sfcalx  +  s!bcmx  -\-  cti1 


whence 


h  _mi_'??i 
•Ja     -Jb     Jc 

And  since  uf—vg=f=0,  ujb—v>ja^=0,  or  uin^  —  vl^O. 

Let  Q£,  Ot],  Of  be  a  set  of  rectangular  axes  whose  direction- 
cosines  are  lx,  m1}  nx  :  1.2,  m.2,  n.-, :  Z3,  m3,  n3.  Then  ?0,  wig,  w^ ; 
lo,  ra3.  n.3  satisfy  the  equations  for  principal  directions, 
(§  149).  The  equation  to  the  surface  referred  to  o£  Ot],  Of 
is  therefore 
\x2  +  2;/:(  ulx  4-  vm ,  +  wn^  +  2y(ul2  +  nn,  +  m»i  a ) 

+  2z(ul.z  +  vms  +  wnz)  +  (7  =  0. 
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NOW  //_,+  //«,'''.:+  "i''-  =  0 

and  we  can  choose  Kg,  m.,,  n^  to  satisfy  all 
^^Z2+^,7/(;,+  u wi  .  =  0. 
Then  7i2C?t/3+vm3+^/'»3)  =  ^(n2^3  — y       -  — //<.//i5), 

Therefore,  if  nj ,-\-  r,a.i  +  icnz  is  denoted  by  ic,, 
w1'2  =  S( ".//(,  —  tf^y 

_  (vjc  —  icjbf  +  (a\fu.  —  uJ<:)-+{uSlj  —  rjaf 
~  a+ 6  +  c  ' 

Writing   wx    for    u/j  +  rm,  +  ut<1,    the    equation    to   the 

surface  becomes 

X1a;2+2u1a;  +  2v.-xs  +  r7  =  0, 


or 


K)^H^H 


which  may  be  reduced,  by  change  of  origin,  to 

The  surface  is  therefore  a  parabolic  cylinder. 
The  latus  rectum  of  a  normal  section 

Xi  {a+b  +  e? 

159.  Case  E:  a  =  b  =  c  =  f  =  g  =  h  =  0.   uf=vg  =  wh. 

There  is  a  plane  of  centres,  (§  153.  V. ). 

As  in  Case  D,  Xx  =  a  +  b  +  c,  X.2  =  X3  =  0.  and 

But  since  uf=  ug  =  wh , 

u  _    v  _  to 

S'rt        \/&        N^C 

and  therefore 

uZ2+vm2+ton8=«2s+vm8+«im$=0. 

The  equation  to  the  surface  therefore  reduces  to 
\j.*  +  2ulx  +  d  =  Q. 
and  the  surface  is  a  pair  of  parallel  planes. 
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160.  Reduction  when  terms  of  second  degree  are  a 
perfect  square.  The  following  method  of  reduction  is 
applicable  to  Cases  D  and  E,  and  is  the  most  suitable 
method  when  the  coefficients  in  the  given  equation  are 
numerical. 

Since  A  =  B  =  C  =  0,  f(x,  y,  z)  is  a  perfect  square. 

Hence 
F(x,  y,  z)  =  {J  ax + \/by  +  s/cz)2+2ux +  2vy  +  2wz + d. 

If,  (Case  E),  —i==—==:—i=  =  h,  the  equation  becomes 

Va     vo     vc 

(sfax  +  -J  by + Jcz)2 + 2h{Jax + J  by  +  Jcz)  +  d  —  0, 
and  represents  a  pair  of  parallel  planes. 

But  if,  (Case  D),  —~^=-j=,  the  equation  may  be  written 

\Ja    v» 

(s/ax + Jby + Jcz  -f-  X)2 

=  2x(\Ja  -  u) + 2y  (X>/5  -  v)  +  2z(\  Jc  -  w)  +  A2  -  d. 

Now  choose  X  so  that  the  planes 

U  =\Jax  +  \/by+\/cz+\  =  0, 

V  =  2x(\Ja  -u)  +  2y(\Jb  -v)+ 2z(\Jc  -w)  +  \2-d  =  0 

are  at  right  angles.     This  requires  that 

_  uja + vjb + wjc 
a+b  +  c 

Then  take  rectangular  axes  with  U  =  0,  V  =  0  as  new 
coordinate  planes  ^=0,  r\  =  0,  so  that 

i=  i       7  =    and     >;  =  — .  =, 

Va  +  6+c  2jl{\Ja-uf 

and  the  equation  reduces  to 

£2(a  +  6  +  C)  =  2j-2{\Ja-u)\ 

But,  by  Lagrange's  identity, 

(a+&  +  c){2(XN/a-u)2}-{2s/a(XN/a-u)}2 

=  2(i\/c  —  ws/bf) 
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therefore  the  reduced  equation  may  be  written 

„     2{S(Wc-W5) 

Ex.      I  {.educe  the  equations 

( i )  .r2  +  Ay'1  +  z~  -  Ayz  +  2zx  -  4xy  -  2x  +  4y  -  2z  -  3  =  0, 
(ii)  9x'i  +  4f  +  4z2  +  8yz+12zx+\2:r/j  +  4x+</  +  h\z+l=0. 
Ans.  (i)  (ix-  -  2  Vb'./'  -  3  —  0,     (ii)  x'1  =  ,77  y, 

161.  Summary  of  the  various  cases.  In  the  reduction 
of  the  general  equation  of  the  second  degree  with  numerical 
coefficients  the  following  order  of  procedure  is  generally 
the  most  convenient : 

If  the  terms  of  second  degree  form  a  perfect  square, 
proceed  as  in  §  160. 

If  the  terms  of  second  degree  do  not  form  a  perfect 
square,  solve  the  discriminating  cubic. 

If  the  three  roots  are  different  from  zero,  find  the  centre 

(a,  /3,  y)   from   the   equations   —  =  —=  =  —  =  0,   and   the 
reduced  equation  is 

X^2  +  \y2 + \z~  +  no.  +  v/3+ wy  +  d  =  0. 

If  one  root,  A3,  is  zero,  find  lz,  m3,  w3,  from  two  of  the 

*~±X  C^-fi  ^-P 

equations  _'   =  — £-=^-  =  0-     Evaluate  ulz  +  vm.,+  wn3  =  k. 

OLn  Ol/Lty  Oil  O 

If  /,•=/=(),  the  reduced  equation  is 

If  k  =  0,  there  is  a  line  of  centres,  given  by  any  two  of 
the  equations  ^- = -  -  =  — = 0.  Choose  (a,  f3,  y)  any  point 
on  it  as  centre,  and  the  reduced  equation  is 
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Ex.     Reduce  the  following  equations  : 

(i)  3.v2  +  by2  +  3z2  +  2yz + 2zx + 2xy -4x-8z+5=0, 
(ii)  2a;2  +  20y2  +  18s2 -\2yz  +  Uxy +  22x  +  6y-2z-2  =  0, 
(iii)  3x2-24y2+8z2  +  l6yz-10zx-14xy+22y  +  2z-4:=0, 
(iv)  3Gx2+±y2  +  z2 -  4ys -  I2zx  +  24xy  +  4x+ \6y -  26z -  3  =  0, 
(v)  3ofi  +  ly2  +  3z2  +  lOyz - 2zx  +  \0xy  +  4x-l2y-4z  +  l  =  0, 
(vi)  6y2  -18yz-  6zx + 2xy  -  9x + by  -  hz + 2  =  0, 
(vii)  bx2  +  26y2  +  lOz2  +  Ayz  + 1  \zx  +  6xy  -  8x  -  1 8?/  -  10s  +  4 = 0, 
(viii)  4^2  +  9/-  +  36s2-36j/s  +  24s.r-12.«7/-10j;+15?/-302+6  =  0, 
(ix)  lly2  +  14^s  +  8s^  +  14^3/-6^-]6y  +  2s-2=0, 
(x)  2x2-7y2  +  2z2 - 10ys-  8s.£-  10.r?/  +  6.r+ 12,?/-  6z  +  5=0. 
Aiis.  (i)  3x2+2y2+6z2=l,  (ii)  14^2  +  26j/2=2\/9ls, 

(iii)  14z2-27?/2=l,  (iv)  4lx2  =  28y, 

(v)  3j;2-4^2-12j2=1,  (vi)  14.y2-26#2  =  2\/9ls, 

(vii)  14r2+27j/2  =  l,  (viii)  49.r2-35.r+6  =  0, 

(ix)  3x2  +  4y2-l8z2=l,  (x)  x2  +  2y2  -  \z2  =  0. 

162.  Conicoids  of  revolution.  If  two  of  the  roots  of  the 
discriminating  cubic  are  equal  and  not  zero,  the  equation 
F(x,  y,  z)  =  0  reduces  to 

Xi(^+2/2)+A302+|  =  O, (i) 

or  \1(x*  +  y*)  +  2kz  =  0, (ii) 

or  X^+y^+d^O (iii) 

The  surface  is  therefore,  (i),  an  ellipsoid,  hyperboloid,  or 
cone  of  revolution,  (ii),  a  paraboloid  of  revolution,  or  (iii),  a 
right  circular  cylinder.  These  are,  if  we  exclude  the  sphere, 
the  only  conicoids  of  revolution,  and  therefore  the  con- 
ditions that  F(x,  y,  z)  =  0  should  represent  a  surface  of 
revolution  are  the  conditions  that  the  cubic  should  have  a 
repeated  root  different  from  zero,  viz.,  (§  146), 

Xi=a_9hh_¥=cj9.     (1) 

1           /           9           h 
or  \  =  a,  (b-a)(c-a)=f\  g  =  0,   h=0;    (2) 

or  X1  =  6,    (c-b)(a-b)=g2,   h  =  0,  /=0;    (3) 

or  \  =  c,    (a-c)(b-c)  =  h\  /=0,  #  =  0 (4) 
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If  equations  (I )  are  satisfied, 
F(x,  y,  z)  =  X^x'2 + if1  +  -J )  +  2ux  +  2vy + 2ws + d 

And  therefore  any  plane  parallel  to  the  plane  t-+    +7  = fl 

cuts  the  surface  in  a  circle.  The  axis  of  the  surface  is  the 
line  through  the  centres  of  the  circular  sections,  that  is, 
the  perpendicular  from  the  centre  of  the  sphere 

\(x2  +  y2  +  z2) + 2ux  +  2vy  +  2wz  +  d  =  0 
to  the  planes  of  the  sections.     Its  equations  are  therefore 

/K)=*K)=*K> 

Similarly,  if  equations  (2)  are  satisfied,  the  equations  to 
the  axis  are         x+u/a  _  y  +  v/a  _  z+w/a 
0  sjb  —  a     >Jc  —  a 

Ex.  1.     Find  the  right  circular  cylinders   that  circumscribe  the 
elliPsoid  x2la2+>,2lb2  +  z2ic2  =  l. 

The  enveloping  cylinder  whose  generators  are  parallel  to  the  line 

x\l=y\m=z\n  has  equation 

(x2    >i2    z2    ,\/l-     m2    n2\     fix    my  /<:Y    _ 

\a2     b2    c2       J\a2     ¥     c-/     \a£      b-  c-J 
Conditions  (1)  give 

1  (I2     m*     n2\  _  1  (I2     m2     n2\  _  1  (I2  m2    n2\ 

which  can  only  be  satisfied  if  a  =  b  =  c,  or  t  =  m  =  n  =  Q.  (If  a  =  b  =  c, 
the  ellipsoid  becomes  a  sphere,  and  any  enveloping  cylinder  is  a  right 
cylinder.)     Using  conditions  (2),  (3),  (4),  we  obtain 

1  =  0,     {m2(a2-c2)  +  n2(a2-b2)}{m2r-  +  n2b-\  =  0, 

or  m  =  0,     { n2(b2  -  a2)  +  P(b2  -  c2) }{ n-a-  +  Pt? J  =  0, 

or  a  =  0,     { P(c2  -  b2)  +  m2(c2  -  a'2)} { Pb2  +  m2a2 )  =  0. 

If  a>b>c,  the  second  only  of  these  equations  gives  real  values  for 
the  direction-cosines  of  a  generator,  viz., 

I       _  ra  _        n 

sJa2  -  b2     0      ±  sib1  -  c2 

If  A  is  the  repeated  root  of  the  discriminating  cubic, 

o-  \  a1     c-  / 
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The  reduced  equation  to  the  cylinder  is 

or  x2+y2  =  b2. 

Ex.  2.     Find  the  right  circular  cylinders  that  can  be  inscribed  in 
the  hyperboloid  ^  +  2^-3^  =  1. 

Ans.  4(x2  +  2y2-3z2-l)  +  (x±Ju>zf=0. 

Ex.  3.     Prove  that 

x2+y2  +  z2-yz-zx-xy-  Sx-  6y-  92  +  21=0 

represents  a  paraboloid  of  revolution,  and  find  the  coordinates  of  the 
focus.  Ans.  (1,  2,  3). 

Ex.  4.     Find  the  locus  of  the  vertices  of  the  cones  of  revolution 
that  pass  through  the  ellipse 

x2/a2+y2/b2  =  l,    s=0. 

i2-b2     b2 


a  V *  za  n         or  a-       - 

Ans.  x=0,  -#-T2+?-i=-l;    y=0,  3-m— M  =  L 


Ex.  5.  The  locus  of  the  vertices  of  the  right  circular  cones  that 
circumscribe  an  ellipsoid  consists  of  the  focal  conies. 

Ex.  6.     If  f(x,  y,  z)  =  0  represents  a  right  cone  of  semi- vertical 

angle  a,  h  hf  .  ,  h     ^    f, 

?-F-a=—-b==ut-G=  1^-  +  — +^- )  cos2oc. 
/  9  h.  \f     g      hj 

Ex.  7.  If  f{x,  y,  z)=\  represents  an  ellipsoid  formed  by  the 
revolution  of  an  ellipse  about  its  major  axis,  the  eccentricity  of  the 
generating  ellipse  is  given  by 

a  +  b  +  c  qh 

=  ^  —  - — . 

3-e2  f 

Ex.  8.  If  the  axes  are  oblique,  F(#,  y,  z)  =  0  represents  a  conicoid 
of  revolution  if 

f(x,  y,  z)  —  k(x2+y2  +  z2+ 2yz  cos  A  +  2zx  cos  fj,  +  2xy  cos  v) 

is  a  perfect  square. 

Hence  shew  that  the  four  cones  of  revolution  that  pass  through  the 
coordinate  axes  are  given  by  ayz  +  bzx  +  cxy  —  0,  where 

a  b  c  .,      —a  b  c 

sin--     sin^     sirr  sinJ-     cos^c-     cos^^r 

2  2  2  2  2  2 

a  —b <j  a  b  —c 

■>A      .  „u  „v'  IX  „«      .  9v 

COS"-      Sin^'-      COS^jr  cosJ-      cos^l      SUTjr 

2  2  2  2  2  2 

Ex.  9.  Find  the  equations  to  the  right  circular  cones  that  touch 
the  (rectangular)  coordinate  planes. 

Ans.  x2+y2+z2±2yz±2zx±2xy  —  0,  (one  or  three  of  the  negative 
signs  being  taken). 
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INVARIANTS. 

163.  If  the  equation  to  a  conicoid  F(x,  ,</,  :>    o 
formed  by  a/n/y  cha/nge  of  rectangular  axes,  the  exprei 

a+b+c,     A  +  B  +  C,     D,     s 

remain  unaltered  in  value. 

If  the  origin  only  is  changed, /(a?,  y,  z)  is  unaffected,  and 
therefore  a  +  b  +  c,  A  +  B  +  C,  and  D  are  unaltered. 

If  now  the  coordinate  axes  be  turned  about  the  origin 
so  that  f(x,  y,  z)  is  transformed  into 

f{(x,  y,z)  =  axx2 + bxy2 + cxz2  +  2f\yz  +  2gtzx  +  2Arr y, 

then  f(x,  y,  z)— \(x2  +  y2  +  z2)     becomes 

fx{x,  y,  z)-\(x2  +  y2  +  z2). 

If  f{x>y>z)-X(x2+y2  +  z2)  =  0 

represents  two  planes, 

f1(X,y,Z)-\(x2  +  !f  +  S)  =  0 

will  also  represent  the  planes.     And  A  is  the  same  quantity 
in  both  equations,  therefore  the  equations 


a  — A,         h,        g 
h,  b-\,        f 

g>       f,  c-\ 


o, 


hx,    &i— X,  f\ 

9i>        fi>    Ci-X 


=  0 


have  the  same  roots.     In  each  the  coefficient  of  A3  is  unit}', 

and  therefore  ,  ,  ,  ,  7 

a+o+c=a1+o1+c1, 

A  +  B  +  C  =  A1  +  B1  +  C1, 

D  =  Dr 

Again  if  the  origin  is  changed  to  (a,  (3,  y),  F(.r,  y,  :)  =  0 
becomes 

f(x,  y,  z)+x^+y^+-,^  +  F^,  0.  y>  =  0. 
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Hence  the  new  value  of  S, 
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a, 

h, 

g> 

1  3F 

2  3a 

h, 

b, 

f, 

1  3F 

2  3/3 

g> 

f, 

c, 

1  3F 

2  3y 

1  3F 

1  3F 

1  3F 

F(a5 

2  3a' 

2  3/3' 

2  3y' 

Multiply  the  numbers  in  the  first  three  columns  by 
a,  /3,  y  respectively,  and  subtract  the  sum  from  the  numbers 
in  the  fourth  column ;  then  apply  the  same  process  to  the 
rows,  and 


S'  = 


h, 


g> 

f, 
c, 

1  3F 

2  3y' 

=  S. 


u 

V 

w 


uoL+vfi+wy+d 


a, 

h,  b, 

g>       /» 

1  3F     1  3F 

2  3a'    2  3/3' 

a,  h,  g,  u 

h,  b,  f,  v 

9,  /  c,  w 

u,  v,  w,  d 

Therefore  S  is  unaltered  by  change  of  origin. 
If  the  axes  be  now  turned  about  the  origin  so  that 
F(x,  y,  z)=f(x,  y,  z)+2ux+2vy  +  2wz+d 
becomes 

Fx(x,  y,  z)=ft(x,  y,  z)  +  2u1x+2v1y  +  2w1z+d, 
then  F(x,  y,  z)  —  \(x2-\-y2+z2+l) 

transforms  into 

Fx{x,  y,  z)-\(x2+y2+z2+l). 
If  F(x,  y,  z)  —  X(x2+y2  +  z2+l)  =  0  represents  a  cone 
Fx(x,  y,  z)-\(x2+y2  +  z2+l)  =  0 


§103]  INVARIANTS 

will  also  represent  the  cone,.     And  A  being  the  same  quantity 

in  both  ('.(jujition.s,  the  equation 

a  —  X,        h,        </,        wl  =  0,  ti.t  —  A,       A,,       <jv       a ,   =0 
h,b—\,       f,       v  /*,,/>, -A.      /,.       p, 

!/,       f,c-X,       w  gv       ./>•,- A,      Wj 

u,       v,      w,  d  —  X  ",,       vx,      wvd—\ 

have  the  same  roots.     In  each  fijuation  the  coefficient  of 
A4  is  unity,  and  therefore  the  constant  terms  are  equal,  Le. 

S  =  S'.     Hence  S  is  invariant  for  any  change  of  rectangular 
axes. 

Ex.  1.     Jf  /(.*',  //,  z)  transforms  into  amP+fiifl  +  y-~,  prove   that 
a.,  /i,  y  are  the  roots  of  the  discriminating  cubic. 

Ex.  2.     If  the  origin  is  unaltered, 

Aw2  +  B?>2  +  C»>2  +  2F  no  +  2Gwu  +  2Huo 
is  invariant. 

Ex.  3.     If         ax*  +  byi  +  cz2  +  2fi/z  +  2(fz.r+2/uy, 

OjX2  +  bxy*  +  cxz2  +  2fxyz  +  SgjSSX  +  2hv-  y 
are  simultaneously  transformed, 

«.,  A  +  6,  B  +  c,C  +  2/j  F+2&G +2AjH 
remains  unaltered. 

Ex.  4.     If  any  set  of  rectangular  axes  through  a  tixed  origin  O 
meets  a  given  conicoid  in  P,  P' ;  Q,  Q'  ;  R,  R',  prove  that 
PP'2  QQ'2  RR2 

w  OP2.OP'2    OQ-.OQ'2    OR2.OR-' 

(...         1  1  1 

v11/  od   riD,  +  r»r»   nnl  +  i 


OP.  OP'     OQ.OQ'     OR.  OR' 

are  constant. 

Ex.  5.  Shew  by  means  of  invariant  expressions  that  the  squares 
of  the  principal  axes  of  a  normal  section  of  the  cylinder  which  envelopes 
the  ellipsoid  .r2/a2+jy'-/62  +  *2/c2=l,  and  whose  generators  are  parallel 
to  the  line  .v/l  =  i/lm=z/n,  are  given  by 

7*>  9  9 

Examples  VIII. 
1.    Prove  that 

5.rJ  +  b>r  +  $:-  +  8//:  +  8*»  -  'In/  + 1  2.r  -  1 2jf  +  6=0 
represents  a  cylinder  whose  cross-section  is  an  ellipse  of  eccentricity 
l/v2,  and  find  the  equations  to  the  axis. 
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2.  Find  the  eccentricity  of  a  section  of  the  surface 

x1  ^yl  +  S2  —  p(yZ  Jf.  ZX  +  Xy^  —  \ 

by  a  plane  through  the  line  x—y=z. 

3.  What  is  the  nature  of  the  surface  given  by 

f(x,y,z)  =  l  if  a-ffj  =  b-¥=c-&  =  01 

4.  Prove  that  the  cylinder  and  real  cone  through  the  curve  of 
intersection  of  the  conicoids 

x2  +  az2  =  2cy,    y2+bz2  =  2cx 
are  given  by 

b(x2-2cy)-a(y2-2cx)  =  0,     x2-y2+(a-b)z2  +  2c(x-y)  =  0. 

5.  Prove  that  three  cones  can  be  drawn  through  the  curve  of 
intersection  of  the  conicoids 

x2 + cz2  +  2by  +  a2  =  0,    y2  +  dz2 + 2ax  +  b2  =  0, 

and  that  their  vertices  form  a  right-angled  triangle. 

6.  Prove  that 

(ax2  +  by2  +  cz2-l)(^  +  ^+^=(lx  +  my+nz-l)2 

represents  a  paraboloid  touching  the  surface  ax2  +  by2  +  cz2=\  at  its 
points  of  section  by  the  plane  lx  +  my  +  nz  =  l.     Prove  also  that  its 

axis  is  parallel  to  the  line  -v-  =  -^  =  — . 
I      m     n 

7.  Shew  that  the  conicoids 

(axx +bty+ cxz)2  +  (a2x + b2y  +  c.2z)2  +  (asx + b3y  +  c3z)2  =  1 , 
{a-iX + a2y + a3z)2  +  {bxx + b2y + b3z)2  +  (ctx + c2y  +  c3zf  =  1 
are  equal  in  all  respects. 

8.  Prove  that  if  a3  +  b3  +  c3  =  3abc, 

ax2  +  by2  +  cz2  +  2ayz  +  2bzx  +  2cxy  +  2ux  +  2vy  +  2wz + d= 0 
represents  either  a  parabolic  cylinder  or  a  hyperbolic  paraboloid. 

9.  If  F(x,  y,z)  =  0  represents  a  cylinder,  prove  that 

3S  3S  3S 

3a  36   3c 

3d  =  c)D  =  c)D' 

3a  db      3c     3S  3S  3S 

and  that  the  area  of  a  normal  section  is  -k 


/3D    3D    3DV* 
V3a  +  36  +  3c/ 
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10.  Prove  Uiai  if  F(./-, //,  .)   Orepresenl    a  paraboloid  of  revolution, 
w"  ha  v"       agh  +/(£/>  + 1?)  -  bhf+gW  +/")  -  efg  +  A(/* +^ 

and  that  if  it  represents  a  right  circular  cylinder  we  have  alio 

u    v     w     _ 
./     '.)     h 

11.  The  principal  planes  of  /(./;,  //,  i)=  I  are  given  by 
x,       y,       z     =0, 

3/     ^     3/ 

9F     3F     3F 

where  F(.>;  y,  z)  =  0  is  the  cone  reciprocal  to  /(.?;,  y,  z)  =  0. 

12.  Prove  that  the  centres  of  conicoids   thai   touch  yz=mx  at   its 

vertex  and  at  all  points  of  its  generator  y  =  hr,  h  =  m,  lie  on  the  line 

//  =  0,  kz  =  m. 

13.  Prove  that  z(a.v  +  by  +  cz)  +  cL.v  +  f3y  —  0  represents  a  paraboloid 
and  that  the  equations  to  the  axis  are 

ax+by  +  2cz  =  0,     (a2  +  b2)z  +  aa.  +  b(3  =  0. 

14.  A  hyperbolic  paraboloid  passes  through  the  lines  —  =£=—  ; 
v    z     v     1  —  ao2c 
-= —  f.=al  an^  has  one  system  of  generators  parallel  to  the  plane 

s=0.     Shew  that  the  equations  to  the  axis  are 

15.  Paraboloids  are  drawn  through  the  lines  ;/=0,  z  =  h  ,  x  =  0, 
z=  —h  ;  and  touching  the  line  x=a,  ,?/  =  &.  Shew  that  their  diameters 
through  the  point  of  contact  lie  on  the  conoid 

a(y  -  b)(z  -  hf  -  b(.v  -  a)(z  +  /i)-  =  0. 

16.  Given  the  ellipsoid  of  revolution 

|+^=l,    (**>!>"-)■ 

Shew  that  the  cone  whose  vertex  is  one  of  the  foci  of  the  ellipse  :  =  Q, 
xil<xi+yijb'i  =  \,  and  whose  base  is  any  plane  section  of  the  ellipsoid  is 
of  revolution. 

17.  The  axes  of  the  conicoids  of  revolution  that  pass  through  the 

six  points  (±a,  0,  0),  (0,  ±b,  0),  (0,  0,  ±c)  lie  in  the  coordinate  planes 

or  on  the  cone  2      »     ,2_   o      ,      .. 

L^+~-T^-+^r^=0. 
cc  b"  c- 

18.  Prove  that  the  equation  to  the  right  circular  cylinder  on  the 
circle  through  the  three  points  (a,  0,  0),  (0,  b,  0),  (0,  0,  c)  is 

«W'-— *-«Ki+i+*MM+i-»)(H+i-«> 
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19    Find  the  equation  to  the  paraboloid  which  has 

y=z  —  k=0,    x=z  +  k=0 

as  generators  and  the  other  system  parallel  to  the  plane  x+y+z=0. 
Find  also  the  coordinates  of  the  vertex  and  the  equations  to  the  axis. 

20.  The  axes  of  cylinders  that  circumscribe  an  ellipsoid  and  have  a 
cross-section  of  constant  area  lie  on  a  cone  concyclic  with  the  ellipsoid. 

21.  A  conicoid  touches  the  plane  2  =  0  and  is  cut  by  the  planes  x =0, 
?/=0  in  two  circles  of  variable  centres  but  constant  radii  a  and  b. 
Shew  that  the  locus  of  the  centre  is 

z2(x2-y2)  +  a2y2-  b2x2=0. 

22.  A,  B,  C  are  the  points  (2a,  0,  0),  (0,  2b,  0),  (0,  0,  2c),  and  the 
axes  are  rectangular.  A  circle  is  circumscribed  about  the  triangle 
OAB.  A  conicoid  passes  through  this  circle  and  is  such  that  its 
sections  by  the  planes  x=0,  y=0  are  rectangular  hyperbolas  which 
pass  through  O,  B  and  C ;  O,  C  and  A  respectively.  Prove  that 
the  equation  to  the  conicoid  is 

oc2 +y2  —  z2 + 2\yz  +  2/xar  -  2ax  —  2by + 2cz  =  0, 

where  A,  and  //,  are  parameters,  and  that  the  locus  of  the  centres  of 
such  conicoids  is  the  sphere 

%2+y2-\-z2  -ax  —  by  —  cz=0. 

23.  Shew  that  the  equation  to  the  conicoid  that  passes  through  the 
vertices  of  the  tetrahedron  whose  faces  are 

x=0,    y=0,    2=0,    x/a+y/b  +  z/c^l, 

and  is  such  that  the  tangent  plane  at  each  vertex  is  parallel  to  the 
opposite  face,  is 

x2  -  ax  ,  y2  -by    z2  -  cz  ,    1    ,        ,  ,      ,        .     . 

5 V     ,9  '  H 5—  H — r  (ayz  +  bzx+cxy)  =  0. 

a2  b2  <r        abcx  J  *" 

24.  Shew  that  the  equation  to  the  ellipsoid  inscribed  in  the 
tetrahedron  whose  faces  are  ^=0,  y=0,  z=0,  x/a+y/b+z/c  =  l,  so  as 
to  touch  each  face  at  its  centre  of  gravity,  is 

3^     3?/2    3z2    3yz    3zx    3xy    3x    Zy    3z 
a2       b2      c2      be      ca      ab       a       b       c 

Shew  that  its  centre  is  at  the  centre  of  gravity  of  the  tetrahedron 
and  that  its  equation  referred  to  parallel  axes  through  the  centre  is 

%2  j_  y2  ■ s2 ,  vz , zx  \SBy_  i 

a2     b2     c2     be    ca     ab     24 

25.  If  the  feet  of  the  six  normals  from  P  to  the  ellipsoid 

a2      b2     c2 
lie  upon  a  concentric  conicoid  of  revolution,  the  locus  of  P  is  the  cone 

"'-'  '      |      g2-y2      |      ><V*     -q 


a2(b2  -  c2) T  b2(c2  -  a2) T  c2(a2  -  b2) ' 


OH,  xi.) 
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and  t  be  axes  <>f  symmetry  of  i  li«-  conicoids  lie  on  I  be  cone 
,,-(/>-  -<?)x*+b  ■<■  '    a  ;.-/   •  i  (a1    6*)i     a 

26.  li    /ir\-hi/t  +  (:zx+2f//z  +  2</-j+-2/<.ri/  =  o    represent     a    paii    "t 

planet, prove  thai  the  plan's  bisecting  fcne  angles  between  toen 

riven  l»y  _ 

x,  .//,  =0. 

ax + hy  +gz,    hx  +  by  +  /". ,    gx  +  f>i  +  a 

F~»,  '  G1',  '  H  i 

27.  Prove  that 

(x*  +  «*)(£  +  y)  +  (/  +  (3-)(y  +  a.)  +  (f  +  y»)(a  +  /?) 

-  2a#z  -  Iflzx  -  2yr?/  +  2.»-(2/?y  -  a/?  -  ay ) 
+  2?/(2ya-/?y-/?a)  +  2.-(2a0-ya-y/?)=O 
represents  a  cylinder  whose  axis  is 

,r-a=y-/3  =  2-y. 
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CHAPTER  XII. 
THE  INTERSECTION  OF  TWO  CONICOIDS. 

164.  Any  plane  meets  a  conicoid  in  a  conic,  and  therefore 
any  plane  meets  the  curve  of  intersection  of  two  conicoids 
in  the  four  points  common  to  two  conies.  The  curve  of 
intersection  is  therefore  of  the  fourth  degree,  or  is  a  quartic 
curve. 

If  the  conicoids  have  a  common  generator,  any  plane 
which  does  not  pass  through  it  meets  it  in  one  point  and 
meets  the  locus  of  the  other  common  points  of  the  conicoids 
in  three  points,  and  therefore  the  locus  is  a  cubic  curve. 
Thus  the  quartic  curve  of  intersection  of  two  conicoids 
may  consist  of  a  straight  line  and  a  cubic  curve. 

Ex.  The  conicoids  zx=y2,  xy=z  have  OX  as  a  common  generator. 
Their  other  common  points  lie  on  a  cubic  curve  whose  equations  may 
be  written  x=t,  y  =  t2,  z=t3,  where  t  is  a  parameter. 

Again,  an  asymptote  of  one  of  the  two  conies,  in  which 
a  given  plane  cuts  two  conicoids,  may  be  parallel  to  an 
*  asymptote  of  the  other.  In  that  case  the  conies  will  inter- 
sect in  three  points  at  a  finite  distance,  and  the  locus  of 
the  common  points  of  the  two  conicoids  which  are  at  a 
finite  distance  will  be  a  cubic  curve. 

Ex.  We  have  seen  that  three  cylinders  j)ass  through  the  feet  of 
the  normals  from  a  point  (a.,  (3,  y)  to  the  conicoid 

ax2  +  by2 + cz2 = 1 . 

„,.             ,.                    x-a-y-Rz-y 
i heir  equations  are      =u  ,  ^  =  — '-, 

ax         by         cz 

or  yz(b-c)-byy  +  c/3z  =  0,     zx(c-a)-ccLZ  +  ayx=0, 

xy  (a  —  b)-  aRx + ba.y  —  0. 
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Their  curve  of  intersection  isa  cubic  curve  whose  equatio] 


written 


U  = 


a 


i-ct 


One  asymptote  of  any  plane  section  of  the  first  lies  in  the  plane 

z-JZ-=0 

b-c 

and  one  asymptote  of  any  plain-  .section  of  the  .second  lies  in  the  plane 

c  —  a 

Hence  any  plane  meets  the  two  cylinders  in  two  conies  such  that 
an  asymptote  of  one  is  parallel  to  an  asymptote  of  the  other,  and 
the  conies  therefore  intersect  in  three  points  ;it  a  finite  distance. 

165.  The  cubic  curve  common  to  two  conicoids.  Suppose 
that  the  locus  of  the  common  points  of  two  conicoids  St  and 
S2  consists  of  a  common  generator  AB  and  a  cubic  curve. 
Any  generator,  PQ,  of  S^  of  the  opposite  system  to  AB, 
meets  S2  in  two  points,  one  of  which  lies  upon  AB  and  the 
A 


Fig.  49. 


other  upon  the  curve.  Let  P,  fig.  49,  be  the  first  of  these 
points  and  Q  the  second.  The  plane  containing  AB  and  PQ 
meets  the  curve  in  three  points,  one  of  which  is  Q.  But 
all  points  of  the  curve  lie  upon  Sx  and  the  plane  intersects 
Sx  in  the  lines  AB  and  PQ,  therefore  the  other  two  points 
must  lie  upon  AB  or  PQ,  or  one  upon  AB  and  one  upon  PQ. 
Neither  can  lie  upon  PQ,  for  then  PQ  would  meet  the 
surface  S3  in  three  points,  and  would  therefore  be  a  generator 
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of  S2.  Therefore  the  cubic  curve  intersects  the  common 
generator  AB  at  two  points. 

Let  AB  meet  the  curve  in  R  and  S,  and  let  P  move 
along  AB.  As  P  tends  to  R,  Q  tends  to  P,  so  that  in  the 
limit  PQ  is  a  tangent  at  R  to  the  surface  S2,  and  the  plane 
of  AB  and  PQ  is  then  the  tangent  plane  at  R  to  the 
surface  S2.  But  the  plane  of  AB  and  PQ  is  tangent  plane 
at  P  to  the  surface  Sx  for  any  position  of  P.  And  therefore 
the  surfaces  Sx  and  S2  have  the  same  tangent  plane  at  R. 
Similarly,  the  surfaces  also  touch  at  S.  But  we  have 
proved,  (§  134,  Ex.  10),  that  if  two  conicoids  have  a  common 
generator,  they  touch  at  two  points  of  the  generator. 
Hence  the  locus  of  the  common  points  of  two  conicoids 
which  have  a  common  generator  consists  of  the  generator 
and  a  cubic  curve,  which  passes  through  the  two  points 
of  the  generator  at  which  the  surfaces  touch. 

Ex.  1.     The  conicoids  5x2—yz  —  2zx  +  2xy  +  2x+2y  =  0,   (1) 

2x2-zx+x+y=0,  (2) 

have  OZ  as  a  common  generator.  Any  plane  through  the  generator 
is  given  by  y  =  tx.  To  find  where  this  plane  meets  the  cubic  curve 
common  to  the  conicoids,  substitute  in  equations  (1)  and  (2).     We 

obtain  x=^    x(5  +  2t)-z(t  +  2)  +  2(t  +  l)  =  0, (3) 

x=0,     2x  -z  +     t+l  =0 (4) 

The  points  corresponding  to  x=0  lie  upon  the  common  generator. 
The  remaining  point  of  intersection  of  the  plane  and  cubic  has, 
from  (3)  and  (4),  coordinates 

x  =  t(t+l),  z=(2t  +  l)(t+l);     and    y=tx=t2(t  +  l) (5) 

But  t  is  a  variable  parameter,  so  that  we  may  take  the  equations  (5) 
to  represent  the  curve.  The  points  where  the  curve  meets  the 
common  generator  OZ  are  given  by  £=0,  t=  —  1.  They  are  the 
points  (0,  0,  1),  (0,  0,  0).  It  is  easy  to  verify  that  the  common  tangent 
planes  at  these  points  are  y  =  0,  x  +y  =  0. 

Ex.  2.     Prove  that  the  conicoids 

x2—y2—yz+zx+x  —  2y  +  z=0, 

a?  +  2y2+3z2-3yz  +  zx-4:Xy  +  x-2y+z=0 

have  x=y=z  as  a  common  generator.     Prove  that  the  plane 
x-y=-t{y-z) 

meets  the  cubic  curve  which  contains  the  other  common  points  in  the 

Point  (4;2  +  4i!  +  3)(l-0        _3(1-Q        =(4*+l)(<-l). 

,r_'         4<3  +  5*  '    V     4^  +  5*'     *         4t3+bt       ' 
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..lic.w  that  the  cubic  mee!  i  the  common  generate]  al  the  origin  and  the 
points    y  'Z=» —§,  and  verify  thai  the  surface  bavethi    ametai 
planet  al  I  hese  pomte. 

166.  Conicoids  with  common  generators.  The  cubic 
curve  may  degenerate  into  a  .straight  line  and  a  conic  or 
into  three  straight  lines. 

Let  O  and  P,  (fig.  50),  be  the  points  of  the  common 
generator  at  which  the  surfaces  touch  and  let  the  measure 
of  OP  be  y.  Take  OP  as  s-axis  and  O  as  origin.  Let  OX 
and  PG  be  the  other  generators  of  the  conicoid  S,  which 
pass  through  O  and  P.  Take  OX  as  a>axis,  and  the  parallel 
through  O  to  PG  as  i/-axis.     Then,  since 

x  =  0,  y  =  0 ;     y  =  0,  z  =  0 ;     z  =  y,  x  =  0 
are  generators  of  Sp  its  equation  may  be  written 

2yz  +  2gzx  +  2hxy-2yy  =  0 (1  | 


Fig.  50. 


And  since  the  tangent  planes  at  the  origin  and  (0,  0,  y) 
to  S2  are  y  =  0,  x  =  0  respectively,  the  equation  to  So  is 

<L1xi+by+2yz+2g1zx+Milxy-2yy=Q (2) 

The  tangent  planes  at  (0,  0,  z')  to  Sx  and  S2  are  given  by 
gz'x  -y(y-  sf)  =  0,    ft :  'x  -!/{y-z')  =  0, 
and  hence  if  g=gx  the  surfaces  touch  at  all  points  of  the 
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common  generator  OZ.  We  shall  consider  meantime  the 
case  where  g=^=gr  From  (1)  and  (2),  by  subtracting,  we 
obtain       a1x2+b1y2  +  2zx(g1-g)+2xy(h1-h)  =  0, (3) 

which  clearly  represents  a  surface  through  the  common 
points  of  Sx  and  S2.  It  is  in  general  a  cone,  having  OZ  as 
a  generator,  and  in  general,  the  locus  of  the  common  points 
of  Sx  and  S2  is  a  cubic  curve  which  lies  upon  the  cone. 
But  if  equation  (3)  represents  two  intersecting  planes,  the 
cubic  will  degenerate.     The  condition  for  a  pair  of  planes  is 

b1(gl — g)2  =  0,     and  hence     6X  =  0. 

If  bx  =  0,  PG,  whose  equations  are  x  =  0,  z  =  y ,  is  a  generator 
of  S2,  and  equation  (3)  then  becomes  equivalent  to 

x  =  0,     alx  +  2z(g1-g)+2y(h1-h)  =  Q. 

Hence  the  common  points  of  Sx  and  S2  lie  upon  a  conic 
in  the  plane 

a1x  +  2z(g1-g)+2y(h1-h)  =  0, 

and  the  two  common  generators,  OZ  and  PG,  in  the  plane 
x  =  0. 

If,  also,  04  =  0,  OX  is  generator  of  S2.  The  plane  of  the 
conic  then  passes  through  OX,  and  is  therefore  a  tangent 
plane  to  both  conicoids.  The  conic  therefore  becomes  two 
straight  lines,  one  of  which  is  OX,  and  the  other  a  generator 
of  the  opposite  system.  But  OX  and  PG  are  of  the  same 
system,  and  the  conic  consists  therefore  of  OX  and  a 
generator  which  intersects  OX  and  PG.  The  complete 
locus  of  the  common  points  of  Sx  and  S2  is  then  a  skew 
quadrilateral  formed  by  four  common  generators. 

If   the   conicoids   touch   at   all   points   of    the   common 
generator  OZ,  g=gx,  and  equation  (3)  becomes 
axcc2 +2  (hx  -  h)xy  +  b^y2  =  0, 

which  represents  a  pair  of  planes  through  OZ. 

If  these  planes  are  distinct,  they  meet  the  conicoids  in 
two  other  common  generators  of  the  opposite  system  to  OZ. 
If  they  are  coincident  the  conicoids  touch  at  all  points  of  a 
second  common  generator. 
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Ex.  1.    The  conicoids 

±.      //-+  I. --)-:}//.  f6«  i  I'.y    j<  i  y     i.    0, 

23*     y»  -  5,r  -  (i,//:;  -  ?,..<  +  \xy  -  2x  +  y  +  :,       Q 

have  two  common  generators  and  ;i  common  conic  section. 
('riif  generators  are  tv=Q,  y+z=  I  ;  //  =  0,  z+x=  l.) 

Ex.  2.     The  conicoids 

3;//-'  +  422  +  6y2  -  bzx  —xy+y+zszQ, 

Ay2  +  6z2  +  9yz  -  3«P  +  2y  +  3*  =  0 

have  OX  for  a  common  generator.     Find  the  locus  of  their  othei 
common  points. 

Ans.  3#+l  =  -2i/  =  4s,  and  ./•+//  +  :;+ 1=0,  (2?/  +  32)2  +  2//  +  fJ:  =0. 

Ex.  3.     The  conicoids 

2z2  -  Zyz  -  bzx  -  6xy  +  z  =  0, 
4z2  -  dyz  -  lOr.r  +  Ixy  +  2z  =  0 
have  four  common  generators. 

(y/  =  0,  z  =  i)  ;  z=0,  x  =  0  ;  fl?=0,  1y -2z=\  ;  ?/  =  0,  5a?-2s=l.) 
Ex.  4.     The  conicoids 

22  +  dye + 6*.r  -  3,w/  - 1 2z = 0, 

4s2  -  2yz  -4zx  +  2xy +83=0 

have  two  common  generators  and  touch  at  all  points  of  these  generate]  a 

Ex.  5.     Prove  that  the  intersection  of  the  conicoids 

z1 + 2z  -  y + 2  =  0,    y2  -  2y  -  x  - 1  =  0 

is  a  quartic  curve  whose  equations  may  be  written 

.r=A4-2,    iy=A8+l,    2=A-1. 

Ex.  6.  Find  the  points  of  intersection  of  the  plane  ,>'-9y-4:  =  0 
and  the  quartic  curve  which  is  common  to  the  parabolic  cylinders 

s2  +  lCb-,y  +  26  =  0,    y"-2y-x  +  2  =  0. 
Ans.  Two  coincident  at  (17,  5,  -  7) ;  (2,  2,  -4) ;  (82,  10,  -2). 
Ex.  7.     Prove  that  the  conicoids 

3*2  +  4z2  -  Ayz  -  zx  -  2xy  -  2x  +  2:  =  0, 
A.2  _  _?y2  _  82a  +  7ya  + 1 2zx  -  1  Lry  -  2.1'  +  2z  =  0 

touch  one  another  at  all  points  of  the  common  generator  x=y=z,  and 
that  their  other  common  generators  lie  in  the  plains 

2  (x  -  yf  + 1 3  (x  -  //)(//  -  *)+  ]  2(y  -  :f  =  0. 

Ex.  8.  If  two  cones  have  a  common  generator,  their  other  common 
points  lie  on  a  cubic  curve  which  passes  through  both  vertices. 

Ex.  9.  Tf  two  paraboloids  have  each  a  system  of  generators  parallel 
to  a  given  plane  and  touch  at  two  points  of  a  common  generator  of  the 
system,  they  touch  at  all  points  of  the  generator. 
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Ex.  10.     Prove  that  the  three  cylinders 

y(a  —  z)  =  a2,     z{a  —  x)  =  a2,     x(a—y)  =  a2 
pass  through  a  cubic  curve  which  lies  on  the  surface  xyz  +  a3=0. 
Ex.  11.     Prove  that  if  the  cubic  curve 

2  2  2_ 

x~t-d!  y~t~v  "~t-c 

meets  a  conicoid  in  seven  points,  it  lies  wholly  on  the  conicoid. 
Shew  that  the  curve  lies  upon  the  cylinders 

C1  =  yz(b  -  c)  -  2y  +  2^=0, 

C2  =  zx  (c  —  a)  —  22 + 2x  =  0, 

C3  =  xy(a-b)-2x+2y=0, 

and  hence  that  the  general  equation  to  a  conicoid  through  it  is 

ACj  +  //,C2  +  vC3  =  0. 

Prove  that  the  locus  of  the  centres  of  conicoids  that  pass  through 
the  curve  is 

(b-c)(c-a)(a-b)xyz+'2(b-c)(b  +  c-2a)yz-Z2(b-c)x  =  0, 

and  that  this  surface  is  also  the  locus  of  the  mid-points  of  chords  of 
the  curve. 

Shew  that  the  lines 

_    2  2  2         _    2  2  2 

y~a  —  V        a  —  e'  b  —  c         b  —  a'  c  —  a*     c  —  b 

are  asymptotic  to  the  curve,  and  that  the  locus  of  the  centres  passes 
through  them  and  through  the  curve. 

Ex.  12.     Prove  that  the  general  equation  to  a  conicoid  through  the 
cubic  curve  given  by         ^    y=t%    z==f3 

is  X(xy-z)  +  ix(zx— y2)  +  v(x2-y)  —  0, 

and  that  the  locus  of  the  centres  of  such  conicoids  is  the  surface 

<2x3  -3xy  +  z=0. 

Verify  that  this  surface  is  also  the  locus  of  the  mid-points  of  chords 
of  the  curve. 

Ex.  13.     The  equations  to  a  cubic  curve  are 

x=a1t3  +  blt2  +  clt,    y  =  a2t3  +  b2t2  +  c2t,     z  =  a3t3  +  b3t2  +  cst. 

Prove  that  the  cone  generated  by  chords  through  the  origin  is 
given  by  wu=v2,  where 

u  =  ^x  +  A^y  +  A^z,     v  =  BiX+B2y  +  B3z,     w  =  CiX+C0y+C3z ; 

3A 


Al=^?    eta 


Shew  that  the  curve  lies  on  each  of  the  conicoids,  (two  of  which 
have  a  common  generator), 

wu  =  v2,     vw  —  Au,     w2  =  Av, 
and  that  the  locus  of  the  centres  of  conicoids  that  pass  through  it  is 

2w(w2  -  Av)  -  &{vw  -  A«)  =  0. 


8167] 


INTERSECTION  OF  TWO  I  ONH  OIDfl 


Ex.  14.    Prove  that  the  equations 


.'/  = 


determine  a  cubic  curve,   which   lies  upon    three   cvlindei 
generators  are  parallel  to  tin:  coordinate  ■ 

Ex.  15.     Prove  that  the  cubic  curve  given  by 

_aifi  +  b}t2  +  c](  +  (fl        _a2t3  +  bj2  +  c.,t  +  rlo        __«.,/■>  + 1, 3/- 
x~aiii+biP  +  cit  +  di     y~difi+ btt? + ctt + rf4'         a4«8+&4*2+c4*+<»V 

lies  upon  the  conicoids 

where       m1  =  A1^  +  A2»/  +  A3:  +  A4,      ?'2=  B,.r+B.,//  +  Bn;  + B,, 
u3  =  Cvv  +  C2 ;/  +  C3z  +  C4 ,     u4  =  Dxx'  4-  D2//  +  D;i;  +  D4  ; 
3A 


cot. 


A= 


«,,  6„  c,,  dx 

a1t  "2>  ^2*  "2 

"3.  kj>  C3>  rf3 

«4>  &4>  C4>  rf4 


If  A,  B,  C,  D  are  the  points 

/a,     a.,    a3\      (h\     [>.,    68\      /C|     c,    Cj\      A/,     rf2    rfg\ 

U~4'  «4'  d4r  w  ?r?  v'  w  c?  v'  W,'  ^'  rf4/' 

each  of  the  conicoids  passes  through  two  of  the  lines  BA,  AD,  DC. 

The  equations  ?i3Wj  =  ?{./>  ugi^—u^  represent  cones  whose  vertices 
are  D  and  A  respectively. 

The  curve  passes  through  A  and  D  and  touches  BA  at  A  and 
DC  at  D. 

The  centres  of  conicoids  through  it  lie  on  the  cubic  surface 

2(a4zt2 + c4ii4)(%«1  -  «u2)  -  2  (Mi  +  ^h)(l(iH>  ~  «82) 

+  («4?4j  -  64?i2  +  C4«3  -  rf4«4)(i/2M3  -  HjK4)  =  0. 

167.  The  cones  through  the  intersection  of  two  coni 
coids.  Four  cones,  in  general,  pass  through  the  cv/rve  oj 
intersection  of  two  given  conicoids,  and  tJtcir  vertices  an 
the  summits  of  a  tetrahedron  which  is  self -polar  with 
respect  to  any  conicoid  through  the  curve  of  intersection. 

If  the  equations  to  the  conicoids  are 

S  =  ax* + by2 + cz2  +  2fyz  +  2g  zx  +  2h  xy 

+2ux+2vy+2wz+d=Q, 

S'  =3  aV  +  V  if  +  c'z2 + 2fyz  +  2g'zx  +  Hit  'xy 

+  2u'x+2v'y+2w'z+tf=0, 
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the  equation  S  +  XS'  =  0  represents  a  conicoid  through  the 
curve  of  intersection.     This  conicoid  is  a  cone  if 

a+Xa',  h-\-Xh',  g+Xg',  u-\-Xu'  =  0, 

h+Xh',  b  +  Xb',  f+Xf,      v+Xv' 

9+^9',  /+V>  c+^',  w+Xw' 

u  +  Xu',  v+Xv',  w+Xw',      d  +  Xd' 

and  this  equation  gives  four  values  of  X.  If  these  are 
X1?  X2,  A3,  X4,  then  (a,  (3,  y),  the  vertex  of  the  cone  corre- 
sponding to  Xp  is  given  by 

Sa+X1S/a  =  0,  Sp  +  X1S'p  =  0,  Sy+XjS'^0,  St  +  XxS't  =  0,     (1) 

where  Sa  =  — ,  etc.     Again,  the  polar  plane  of  (a,  /3,  y) 

with  respect  to  S  +  ju.S'  =  0  has  for  equation 

a5(Stt+/*S/a)  +  3/(Si8  +  /4S'j8)  +  0(Sy  +  ^S/v)  +  (S4  +  /iS't)  =  O, 

which  by  means  of  the  relations  (1)  reduces  to 

(/jl  -  \)(ocS'a + yS'p  +  zS'y  +  S',)  =  0. 

The  polar  plane  of  (a,  /3,  y)  with  respect  to  any  conicoid 
through  the  curve  of  intersection  is  therefore  the  polar 
plane  with  respect  to  the  conicoid  S'.  Hence  this  plane  is 
the  polar  plane  of  (a,  /3,  y)  with  respect  to  the  three  cones 
corresponding  to  X2,  X3,  X4,  and  therefore  passes  through 
the  vertices  of  these  cones.  Thus  the  plane  through  the 
vertices  of  any  three  of  the  cones  is  the  polar  plane  of  the 
fourth  vertex  with  respect  to  any  conicoid  of  the  system, 
or  the  four  vertices  form  a  self-polar  tetrahedron. 

168.  Conicoids  with  double  contact.  If  two  conicoids 
have  common  tangent  planes  at  two  points  they  are  said 
to  have  double  contact. 

If  two  conicoids  have  double  contact  and  the  line 
joining  the  points  of  contact  is  not  a  common  generator, 
their  curve  of  intersection  consists  of  two  conies. 

If  the  points  of  contact  are  A  and  B,  any  plane  through 
AB  meets  the  conicoids  in  two  conies  which  touch  at  A 
and  B.     Take  AB  as  y-axis  and   any  two  lines  through 
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a  point,  on  ab  as  ./■-  and  s-axes.  Let  the  conict  in  vrhicfa 
the  ayy-ipl&ne  cuts  the  conicoida  be 

/  a  oa?a  +  2hxy  +  6?y2  +  2gfaj  +  2fy  +  c  =  0, 

and  /+A.r'  =  0. 

Then  the  equations  to  the  two  conicoids  are 

f+z(lx+my  +  nz+p)  =  0,   1 1  | 

f+\x2+z(rx+m'y  +  nz+p')  =  0 (2) 

But  the  seetions  of  the  conicoids  by  the  jt/z-plane   also 

touch  at  A  and  B,  and  therefore  their  equations  are  of  the 

forms  0(y,*O=O,     4>(y,  ?)+\'z*=0. 

The  sections  of  the  conicoids  by  the  plane  x—0  are  given 

hy  by2  +  2fy  +  c+z(my+nz+2>)  =  0, 

by2  +  Ify  +  c + z{my + n'z  +])')  —  ^> 

and  therefore  m  =  m   and  p—pf. 

From  (1)  and  (2),  by  subtraction,  we  have 

\x2+z{(l'-l)x+(n'-n)z}=0 ; 

therefore  the  common  points  of  the  two  conicoids  lie  in  two 
planes  which  pass  through  AB,  or  the  curve  of  intersection 
consists  of  two  conies  which  cross  at  A  and  B. 

If  AB  is  a  common  generator  of  the  two  conicoids,  the 
other  common  points  lie  on  a  cubic  curve,  which  may,  as 
we  have  seen  in  §  166,  consist  of  a  straight  line  and  a 
conic,  or  three  straight  lines.  In  either  case  the  common 
points  lie  in  two  planes.  In  the  first  case,  if  the  common 
generators  AB  and  AC  meet  the  conic  in  B  and  C,  the  coni- 
coids touch  at  the  three  points  A,  B,  C.  For  the  tangent 
plane  to  either  conicoid  at  B  is  the  plane  containing  AB 
and  the  tangent  to  the  conic  at  B.  and  the  tangent  plane 
to  either  conicoid  at  C  is  the  plane  containing  AC  and 
the  tangent  to  the  conic  at  C ;  also  the  plane  BAC  is  the 
common  tangent  plane  at  A.  In  the  second  case,  the 
common  points  of  the  conicoid  lie  on  the  sides  of  a  skew 
quadrilateral  and  the  conicoids  touch  at  the  four  vertices. 
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169.  If  two  conicoids  have  two  common  plane  sections 
they  touch  at  two  points,  at  least. 

The  line  of  intersection  of  the  planes  of  the  sections  will 
meet  the  conicoids  in  two  common  points  A  and  B.  The 
tangents  to  the  sections  at  A  are  tangents  to  both  conicoids 
at  A,  and  therefore,  since  two  tangents  determine  the  tangent 
plane  at  any  point,  the  conicoids  have  the  same  tangent 
plane  at  A.  Similarly  they  touch  at  B.  If  one  plane 
section  consists  of  two  generators  CA  and  CB,  the, conicoids 
also  touch  at  C.  If  the  other  also  consists  of  two  generators 
the  conicoids  touch  at  their  point  of  intersection,  and  thus 
touch  at  four  points. 

The  analytical  proof  is  equally  simple.  If  S  =  0  is  the 
equation  to  one  conicoid,  and 

u  =  ax+by-\-cz-\-d  =  0,     v  =  a'x-\-b'y+c'z-\-d'  =  0 
represent  the  planes  of  the  common  sections,  the  equation 
to  the  other  conicoid  is  of  the  form  , 

S+\uv  =  0. 

If  A  is  the  point  (a,  /3,  y),  then 
u'  =  aoL+b(3+cy  +  d  =  0,   and  v  ^a'oL  +  b'fi  +  c'y+d'  =  0.  (1) 

The  equation  to  the  tangent  plane  at  A  to  the  second 
conicoid  is 

xSa + ySp + zSy + St + \  (uv'  +  vu')  =  0, 

or,  by(l),  xSa+ySfi  +  zSy  +  St  =  0, 

which  represents  the  tangent  plane  at  A  to  the  first  conicoid. 
Hence  the  conicoids  touch  at  A,  and  similarly  they  touch 
at  B. 

170.  The  general  equation  to  a  conicoid  having  double 
contact  with  S  =  0,  the  chord  of  contact  being  u  —  0,  v  =  0,  is 

S  +  \u2  +  2fiuv  +  vu1  =  0. 
For  the  tangent  plane  at  A  is 
xSa  +  ySp  +  zSy  +  St  +  2\uu'  +  2/x(uv'  +  vu')  +  2wv'  =  0, 
or,  since        u'  =  v'  =  0,    xSa+ yS^-{-zSy-}-St  =  0. 

Thus  the  conicoids  touch  at  A,  and  similarly,  at  B. 
Again,  three  conditions  must  be  satisfied  if  a  conicoid  is  to 
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touch  a  ^iven  plane  at  a  given  poinl    and  therefore  the 
genera]  equation  should  contain  three  disposable  < 
which  it  docs. 

Cor.  A   focus  of  a  conicoid  is  a  sphere  of  zero  radiue 

which  has  double  contact  with  the  conicoid,  and  the  C 
sponding  directrix  is  the  chord  of  contact. 

171.  Circumscribing  conicoids.    Ii'  two  oonicoids  touch 

at  three  points  A,  B,  C  and  none  of  the  lines  BC,  CA,  AB  is  a 
common  generator,  then  the  conicoids  touch  at  all  poini 
their  sections  by  the  plane  ABC. 

Since  the  conicoids  touch  at  B  and  C,  their  common  points 
lie  in  two  planes  which  pass  through  BC,  ($  168).  Sine. 
these  planes  pass  through  A,  they  must  coincide  in  the 
plane  ABC.  The  curve  of  intersection  of  the  surfaces  con- 
sists therefore  of  two  coincident  conies  in  the  plane  ABC. 
and  the  surfaces  touch  at  points  of  their  section  by  the 
plane. 

When  two  conicoids  touch  at  all  points  of  a  plane  section 
one  is  said  to  be  circumscribed  to  the  other. 

Ex.  1.  If  two  conicoids  have  a  common  plane  section,  their  other 
points  of  intersection  lie  in  one  plane. 

Ex.  2.  If  three  conicoids  have  a  common  plane  section,  the  planes 
of  their  other  common  sections  pass  through  one  line. 

Ex.  3.  The  locus  of  a  point  such  that  the  square  on  the  tangent 
from  it  to  a  given  sphere  is  proportional  to  the  rectangle  contained  by 
its  distances  from  two  given  planes  is  a  conicoid  which  has  double 
contact  with  the  sphere. 

Ex.  4.  Two  conicoids  which  are  circumscribed  to  a  third  intersect 
in  plane  curves. 

Ex.  5.     When  three  conicoids  are  circumscribed  to  a  fourth,  they 

intersect  in  plane  curves,  and  certain  sets  of  three  of  the  six  planes  of 
intersection,  one  from  each  pair  of  conicoids,  pass  through  one  line. 

Ex.  6.     Prove  that  the  ellipsoid  and  sphere  given  by 

.  B2  +  6ya  +  1 4 ;'-'  =  200,     5  (.<•-  +  //-'  +  :2)  -  64.r  +  36-  +  20  =  0 
have  double  contact,  and  that  the  chord  of  contact  is  .r  =  8,  1=2. 

Ex.  7.  If  a  system  of  conicoids  has  a  common  conic  section,  the 
polar  planes  with  respect  to  them  of  any  point  in  the  plane  of  the 
section  pass  through  one  line. 
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Ex.  8.     If  two  conicoids  have  two  common  generators  of  the  same 
system,  they  have  two  other  common  generators. 

Ex.  9.     The  centres  of  conicoids  which  have  double  contact  with 
the  surface  ax*+bf+cz*=\ 

at  its  points  of  intersection  with  the  chord  x=cl,  y  =  /3,  and  intersect 
the  plane  z=0  in  a  circle,  lie  on  the  line 

,=0     JL_JL=l_l. 
'      aa.     bfi    a     b 

Ex.  10.     A  sphere  of  constant  radius  r  has  double  contact  with  the 

ellipsoid  2      2     ,2 

^r+'-  +  -  =  l. 
a2     b2    c2 

Prove  that  its  centre  must  lie  on  one  of  the  conies 


Examine  when  the  contact  is  real  arid  when  the  sphere  lies  wholly 
within  the  ellipsoid.     Cf.  §  130. 

Ex.  11.  If  a  conicoid  is  circumscribed  to  a  sphere,  every  tangent 
plane  to  the  sphere  cuts  the  conicoid  in  a  conic  which  has  a  focus  at 
the  point  of  contact. 

Ex.  12.  If  a  conicoid  is  circumscribed  to  another  conicoid,  the 
tangent  plane  to  either  at  an  umbilic  cuts  the  other  in  a  conic  of 
which  the  umbilic  is  a  focus. 

Ex.  13.     Any  two  enveloping  cones  of  the  conicoid 

ax2  +  by2  +  cz2—l 

whose  vertices  lie  on  the  concentric  and  nomothetic  conicoid 

ax2  +  by2  +  cz2  =  k2 
have  double  contact. 

Ex.  14.  The  centres  of  conicoids  which  have  double  contact  with 
a  given  conicoid  so  that  the  chord  of  contact  is  parallel  to  a  given  line 
lie  in  a  given  plane. 

Ex.  15.  If  two  cones  have  a  common  circular  section,  they  have 
double  contact,  and  if  the  line  joining  their  vertices  meet  the  plane  of 
the  circle  in  P,  the  chord  of  contact  is  the  polar  of  P  with  respect 
to  the  circle. 

Ex.  16.  If  a  sphere  has  double  contact  with  an  ellipsoid,  the  chord 
of  contact  is  parallel  to  one  of  the  principal  axes,  and  the  angle 
between  the  planes  of  the  common  sections  of  the  sphere  and  the 
ellipsoid  is  the  same  for  all  chords  parallel  to  a  given  axis. 
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172.  Conicoids  through  eight  given  points.  An  infinite 
nuuibcr  of  conicoids  can  be  found  to  pass  through  eight 
given  points. 

Take  a  and  b  any  other  two  fixed  points.  Then  one 
conicoid  can  be  found  to  pass  through  A  and  the  eight 
given  points,  and  one  to  pass  through  B  and  the  eight  given 
points.  Let  the  equations  to  these  conicoids  be  S  =  0,  S'  =  o. 
The  equation  S  +  AS'  =  0  represents  a  conicoid  which  pa 
through  all  the  points  common  to  the  conicoids  given  by 
S  =  0,  S'  =  0,  and  therefore  through  the  eight  given  points. 
And  any  value  can  be  assigned  to  the  parameter  A ;  there- 
fore an  infinite  number  of  conicoids  can  be  found  to  pass 
through  the  eight  given  points. 

The  locus  of  the  common  points  of  S  =  0,  S'  =  0  is  a 
quartic  curve.  Hence  all  conicoids  through  eight  given 
points  pass  through  a  quartic  curve. 

Cor.  One  conicoid,  in  general,  passes  through  nine  given 
points,  but  if  the  ninth  point  lies  on  the  quartic  curve 
through  the  other  eight,  an  infinite  number  of  conicoids 
passes  through  the  nine. 

173.  The  polar  planes  of  a  given  point  with  respect  to 
the  conicoids  through  eight  given  points  pass  through  a 
fixed  line. 

Any  conicoid  through  the  eight  points  is  given  by 
S  +  As'  =  0,  where  S  =  0  and  S'  =  0  represent  tixed  conicoids 
through  the  points.  The  equation  to  the  polar  plane  of 
(a,  j3,  y)  with  respect  to  the  conicoid  S  +  AS'  =  0  is 

xSa+ySfi+zSy+St+\(<)CS'a+yS'ti+zS'y+S't)=Q. 

Hence,  whatever  the  value  of  A,  the  polar  plane  passes 
through  the  fixed  line 

xSa  +  ySp  +  zSy  +  St  =  0,     xS'a  +  2/S'js  +  :S'y  +  S'<  =  0. 

Ex.  1.  If  four  conicoids  pass  through  eight  given  points,  the  polar 
planes  of  any  point  with  respect  to  them  have  the  same  anharmonic 
ratio. 

Ex.  2.     The  diametral  planes  of  a  given  line  with  respect  to  the 

conicoids  through  eight  given  points  pass  through  a  fixed  line. 
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Ex.  3.  The  polars  of  a  given  line  with  respect  to  the  conicoids 
through  eight  given  points  lie  on  a  hyperboloid  of  one  sheet. 

If  Aj,  (04,  jSi,  yx)  and  A2,  (<x2  j32,  y2)  are  points  of  the  given  line, 
and  we  denote  ~     .    c     ,  „c     .  c      ,  tt    d 

^Sai+^S/Sj  +  sS^  +  Sf!      by     Paj 

and  a?So2+ySj82+.sS.y2  +  Sf2   by    Pa2, 

then  the  equations  to  the  polar  of  AjA2  with  respect  to  the  conicoid 

Pa1  +  APa1  =  0,       Pao  + AP'o^  =0. 

The  locus  of  the  polars  is  therefore  given  by 

rj]  r  a2        "  a2  r  aj  =  v. 

Ex.  4.  The  pole  of  a  given  plane  with  respect  to  the  conicoids 
through  eight  given  points  lies  on  a  cubic  curve,  the  intersection  of 
two  hyperboloids  which  have  a  common  generator. 

Let  Al5  (a.!,  fix,  yx\  A2,  (a.2,  (32,  y 2)1  A3>  («-3>  Ps>  y.3)  be  three  points 
of  the  fixed  plane.  Then  the  po  e  of  the  fixed  plane  with  respect  to 
the  conicoid  S  +  AS'  =  0  is  the  point  of  intersection  of  the  polar  planes 
of  Aj,  A2,  A3,  and  therefore  is  given  by 

Po!  +  AP'ai=0,       Pao  +  AP'a2=0,       Pa3  +  AP'a3  =  0. 

The  locus  of  the  pole  is  therefore  the  curve  of  intersection  of  the 
hyperboloids     p^,^  p^^     p^  _PaiP'a3  =  0. 

Ex.  5.  The  centres  of  conicoids  that  pass  through  eight  given 
points  lie  on  a  cubic  curve. 

174.  Conicoids  through  seven  given  points.    If  s  =  0, 

S'  =  0,  S"  =  0,  are  the  equations  to  fixed  conicoids  through 
the  seven  given  points,  the  general  equation  to  a  conicoid 
through  the  points  is 

s+xs'+/*s"=o (l) 

The  fixed  conicoids  intersect  in  eight  points  whose  co- 
ordinates are  given  by  S  =  0,  S'  =  0,  S"  =  0,  and  therefore 
evidently  satisfy  the  equation  (1).  Therefore  all  conicoids 
which  pass  through  seven  given  points  pass  through  an 
eighth  fixed  point. 

Ex.  1.  The  polar  planes  of  a  given  point  with  respect  to  the 
conicoids  which  pass  through  seven  given  points  pass  through  a  fixed 
point. 

Ex.  2.  The  diametral  planes  of  a  fixed  line  with  respect  to  the 
coincoids  which  pass  through  seven  given  points  pass  through  a  fixed 
point. 

Ex.  3.  The  poles  of  a  given  plane  with  respect  to  the  conicoids 
which  pass  through  seven  given  points  lie  on  a  surface  of  the  third 
degree. 
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Ex.4.    The  centres  of  the  eonicoids  which  pa     thn 

points  lit:  on  a  surface  of  the  third  degi 

Ex.5.    The  vertices  of  the  conei  that   pass  through  seven  given 
points  lie  on  a  curve  of  the  sixth  degree. 


Examples  IX. 

1.  Tangent  planes  parallel  to  a  given  plane  are  drawn  to  B  system 
of  eonicoids  which  have  double  contact  at  fixed  points  witli  a  given 
conieoid.  Prove  that  the  locus  f.f  their  points  of  contact  is  a  hyper- 
bolic paraboloid  which  has  one  system  of  generators  parallel  to  the 

given  plane. 

2.  Tangent  planes  are  drawn  through  a  given  line  to  a  system  of 
eonicoids  which  have  contact  with  a  given  conieoid  at  fixed  points  A 
and  B.  Prove  that  the  locus  of  the  points  of  contact  is  a  hyperboloid 
which  passes  through  A  and  B. 

3.  The  feet  of  the  normals  to  a  conieoid  from  points  on  a  given 
straight  line  lie  on  a  quartic  curve. 

4.  The  edges  OA.  OB,  OC  of  a  parallelepiped  are  fixed  in  position, 
and  the  diagonal  plane  ABC  passes  through  a  fixed  line.  Prove  that 
the  vertex  opposite  to  O  lies  on  a  cubic  curve  which  lies  on  a  cone 
that  has  OA,  OB,  OC  as  generators. 

5.  A  variable  plane  ABC  passes  through  a  fixed  line  and  cuts  the 
axes,  which  are  rectangular,  in  A,  B,  C.  Prove  that  the  locus  of  the 
centre  of  the  sphere  OABC  is  a  cubic  curve. 

6.  The  feet  of  the  perpendiculars  from  a  point  (<x,  (3,  y)  to  the 
generators  of  the  paraboloid  .>;</  =  c:  lie  on  two  cubic  curves  whose 
equations  may  be  written 

_y(  +  a.t2  _c  _7  +  "-' 

,_7'+#2     ._y+# 
*~V  y~  \+t-  »     -~T+W 

7.  The  shortest  distance  between  the  fixed  line  .?■  =  «,  e=6,  and  the 
generator  j/=A,  A.r=:,  of  the  paraboloid  .<//  =  :,  meets  the  generatoi 
in  P.     Shew  that  the  locus  of  P  is  a  cubic  curve  which  lies  on  the 

c>'linder  ^+^-ax-bs=Q. 

8.  Find  the  locus  of  the  centres  of  eonicoids  that  pass  through  a 
given  conic  and  a  straight  line  which  intersects  the  conic. 

9.  Two  cones  have  their  vertices  at  an  umbilic  of  an  ellipsoid  and 
meet  the  tangent  plane  at  the  opposite  umbilic  in  two  circles  which 
cut  at  right  angles.  Shew  that  their  curves  of  intersection  with  the 
ellipsoid  lie  in  two  planes,  each  of  which  contains  the  pole  of  the  other. 

10.  If  a  cone  with  a  given  vertex  P  has  double  contact  with  a  given 
conieoid,  the  chord  of  contact  lies  in  the  polar  plane  of  P  with  reaped 
to  the  conieoid. 
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11.  A  variable  plane  ABC  meets  the  axes  in  A,  B,  C,  and  is  at  a 
constant  distance  p  from  the  origin.  A  cone  passes  through  the 
curves  of  intersection  of  the  ellipsoid  whose  semiaxes  are  OA,  OB,  OC, 
and  the  planes  OBC,  ABC.     Prove  that  its  vertex  lies  on  the  surface 

(1  ±  -j2)2x-*+y-2+z-2=p-2. 

12.  When  two  conicoids  touch  at  all  points  of  a  common  generator 
AB,  the  line  joining  the  poles  of  any  given  plane  with  respect  to  them 
intersects  AB. 

13.  AB  is  a  given  chord  of  a  cubic  curve.  Prove  that  an  infinite 
number  of  conicoids  can  be  found  to  pass  through  the  curve  and 
through  AB,  and  that  one  of  these  will  touch  a  given  plane  which 
passes  through  AB  at  a  given  point  of  AB. 

The  2-axis  is  a  chord  of  the  curve 

x  =  t2  +  t,    y  =  t3  +  t2,     z=2t2  +  3t  +  l. 

Prove  that  the  equation  to  the  conicoid  which  passes  through  the 
curve  and  the  z-axis  and  which  touches  the  plane  2x—2,y  at  the  point 
(0,  0,  2)  is  7^2 +yz  _  4zx  _  %xy  +  Ax  +  4?/  =  0_ 

14.  Prove  that  the  conicoids 

2x2  -  y2  -  z2  +  2yz  -  2xy  +  2x  -  2y = 0, 

x2—y2—yz  +  3zx  —  2xy-2y  +  2z=0 

have  a  common  generator  x=y=z,  and  pass  through  the  cubic  curve 

=  -2(2t3  +  t2  +  l)  2(f-t2-\)  2{t*  +  2t2-\) 

X~At3  +  2t2-'it  +  2'     •J~tfi  +  2t2-Zt+2'     ^_4^3  +  2^2-3^  +  2, 

which  touches  the  generator  at  ( —  1,  —  1,  —  1). 

15.  If  two  conicoids,  C1  and  C2,  have  double  contact,  and  the  pole 
with  respect  to  C1  of  one  of  the  planes  of  the  common  sections  lies  on 
C2,  then  the  pole  of  the  other  also  lies  on  C2. 

16.  Find  the  locus  of  the  centres  of  conicoids  of  revolution  that 
circumscribe  a  given  ellipsoid  and  pass  through  its  centre. 

17.  P  is  any  point  on  the  curve  of  intersection  of  two  right  cones 
whose  axes  are  parallel  and  whose  semivertical  angles  are  a.  and  a.'. 
If  d  and  d'  are  the  distances  of  P  from  the  vertices,  prove  that 
a?  cos  oo±  d'  cos  a!  is  constant. 

18.  If  a  variable  conicoid  has  double  contact  with  each  of  three 
confocals  it  has  a  fixed  director  sphere. 

19.  Prove  that  two  paraboloids  can  be  drawn  to  pass  through  a 
given  small  circle  on  a  given  sphere  and  to  touch  the  sphere  at  a  given 
point,  and  prOve  that  their  axes  are  coplanar. 

20.  OP  and  OQ  are  the  generators  of  a  hyperboloid  through  a 
point  O  on  the  director  sphere.  Prove  that  the  two  paraboloids  which 
contain  the  normals  to  the  hyperboloid  at  points  on  OP  and  OQ 
intersect  in  a  cubic  curve  whose  projection  on  the  tangent  plane  at  0 
is  a  plane  cubic  with  three  real  asymptotes. 
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21.  The  sides  of  ;i  skew  quadrilateral  an    th<      axi  ,  the  j 
and  the  lines 

y  =  0,     &F  +  mz  +1=0;     x = 0,     / '//  +  >// .:  -f  1  =  0. 

Prove  that  the  general  equation  to  a  conicoid  which  touchea  the 
sides  is 

:.(/.'•  4- '/-//  +  mz  + 1 )  +  K./;y  +  ( Kx  +  fltf  +  VZ  +  [>)■  -  0, 
where  u.  =  l  or  I' —  4([i-l'p)(v-mf>). 

22.  (Jive  a  geometrical  interpretation  of  the  equation  of  the  conicoid 

in  Ex.  21  in  the  ease  when  a.=V. 

23.  Prove  that  if  the  joins  of  the  mid-points  of  AB,  CD  ;  AC,  DB  : 
AD,  BC  are  taken  as  coordinate  axes,  the  equation  to  any  conicoid 
through  the  four  sides  of  the  skew  quadrilateral  ABCD  is  of  tie-  form 

where   A   is  a   parameter.     What   surfaces   correspond   to  (i)   A  =  l, 
(ii)  A  =  - 1 V 

24.  Find  the  locus  of  the  centres  of  hyperboloidfl  of  one  sheet  that 
pass  through  the  sides  of  a  given  skew  quadrilateral. 

25.  If  a  conicoid  passes  through  the  edges  AB,  BC,  CD  of  a  tetra- 
hedron, the  pole  of  the  plane  bisecting  the  edges  AB,  CD,  AC,  BD 
will  lie  on  the  plane  bisecting  the  edges  AB,  CD,  AD,  BC. 

26.  If  the  intersection  of  two  conicoids  consists  of  a  conic  and  two 
straight  lines  through  a  point  P  of  the  conic,  the  sections  of  the  coni- 
coids by  any  plane  through  P  have  contact  of  the  second  order  unless 
the  plane  passes  through  the  tangent  to  the  conic  at  P,  when  the 
contact  is  of  the  third  order. 

27.  A  cone,  vertex  P,  and  a  conicoid  S  have  two  plane  sections 
common.  The  conicoids  Sj  and  S2  each  touch  S  along  one  of  the 
curves  of  section.  Prove  that  if  S,  and  S._,  pass  through  P,  they  touch 
at  P  and  have  a  common  conic  section  lying  in  the  polar  plane  of  P 
with  respect  to  S. 

28.  If  three  cones  C1}  C2,  C3  have  their  vertices  collinear  and 
Cl,  C2  ;  C,,  C3  intersect  in  plane  curves,  then  C:!,  C,  intersect  also 
in  plane  curves  and  the  six  planes  of  intersection  pass  through  one 
line. 

29.  If  conicoids  pass  through  the  curve  of  intersection  of  a  given 
conicoid  and  a  given  sphere  whose  centre  is  O.  the  normals  to  theni 
from  O  lie  on  a  cone  of  the  second  degree,  and  the  feet  of  the  normals 
lie  on  a  curve  of  the  third  degree  which  is  the  locus  of  the  centres 
of  the  conicoids. 

30.  Two  conicoids  are  inscribed  in  the  same  cone  and  any  secant 
through  the  vertex  meets  them  in  P,  P'  ;  Q,  Q'.  Prove  that  the  lines 
of  intersection  of  the  tangent  planes  at  P,  Q  ;  P,  Q  ;  P  .  Q  :  P .  Q  lie 
in  one  of  two  lixed  planes. 
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31.  The  sides  of  a  skew  quadrilateral  ABCD  are  along  generators 
of  a  hyperboloid,  and  any  transversal  meets  the  hyperboloid  in  Pl5  P2 
and  the  planes  ABC,  BCD,  CDA,  DAB  in  Au  A2,  B1;  B2.     Prove  that 

P1A1PiB1^P2A1.P2B1 
P^-P^     P2A2.P2B2* 

32.  A  curve  is  drawn  on  the  sphere  x2  +  7/2  +  z2=a2  so  that  at  any 
point  the  latitude  is  equal  to  the  longitude.  Prove  that  it  also  lies  oh 
the  cylinder  x2+y2  =  ax.  Shew  that  the  curve  is  a  quartic  curve,  that 
its  equations  may  be  written 

ajl-t*)2        _2at(l-t2')       _  2at 
X~  (l  +  t2)2       ^    (1  +  ^)2  '    *~l  +  *2' 

and  that  if  tlt  t2,  t3,  ti  are  the  values  of  t  for  the  four  points  in  which 
the  curve  meets  any  given  plane,  t1t2t3ti  =  l. 

33.  The  general  equation  to  a  conicoid  through  the  feet  of  the 
normals  from  a  point  to  an  ellipsoid,  S  =  0,  is 

S  +  AC2  +  /i,C2  +  vC3  =  0, 

where  C^O  C2=0,  C3  =  0  represent  cylinders  through  the  feet  of  the 
normals. 

Prove  that  the  axes  of  paraboloids  of  revolution  that  pass  through 
the  feet  of  six  concurrent  normals  to  the  conicoid  ax2  +  b y2  +  cz2  =  1  are 
parallel  to  one  of  the  lines 


— a+b+c    a—b+c    a+b—c 
34.   Prove  that  the  cone  whose  vertex  is  (a,  0,  0)  and  base 

V2     z2 

%+-2  =  l,    *  =  0, 

intersects  the  cone  whose  vertex  is  (0,  b,  0)  and  base 


72+Si=1>  y=°> 


C    a' 


2c2 
in  a  parabola  of  latus  rectum  ■  , 

r  -<Ja2  +  b2 


§§175,176] 


CHAPTER   XT  1 1. 
THE  CONOIDS. 

175.  A  cone  is  the  surface  generated  by  a  straight  line 

which  passes  through  a  fixed  point  and  intersects  a  given 

curve,  and   a   cylinder   is   the   surface   generated    by   the 

parallels  to  a  given  straight  line  which  intersect  a  given 

curve.     These  are  the  most  familiar  of  the  ruled  surfaces. 

Another  important  class  of  ruled  surfaces,  the  conoids,  may 

be  defined  as  follows :  a  conoid  is  the  locus  of  a  line  which 

always  intersects  a  fixed  line  and  a  given  curve  and   is 

parallel  to  a  given  plane.     If  the  given  line  is  at  right 

angles  to  the  given  plane,  the  locus  is  a  right  conoid. 

Ex.  The  hyperbolic  paraboloid  is  a  conoid,  since  it  is  the  locus  of 
a  line  which  intersects  two  given  lines  and  is  parallel  to  a  given  plane, 
(§  50,  Ex.  3). 

176.  The  equation  to  a  conoid.  If  the  coordinate  axes 
be  chosen  so  that  the  given  line  is  the  s-axis  and  the  given 
plane  the  scy-plane,  the  generators  of  the  conoid  will  project 
the  given  curve  on  the  plane  x  =  l  in  a  curve  whose 
equation,  let  us  suppose,  is  z=f(y).  Let  P,  (1,  yt,  cx),  be 
any  point  of  this  curve;  then  z1=f(y1).  The  generator  of 
the  conoid  through  P  is  the  line  joining  P  to  the  point 
(0,  0,  zx),  and  therefore  has  equations 

x  _  y  _z  —  zx 

Eliminating  yx  and  zx  between  these  equations  and  the 

equation  z1=f\}il),  we  obtain  the  equation  to  the  conoid. 

viz.,  z=f(y/x). 

Ex.  1.  Find  the  equation  to  the  right  conoid  generated  by  lines 
which  meet  OZ,  are  parallel  to  the  plane  XOY,  and  intersect  the 
circle  x—a,  i/i  +  s2  =  r2.  Ans.  .r2(:2-r2)  +  aVJ  =  0. 

b.g.  R 
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Ex.  2.     The   graph   of  csin<9,  from    0  =  0  to  0=2r7r,  is  wrapped 

round  the  cylinder  x2+y2  =  r2  so  that  the  extremities  of  the  graph 

coincide  on  OX.     Lines  parallel  to  the  plane  XOY  are  drawn  to  meet 

OZ  and  the  curve  so  formed.     Prove  that  the  equation  to  the  conoid 

they  generate  is 

-i-/  =  sin-1-. 
x  c 


r  tan" 


Ex.  3.     Prove  that  if  r  =  2,  the  equation  to  the  locus  becomes 
z(x2  +y2)  =  2cxy. 
(The  locus  is  the  cylindroid.) 


Pig.  51 


Ex.  4.  The  curve  drawn  on  the  right  cylinder  x2+y2  =  a2  so  as  to 
cut  all  the  generators  at  the  same  angle  is  called  the  right  circular 
helix.  The  coordinates  of  any  point  on  it  are  easily  seen,  (fig.  51), 
to  be  given  by     x=acosdi    y=asin^     s  =  a0tana. 

The  conoid  generated  by  lines  parallel  to  the  plane  XOY  which 
intersect  the  z-axis  and  the  helix  is  the  helicoid,  (fig.  52).  Shew  that 
its  equation  is  3==ctan-iy/^  where  c  =  atmo,. 

Ex.  5.     Lines  parallel  to  the  plane  XOY  are  drawn  to  intersect  OZ 


and  the  curves 


(i)  x2+y2=r,     -2+V2=- 


(ii)  x2+y2  +  z2- 


b2 
'     a2     b2    c2 


Find  the  equation  to  the  conoids  generated. 

yS,  „2N 


/  t2     y2\ 
Am.    (i)  cr2[-2+f2) 

(ii)  (&2-*2)(|- 


--2z(x2+y2), 


§177]  SURFACES    IN   GENERAL 

Ex.  6.     Discuss  the  form  of  the  conoicU  repn  iented  bj 

(i;  v'      UtaPf    (ii)  v. ;    a  -  . 

Ex.  7.    Conoids  are  constructed  as  in  ESx.  ^  with  the  graphi  "i 
ricoHe*'^,  c tan  ft     Find    their  equations,   consid  Bcialiy  the 

in  which  /•     l  and  r  =  2. 

Ana.  vtan    '■      cosec  '  -,    rt4n"1-=tan"1-. 

X  c  .<■  c 

r=\,     <■-(.,- +/*)=yh~,       xz  =  c//; 

r  =  2,      c(x2 +>/-)  =  '!'//:,     l'< ■./;// =  ;(./■--  <r). 

Ex.  8.     A  curve  is  drawn  on  a  right  cone,  semi-vertical  angle 
as  to  cut  all  the  generators  at  the  same  angle,  /J.  and  a  righl  conoid  is 
generated  l>y  Lines  which  meet  the  curve  and  cut  OZ  ;M  ii'_'lit  ai 

t'rovc  that  the  coordinates  of  any  point,  on  it  are  given  by 

x=ucosd,    y  =  us'u\8,    z  =  cie"'e, 
where  m  =  sin  ol  ci  \i  /-J. 


SURFACES  IN   GENERAL. 

177.  We  shall  now  obtain  some  general  properties  of 
surfaces  which  are  represented  by  an  equation  in  cartesian 
coordinates.  In  the  following  paragraphs  it  will  seine- 
times  be  convenient  to  use  £  rj,  £  to  denote  current  co- 
ordinates. 

The  general  equation  of  the  71th  degree  may  be  written 
^0+w1+w2+...+'i*B=0, 
where  ur  stands  for  the  general  homogeneous  expression  in 
x,  y,  z  of  degree  v.     The  number  of  terms  in  ur  is 

(r+l)(r+2) 
1.2 

and  therefore  the  number  of  terms  in  the  general  equation  is 

T(,'+1>(;+2).  or  (*  +  D(r  +  2X»  +  S)gN  +  1> 
,.=0  1.-.  1.2.3 

Hence  the  equation  contains  N  disposable  constants,  and 
a  surface  represented  hy  an  equation  of  the  n:U  degree  can 
be  found  to  satisfy  N  conditions  which  each  involve  one 
relation  between  the  constants. 

Ex.  1.  Tn  the  general  cubic  equation  there  are  19  disposable  con- 
stants, and  a  surface  represented  by  a  cubic  equation  can  be  found  to 
pass  through  19  given  points. 
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Ex.  2.     A  cubic  surface  contains  27  straight  lines,  real  or  imaginary. 
If  u  =  0,  v=0,  w  =  0,  1^=0,  v1  =  0,  11^  =  0  represent  arbitrary  planes, 
the  equation  uvw+Xu^w^O 

contains  19  disposable  constants,  and  therefore  can  be  identified  with 
any  cubic  equation.  Suppose  then  that  the  equation  to  the  given 
surface  has  been  thrown  into  this  form.     Clearly  the  lines 

u  =  0,     «j  =  0  ;      u  =  0,     v1  =  0  ;      u  —  0,     v\  =  0  ; 

v  —  0,     ?(j  =  0;      v  =  0,     i\  =  0 ;      v  =  0,     ^  =  0; 

w  —  0,     ux=0 ;     w  =  §,     i\  =  0  ;     w=0,     iv1  =  0 

lie  upon  the  surface,  so  that  the  surface  contains  at  least  nine  straight 
lines,  real  or  imaginary 
Consider  now  the  equation 

uv  =  ku1v1 

It  represents  a  hyperboloid  of  one  sheet  which  intersects  the  surface 
at  points  which  lie  in  the  plane  kw  +  \iv1  =  0.  Now  k  can  be  chosen 
so  that  this  plane  is  a  tangent  plane  to  the  hyperboloid,  and  then  the 
common  points  lie  upon  the  two  generators  of  the  hyperboloid  which 
are  in  the  plane.  Thus  the  surface  contains  two  other  straight  lines. 
But  since  each  of  the  sets  of  quantities  u,  v,  iv ;  ux,  vu  u\  can  be 
divided  into  groups  of  two  in  three  ways,  there  are  nine  hyperboloids, 
each  of  which  has  two  generators  lying  upon  the  surface. 

The  surface  therefore  contains  twenty-seven  straight  lines,  real  or 
imaginary. 

178.  The  degree  of  a  surface.  If  an  arbitrary  straight 
line  meets  a  surface  in  n  points  the  surface  is  of  the  nth 
degree. 

Consider  the  surface  represented  by  the  equation  of  the 
nth  degree,  F(£  rj,  £)  =  0.     The  straight  line  whose  equations 

i  m         n  ' 

meets  the  surface  at  points  whose  distances  from  (x,  y,  z) 
are  given  by      F(x  +  ^  y  +  mp>  g  +  np)  =  0> 

f,  3  3  3\ 

i.e.        F(x,y,z)+p(l-+m-+n-)F 

nn/  3           3          3  \n 
+  Ul£-  +  m£-  +  n£-)  F  =  0 (1) 

\n\dx        dy        dz/  v  / 

This  equation  gives  n  values  of  p,  and  therefore  the  line 


§§178-180]       THE   tNFLEXIONAL  TANGE1 

meets  the  surface  in   n   points.     Hence   bhe   locos  of  an 
enuation  of  fche  nih  degree  is  a  surface  of  the  •••■. 

Cor.    Any  plane  section  of  a  surface  of  tin-  n"  degn 
a  curve  of  the  nth  degree. 

179.  Tangents  and  tangent  planes.     II'  in  equation  (1) 

of  the  hist  paragraph,  F(x,  y,  z)  =  0,  the  point  (x,  //.  2 1  i-  on 

the  surface.     If  also 

.dF  ,       3F  ,      dF     A 

I— +m—  +n—  =  0,     (2) 

dx        dy        dz 

the  equation  gives  two  zero  values  of  p,  and  the  line  m<  eta 

the  surface  at  (x,  y,  z)  in  two  coincident  points.     If  therefore 

3F      dF      dF 

dx'    dy'    dz 
are  not  all  zero,  the  system  of  lines  whose  direction-ratios 
satisfy  equation  (2)  touches  the  surface  at  (x,  y,  :),  and 
the  locus  of  the  system  is  the  tangent  plane  at  (■>•,  y,  : ), 
which  is  given  by 

If  the  equation  to  the  surface  is  made  homogeneous  by 
the  introduction  of  an  auxiliary  variable  t  which  is  equated 
to  unity  after  differentiation,  the  equation  to  the  tangent 
plane  may  be  reduced,  as  in  §  134,  to  the  form 

2>F  ,     3F  ,   p3F  .  ,3F     A 
*dx       dy     53s        dt 

Ex.  1.  Find  the  equation  to  the  tangent  plane  at  a  point  (.>',  y,  :) 
of  the  surface  £r/£=  a3.  A/>s.  £  >  +  >;  //  +  £c  =  3. 

Ex.  2.     The  feet  of  the  normals  from  a  given  point  to  the  cylindroid 

z(x*+f)=2cxy 
he  upon  a  conicoid. 

180.  The  inflexional  tangents.     Two    values   of   the 

ratios  I :  m,  I :  n  can  be  found  to  satisfy  the  equations 

,dF         dF  ,      dF 
l—  +  m- — \-n—  =  0, 

dx         dy        dz 

,.,3'2F         ,32F  ,     032F  ,  0         32F    ,  n    .  ?2F    ,  _,       ?-F       . 
i^-5  +  m-       :;+)r      .,+27711?— —-  +  2 ??/—--+  2/m  _     .  -  =  0. 
3or  9y2         0:-  dydz  ozdx  dafiy 
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formed  by  equating  to  zero  the  coefficients  of  p  and  p2  in 
equation  (1)  of  §  178.  The  lines  through  (x,  y,  z)  whose 
directions  are  determined  by  these  values  meet  the  surface 
in  three  coincident  points.  That  is,  in  the '  system  of 
tangent  lines  through  (x,  y,  z)  there  are  two  which  have 
contact  of  higher  order  than  the  others.  They  are  called 
the  inflexional  tangents  at  (x,  y,  z).  They  may  be  real 
and  distinct,  as  in  the  hyperboloid  of  one  sheet,  real  and 
coincident,  as  in  a  cone  or  cylinder,  or  imaginary,  as  in 
the  ellipsoid. 

The  section  of  the  surface  by  the  tangent  plane  at  a 
point  P  on  it  is  a  curve  of  the  nth  degree,  and  any  line 
through  P  which  lies  in  the  tangent  plane  meets  the  curve 
in  two  coincident  points.  P  is  therefore  a  double  point  of 
the  curve.  The  inflexional  tangents  at  P  meet  the  curve  in 
three  coincident  points,  and  are  therefore  the  tangents  to 
the  curve  at  the  double  point.  Hence,  if  the  inflexional 
tangents  through  P  are  real  and  distinct,  P  is  a  node  on  the 
curve ;  if  they  are  real  and  coincident,  P  is  a  cusp ;  if  they 
are  imaginary,  P  is  a  conjugate  point. 

181.  The  equation  f  =/(£  rj).  If  the  equation  to  the 
surface  is  given  in  the  form  £=/(£  77),  the  values  of  p 
corresponding  to  the  points  of  intersection  of  the  surface 
and  the  line        g:zx  =  rLzy  =  ^z     (=   ) 

I  m         n 

are  given  by 

z+np=f(x  +  lP,  y+mp), 

2 

_dz_       =dz       =3^  d2z  ?>2z 

^  ~  ?>x    ^~dy'      ~'dx2'         dxdy'     ~dy2' 

Hence  the  tangent  plane  at  (x,  y,  z)  has  for  its  equation 

p(i-^+q(i-y)-(£-z)=o, 

and  the  inflexional  tangents  are  the  lines  of  intersection  of 
the  tangent  plane  and  the  pair  of  planes  given  by 
'    r(i-xf  +  2s(i-x)(}1-y)  +  t(tl-yf  =  0. 


§§180-182]  SINGULAB    POINTS 

Ex.  1.    The  inflexional  tangents  through  any  point  >>\  a  o 
are  real. 

One  inflexional  tangent  is  tin:  generator  through  the  point*  and  La 
therefore  real.     BEenee  the  other  musl  also  be  real 

Or  thus  :  The  inflexional  tangents  are  real,  coincident,  or  imaginary 
according  mh  rt  -  «a      I » 

For  the  conoid  z-f{]]\x\ 

r~W  +x*f  '     *~    ^     W  '     'a**  ' 

and  hence      rt-s1=-    ,/'2. 

Ex.  2.     Find  the  equations  to  the  inflexional  tangents  through  a 
point  (x,  y,  z)  of  the  surface  (i)  rf (=4c£,  (ii)  f8n=a^8. 


iirw.  (i)  -gj.—^-.—p    -ar— Q--  4c  . 


2'/ 

Ex.  3.     Any  point  on  the  cylindroid 

z{x'z  +  if)  —  2e  /•// 
is  given  by  ,;=MCOsft,    y=ttsin0,    «=csin20. 

Prove    that    the    inflexional    tangents    through    "«,    0"    have   for 

equations  n  ■    a  -on 

1  x—  wcos  ft_?/  —  ?'.  sin  0_s— cam  2ft 

—  m  sin  3ft      %  cos  3ft        2ccos'-2ft 

.c  ?/    _2-esin2ft 

cos  ft     sin  ft  0 

Ex.  4.     Find  the  locus  of  points  on  the  cylindroid  at  which  the 
inflexional  tangents  are  at  right  angles. 

182.   Singular  points.     If  at  a  point  P,  (x,  y,  z\  of  the 

surface  2F.,  ??„*„<) 

dx     dy     dz       ' 
every  line  through  P  meets  the  surface  in  two  coincident 
points.     P  is  then  a  singular  point  of  the  first  order.     The 
lines  through  P  whose  direction-ratios  satisfy  the  equation 


(,i+"s+*D,F-0 


dy 
meet  the  surface  in  three  coincident  points  at  P,  and  are 
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the  tangents  at  the  singular  point.  The  locus  of  the  system 
of  tangents  through  P  is  the  surface 

Singular  points  are  classified  according  to  the  nature  of 
the  locus  of  the  tangent  lines.  When  the  locus  is  a  proper 
cone,  P  is  a  conical  point  or  conic  node,  when  it  is  a  pair  of 
distinct  planes,  P  is  a  biplanar  node  or  binode,  when  the 
biplanes  coincide,  P  is  a  uniplanar  node  or  unode. 

The  six  tangents  through  a  singular  point  P,  (x,  y,  z), 
whose  direction-ratios  satisfy  the  equations 

have  four-point  contact  with  the  surface  at  P.  They  corre- 
spond to  the  inflexional  tangents  at  an  ordinary  point  of 
the  surface. 

Ex.  1.     For  the  surface 

#*  + ?/4 + 2*  +  6xyz  +  2x2  -y2  +  z2  +  Ayz  +  Zzx = 0, 

the  origin  is  a  conic  node.  The  locus  of  the  tangents  at  the  origin  is 
the  cone  2 ^2  _  y2  +  ^  +  ^ +Zzx= 0 

The  six  tangents  which  have  four-point  contact  are 
x  =  0,  y={2±sjb)z;  y=0,  2x+z=0; 
y=0,  x+z=0;  z  =  0,  \j2x=  ±y. 

Ex.  2.     For  the  surface 

Xi  +yl  +  gi  +  %XyZ  _|_  XZ  _  2^2  _  3j2  _  §yZ  _|_  2OT  +  Xy  =  ()? 

the  origin  is  a  binode.     The  six  tangents  with  four-point  contact  are 

■£  =  0,  2^  +  35  =  0;     x  =  0,  y+z=0;      y  =  0,  3z+x  =  0; 

y  —  0,  z-x=0;         z—0,  x  +  2y=0;     2  =  0,  x-y=0. 

The  sections  of  the  surface  by  the  planes  x+2y  +  3z=Q,  x-y  —  z  =  0, 
have  a  triple  point  at  the  origin. 

Ex.  3.     The  equation  to  a  surface  is  of  the  form 

22  +  %  +  M4+...+Mn  =  0. 

Prove  that  there  is  a  unode  at  the  origin,  that  the  section  of  the 
surface  by  the  plane  2  =  0  has  a  triple  point  at  the  origin,  and  that  the 
three  tangents  there,  counted  twice,  are  the  tangents  to  the  surface 
with  four-point  contact. 
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Ex.  4.    Tin:  equation  to  a  surface  is  of  the  form 

.'-  +  //'-  +  Mj  +  v.t  +...  +  "„  -  0. 

Shew  that  tin'  section  of  the  Burface  by  any  plane  through  OZ  ha 
a  cusp  lit  the  origin. 

Ex.  5.     For  the  surface 

.///  +  z(ax2  +  2/txy  +  by2)  +  z~(cx  +  dy)  =  0, 

prove  that  the  origin  is  a  binode  and  that  the  line  of  intersection  of 
the  biplanes  Hqs  on  the  surface.    Shew  that  the  plane  ar+rfy=0  i-  a 

tangent  plane  at  any  point  of  OZ. 

Ex.  6.      Find  and  classify  the  singular  points  of  the  surfaces 
(i)  d\v2  -  b'ly2 = £{c  -  2), 
(ii)  xyz  =  ax2  +  by2  +  cz2, 
(iii)  .>.'(./"  +  3.y3  + 3s2)  =  3« (.»;-' -  y2  - z-\ 
(iv)  xyz  -  o-(.v+y  +  z)  +  2a*  =  0. 

Am.  (i)  (0,  0,  0)  is  binode  ;  (ii)  (0,  0,  0)  is  conic  node  ;  (iii)  (0,  0,  0) 
is  conic  node,  (the  surface  is  formed  by  revolution  of  the  curve 
x(x2  +  'Sy2)  =  3a(x2-y2),  2  =  0,  about  OX) ;   (iv)  (a,  a,  a)  is  a  conic  node. 

Ex.  7.  Find  the  equation  to  the  surface  generated  by  a  variable 
circle  passing  through  the  points  (0,  0,  ±c)  and  intersecting  the  circle 
s=0,  x2+y2  =  2ax,  and  shew  that  the  tangent  cones  at  the  conical 
points  intersect  the  plane  2  =  0  in  the  conic 

(c2  —  4a2)  x2  +  c2y2  =  4ac2x. 

Ex.  8.  If  every  point  of  a  line  drawn  on  a  surface  is  a  singular 
point,  the  line  is  a  nodal  line.     Find  the  nodal  lines  of  the  surfaces 

(i)  z(x2+y2)  =  2axy, 
(ii)  c%v2+ff  =  ah2(x2  - y2), 
(iii)  (?r  +  z2){(2.r->tf  +  z2}  =  A,/-:-. 
Ans.  (i)  x=y  =  0  ;   (ii)  x=y=0;   (iii)  y  =  z  =  0,  y-±v  =  :  =  0. 

Ex.  9.     Prove  that  the  z-axis  is  a  nodal  line  on  the  surface 

2xy  +  ax3  +  'ibx2y  +  Zcxy*  +  dy*  + :  ( px2  +  Vqxy  +  ry2)  =  0, 

any  point  (0,  0,  y)  being  a  binode  at  which  the  tangent  planes  are 

2xy  +  y(px-  +  %qxy  +  nr)  =  0. 

Prove  also  that  if  r  and  p  have  the  same  sign  there  are  two  real 
unodes  lying  on  the  nodal  line. 

Ex.  10.     For  the  surface 

2xy  +  3?  -  BxPy  -  Zxyi+y*  +  :(-r'2  -  xy  +y2) = 0, 

prove  that  the  2-axis  is  a  nodal  line  with  unodes  at  the  points  (0,  0,  -  2), 
(0,  0,  |). 

183.  Singular  tangent  planes.  We  have  seen  that  the 
tangent  plane  at  a  point  P  of  a  surface  meets  the  surface 
in  a  curve  which  has  a  double  point  at  P.     The  curve  may 
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have  other  double  points.  If  Q  is  another  double  point, 
the  plane  contains  the  inflexional  tangents  to  the  surface 
at  Q,  and  is  therefore  the  tangent  plane  at  Q.  A  plane 
which  is  a  tangent  plane  at  two  points  of  a  surface  is  a 
double  tangent  plane.  We  may  likewise  have  planes  touching 
at  three  points  of  the  surface  or  triple  tangent  planes,  and 
tangent  planes  touching  at  four  or  more  points  of  the 
surface. 

Or  we  may  have  a  tangent  plane  which  touches  the 
surface  at  all  points  of  a  curve,  as  the  tangent  plane  to  a 
cone  or  cylinder.  Such  a  plane  is  a  singular  tangent  plane  or 
trope* 

Ex.  1.  For  the  cubic  surface  uvio+uli\ii\  =  0,  the  planes  u  =  0, 
v=0,  iv=0,  «!=(),  v1=0,  w1=0  are  triple  tangent  planes. 

Tbe  intersection  of  the  plane  u  =  0  and  the  surface  is  the  cubic  curve 
consisting  of  the  three  straight  lines  u=u1=0,  u=v1=0,  u—to^—Q. 
These  lines  form  a  triangle  and  the  three  vertices  are  double  points, 
so  that  the  plane  m  =  0  is  tangent  plane  at  three  points. 

Ex.  2.     Find  the  singular  point  on  the  surface 

and  shew  that  the  planes  z—  ±a  are  singular  tangent  planes. 

Ex.  3.     Sketch  the  form  of  the  cone 

c2{:c2+i,2f  =  a2z\x2-y2), 

and  shew  that  the  planes  2v2cy=  ±az  each  touch  it  along  two 
generators. 

The  sections  by  planes  parallel  to  XOY  are  lemniscates. 

Ex.  4.  Prove  that  the  planes  z=  ±  c  are  singular  tangent  planes  to 
the  cylindroid  z(x2+y2)  =  2cxy. 

THE  ANCHOR-RING. 

Ex.  5.  The  surface  generated  by  the  revolution  of  a  circle  about 
a  line  in  its  plane  which  it  does  not  intersect  is  called  the  anchor-ring 
or  tore. 

If  the  straight  line  is  the  s-axis  and  the  circle  is  y =0,  (x  —  a)2 + z2  =  b2, 
{a>b),  shew  that  the  equation  to  the  surface  is 

(i?;2  +y2  +  Z2  +  a2_  62)2  =  4a2(x2+y2). 

Prove  that  the  planes  z=  ±b  are  singular  tangent  planes. 

*For  an  adequate  discussion  of  the  singularities  of  surfaces  the  student 
is  referred  to  Basset's  Geometry  of  Surfaces.  An  interesting  account  of 
the  properties  of  cuhie  surfaces  with  methods  for  the  construction  of  models 
is  given  in  Cubic  Surfaces,  by  W.  H.  Blythe.  Rummer's  Quartic  Surface 
(Hudson)  contains  an  exposition  of  the  properties  of  various  quartic 
surfaces. 
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Ex.  6.     Prove  that  tbe  polar  equation  of  the  curve  of  h  I 
of  the  surface  and  tbe  tangent  plane  x    >>    bf  referred    bo  ■   line 
parallel  to  OY  as  initial  line,  is  r-—-\<.i-*\u(<i.-  (/;  .-in  (</.+  </),  where 
in  '/.     vi 

Ex.  7.     Prove  thai    the  inflexional  tangents  at  (a-h,  o,  0)  are 
x=a-b,  y*Jb  =  ±z*fa-b. 

Ex.  8.     The  tangent  plane  which  pas.-.-.-  through  OY  u  -=  i  tana, 

where  -sin  a.  —  bja  and  it  touches  the  surface  at  the  two  poii 

(acos2a,  0,  acosocsin «.),    (-acos'-a,  0,   -acoeoLsina), 

Where  it  meets  the  surface  we  have 

./•  sin  a.  =  z  cos  rx,     (x- + //- +  z- +  a-  -  b'2j2  =  4a'2<x-+y2)  ; 
therefore 

(.';'-' +y'2  +  s2  -a? cos'-'a.)2  =  4'/-'(.'  -  +//-) - 4a2(x2+y2  +  z2) © 
=  4'/'-'(.''-' +//-')  sin'-a.  -  4aV  008*0, 
=  4a2y-  sin2a_ 
Hence  a •'-'  +  (y  ±  a  sin  a.)2  +  z2  =  a2. 

Therefore  the  curve  of  intersection  of  the  surface  and  the  tangent 
plane  consists  of  two  circles  which  intersect  at  the  points  of  contact 

(acos2a.,  0,  a  cos  a.  sin  a.),     (  — acos2a.,  0,  —a  cos  a.  sin  ex.). 

THE   WAVE   SURFACE. 
If  N'ON  is  normal  to  any  central  section  of  the  ellipsoid 

and  lengths  OA.  OA'  ;  OB,  OB'  equal  to  the  axes  of  the  section  are 
measured  alone:  ON  and  ON',  the  points  A,  A',  B,  B'  lie  upon  a  surface 
of  the  fourth  degree,  which  is  called  the  wave  surface.  Since  the  axes 
of  the  section  by  the  plane  lx+my+nz=0  are  given  by 

a'2P        b2m2       c'2n'2  _ 


a'  -  ;•-     b-  - r'2    c'2  -  r2 
the  equation  to  the  wave  surface  is 


a?  -  r2     b'2  -  r2 

where  r2  =  x'2+y'2  +  ;'-'.     The  equation,  on  simplification,  becomes 
(■''-+ if2,  +  -'")(" '"'•''"  +  b'2>f2  +  c2z2)  -  a'2(b'2  +  c2)x'2  -  6'-'(c'-'  +  a"-), ■■■'-'  -  c-(<<'-  +  J>2):- 

If  the  plane  of  section  of  the  ellipsoid  passes  through  one  of  the 
principal  axes,  that  axis  is  an  axis  of  the  conic  in  which  the  plane  cuts 
the  ellipsoid.  Thus  one  of  the  axes  of  any  section  through  Y  OY  is 
equal  to  b.  The  remaining  axes  of  such  sections  coincide  in  turn  with 
the  semi-diameters  ot  the  ellipse  y=0,  «a/o2+«?/c8=l.  Hence  the 
points  A.  A'.  B.  B'.  corresponding  to  sections  through  Y'OY.  describe 
a  circle  of  radius  b  and  an  ellipse  which  is  simply  the  above  ellipse 
turned  through  a  right  angle,  and  whose  equations  are  therefore  i/  =  Q, 
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x2/c2_+z2/a2  =  l.     The  circle  and   this   ellipse  clearly  form  the  inter- 
section of  the  wave  surface  and  the  plane  y  =  0. 

The  result  can  be  immediately  verified  by  putting  y  equal  to  zero 
in  the  equation  to  the  surface,  when  we  obtain 

(z2 + x2  -  V-)  (c%2  +  a2x2  -  c2a2)  =  0. 

Similai'ly,  the  sections  of  the  surface  by  the  planes  x=0,  2=0  are 
the  circles  and  ellipses  given  by 

x= 0,     (jf  +  z2  -  a2)  (by  +  c2z2  -  b2c2)  =  0  ; 

2  =  0,     (x2  +  y2-c2)(a2x2  +  b2y2  -a2b2)  =  0. 

Fig.  53  shews  an  octant  of  the  wave  surface. 

If  a  >  b  >  c,  the  only  two  of  these  circles  and  ellipses  which  have 
common  points  lie  in  the  plane  y  =  0,  and  the  points  are  given  by 

ax        y         cz      _  ac 


Fig.  53. 

The  wave  surface  consists  of  two  sheets,  one  described  by  points 
such  as  A  and  A',  the  other  by  points  such  as  B  and  B'.  The  sheets 
will  cross  only  where  the  axes  of  the  central  sections  are  equal. 
Hence  since  there  are  only  two  real  central  circular  sections,  and  the 
radius  of  each  is  6,  the  only  four  points  common  to  the  two  sheets  lie 
on  the  normals  to  the  central  circular  sections,  and  are  at  a  distance  b 
from  the  centre.     They  are  given  by 

a£       j]         c'C  b 

0  = 


\/a2-62" 


sJb2 


-* — =  ± 


±ac 


Va2  —  b2b2  —  c2 


v  a2  —  i 


and  are  thus  the  points  of  intersection  of  the  circle  and  ellipse  in  the 
plane  y  =  0,  as  clearly  should  be  the  case. 

If  P  is  one  of  these  four  points,  the  section  of  the  surface  by  the 
plane  y  =  0  has  a  double  point  at  P,  and  the  plane  y  =  0  is  not  a 
tangent  plane  at  P.  This  suggests  that  P  is  a  singular  point  on  the 
wave  surface.     Change  the  origin  to  P,  (£,  77,  £),  noting  that 

The  equation  becomes 

4  (a2x£  +  c*zQ  (xg  +  z£)-y2  (a2  -b°-)(b2-c2)+...=0, 
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.Hid  hence  P  is  a  < ■•  »i i i <-;t  1   point.    Thus  the  v.,i  four 

conical  points,  and  they  are  the  points  of  intersection  of  the  cin 
ellipse  which  form  the  section  oi  tl  bj  the  plane  y    ". 

Since  any  plane  section  of  the  surface  i-  a  curve  ot  the  fourth 
degree,  if  the  Burface  has  a  singula)  tangent  plane,  the  ii 
<>f  the  tangent  plane  with  the  surface  will  consist  <»f  two  coincident 
conies,  or  the  plane  will  touch  the  surface  at  all  points  of  a  conic. 
Any  plane  will  meet  the  conic  in  two  points  Q  and  R,  the  BUlgulai 
tangent  plane  in  the  line  QR,  and  the  Burface  in  a  curve  of  the  fourth 
degree  which  QR  touches  at  Q  and  R.  <  kmsidering,  then,  the  sections 
of  i he  surface  by  the  coordinate  plane-,,  we  Bee  that  any  real  singular 
tangent  plane  must  pass  through  a  common  tangent  to  the  circle  and 
ellipse  in  the  plane  v  =  0.     Their  equations  are 

>/—0,  z2+Jt?=b2;    y=0,  cV-  +  <'-'-;  = 

and  the  common  tangents  are  easily  found  to  be  given  1  > v 

^  =  0,     ±*Jai-bix±*Jbt-t?z=b\ 

or  by  ax£  + ci(=  abc,     >/  —  0, 

where  (£,  rj,  ()  is  one  of  the  singular  points. 

3/ 
If  the  equation  to  the  surface  is  f(x,  //.  z)=0,        =0  when  v  =  0, 

and  hence  the  tangent  plane  at  any  point  of  the  r.'-plane  is  parallel 
to  OY,  and  therefore  the  plane 

•  i  >i  +  ,;£=abc 

is  at  least  a  double  tangent  plane.     Now-  the  equation  to  the  surface 
can  be  written  in  the  form 

&•-(;■-  -  a2)(;-2  -  c2)  +  («-  -  b-)(r2  -  c8)*8  -  (b-  -  c-)(/-  -  a-):-  =  0, 
or     {b(t*-a*)+£(a*-<*)}{b(t*-<*)-£(<*-<S)} 

+  —-  U>'~  -  c-) '-  ~ ('•-  ~  a8)  -  )  {•'■r$+c:C- abe)  =  0. 
ac     I  e  ' a  J  '     b 

Therefore  the  plane  axg+cz£=abc  meets  the  surface  at  points  lying 
on  one  of  the  spheres 

b(r- - a8)  +  ^  (,,'-•  _  , .-')  =  0,     b(r-  -  <•-)  -  Z-k („-' -  c-)  =  0. 

But,  subtracting,  we  see  that  the  common  points  of  these  spheres 
lie  in  the  plane 

c       a 

or  a.r£  +  c:£=abc. 

Thus  the  plane  meets  both  spheres  in  the  same  circle,  or  the  section 
of  the  surface  by  the  plane  consists  of  two  coincident  circles,  and 
therefore  the  plane  is  a  singular  tangent  plane.  The  wave  surface 
has  therefore  four  singular  tangent  planes. 
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184.  The  indicatrix.  If  the  tangent  plane  and  normal 
at  a  given  point  of  a  surface  be  taken  as  the  plane  z  —  0 
and  the  £-axis,  and  the  equation  to  the  surface  is  then 
z=f(x,  y),  this  equation  may  be  written 

z=px  +  qy  +  ±(rx2  +  2sxy  +  ty2)  +  ... , 
where  p,  q,  r,  s,  t  are  the  values  of 

9s      32      ^      _320_      7?z 
3a?'    dy'    dx2'    dxdy'    ~dy2 
at  the  origin ;  or,  since  p  =  q  =  0, 

2z  =  rx2+2sxy-\-ty2-\- 

Hence,  if  we  consider  x  and  y  in  the  neighbourhood  of 
the  origin  to  be  small  quantities  of  the  first  order,  z  is 
of  the  second  order,  and  therefore,  if  we  reject  terms  of  the 
third  and  higher  orders,  we  have  as  an  approximation  to 
the  shape  of  the  surface  at  the  origin  the  conicoid  given  by 
2z  =  rx2  +  2sxy  +  ty2. 

This  conicoid  is  a  paraboloid  if  rt=f=s2,  and  a  parabolic 
cylinder  if  rt  =  s2.  In  the  neighbourhood  of  the  origin  the 
sections  of  the  surface  and  conicoid  by  a  plane  parallel  to 
the  tangent  plane,  and  at  an  infinitesimal  distance  h  from 
it,  coincide ;  the  section  of  the  conicoid  is  the  conic  given  by 

z  —  h,     2h  =  rx2  +  2sxy  +  ty2, 
which  is  called  the  indicatrix.     The  inflexional  tangents  are 
given  by  z  =  0}     rx2  +  2sxy  +  ty2  =  0, 

and  are  clearly  parallel  to  the  asymptotes  of  the  indicatrix. 
Hence  if  the  inflexional  tangents  are  imaginary,  the  indi- 
catrix is  an  ellipse,  and  the  origin  is  an  elliptic  point  on  the 
surface;  if  they  are  real  and  distinct,  the  indicatrix  is  a 
hyperbola,  and  the  origin  is  a  hyperbolic  point ;  and  if  they 
are  coincident,  the  indicatrix  is  two  parallel  straight  lines, 
and  the  origin  is  a  parabolic  point. 

At  an  elliptic  point  the  shape  of  the  surface  is  approxi- 
mately that  of  an  elliptic  paraboloid,  and  therefore  the 
surface  lies  on  one  side  of  the  tangent  plane  at  the  point. 
It  is  said  to  be  synclastic  in  this  case.     At  a  Iryperbolic 
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point  the  shape  is  approximately  thai  <<r  a  hyperbolic 
paraboloid,  and  (In-  surface  lies  on  both  sides  of  the  tangenl 
plane.    At  such  ;i  point  it  is  said  i<>  U<-  anticlastic. 

Ex.  1.    Every  point  on  a  cone  or  cylinder  Le  ;i  parabolic  point. 

Ex.  2.     Kind  the  locus  of  the  parabolic   pointi    on   the  surface 

F(x,y,z,t)  =  0. 

The  direction    of  the  inflexional  tangents  through  (.<:  :i.    )  are  given 
1jy  lFx+mFv  +  nFz  =  0, 

PFxx  +  m2Fm  +  »8F«  +  2mnFyz  +  2nlFzx  +  2lm  Fzv  =  0. 
Hence  the  inflexional  tangents  coincide  if 

Fxx,     FX!/,     F„,     Fx    =  0 (1) 

■  zxi       '  tyi       'zzy       '  z 

Fx,      F„,      F„     0 

But  Fx  is  a  homogeneous  function  of  x,  y,  z,  t,  of  degree  (n  -  1),  and 
therefore  xF^+yF^  +  zF^  +  tF^n-  1)FX,  etc., 

by  means  of  which  equation  (1)  can  be  reduced  to 


■  yzi 

F«. 


=  0. 


Fzt 

Ft:,    F„ 

This  equation  determines  a  surface  whose  curve  of  intersection  with 
the  given  surface  is  the  required  locus. 

Ex.  3.     Prove  that  the  points  of  intersection  of  the  surface 
xi+yi  +  zi^ai 
and  the  coordinate  planes  are  parabolic  points. 

Ex.  4.     Prove  that  the  parabolic  points  of  the  cylindroid 
z(x'2+yi)  =  2cx>/ 
lie  upon  the  lines  x-y  =  0,  z  =  c  ;  x+y  =  0,  z=  -c. 

Ex.  5.     Prove  that  the  indicatrix  at  a  point  of  the  surface  :=/{:<;  v) 
is  a  rectangular  hyperbola  if  (1  +p2)t+(l+qi)r  —  2pqs=0. 

Ex.  6.     Prove  that  the  indicatrix  at  every  point  of  the  helicoid 

-  =  tan-1-  is  a  rectangular  hyperbola. 

Ex.  7.     The  points  of  the  surface  xvz  —  a(tfz+3X+xy)=01  at  which 
the  indicatrix  is  a  rectangular  hyperbola,  lie  on  the  cone 

*iQ/  +  z)+yi(:  +  .v)  +  z\.v+y)  =  0. 

185.  Representation  by  parameters.      If  cc,  //,   :   are 

functions  of  two  parameters  u  and  v  and  are  given  by  the 
equations 

x=fi(w>v),    y=f,(u,v),    z=f:i(u,v), 
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the  locus  of  the  point  (x,  y,  z)  is  a  surface.  For  u  and  v 
can  be  eliminated  between  the  three  equations,  and  the 
elimination  leads  to  an  equation  of  the  form  F(x,  y,  z)  =  0. 

The  tangent  plane.     To  find  the  equation  to  the  tangent 
plane  we  may  proceed  thus.     The  equation  is 
(g-x)Fx  +  (r,-y)Fy  +  (£-z)Fz  =  Q. 
But  since  x,  y,  z  are  functions  of  u  and  v, 
F%%u  ~r  ^yVu  ~r  Fzzu  —  y) 
and  Fxxv  +  Fyyv  +  Fzzv  =  0. 


y _ 


Therefore     ^- —  = 

yu^v     %u\jv     zuxv     xuzv     xuyv     yuXv 

These  give  the  direction-cosines  of  the  normal. 
The  equation  to  the  tangent  plane  is 


g-x, 


Zii. 


=  0. 


Ex.  1. 

for  which 

Ex.  2. 

for  which 


n-y> 

Find  the  tangent  plane  at  the  point  "  u,  6  "  on  the  helicoid, 

x=uco&6,    y=usin9,    z  —  cB. 

Find  the  tangent  plane  at  the  point  "  u,  6  "  on  the  cylindroid, 

x—ucos9,    y  =  usin  9,    s  =  csin20, 

and  prove  that  its  intersection  with  the  surface  consists  of  a  straight 
line  and  an  ellipse  whose  projection  on  the  plane  z  =  0  is  the  circle 

(x2 + y2) cos  W-u (x cos  9 — y  sin  9)  =  0. 

Ex.  3.     Erove  that  the  normals  at  points  on  the  cylindroid  for 
which  9  is  constant  lie  on  a  hyperbolic  paraboloid. 

Ex.  4.     Erove  that  the  equations 

.r=a1A  +  61/x  +  c1A/x,    y  =  a2X  +  b2fjL  +  c2Xix,    z=a3X  +  b3[x  +  c3Xfx, 

determine  a  hyperbolic  paraboloid  if  A  =£  0,  and  a  pair  of  planes  if 
A  =  0,  where 


a2, 


Ex.  5.     If  A  4=  0,  prove  that  the  equations 

x  =  «!  A2  +  6X  \[jl + Cjju,2,    y = a2  A2 + b2  Aju.  +  c2fj?,    z  =  a3  X2  +  b3Xfi  +  c3[x2 

determine   a   cone   whose  vertex    is    the   origin   and   which    has    as 
generators  the  lines 

x/a^yja^z/as,    x\cx=y\c2=zlc3. 
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Examples  X. 

1.  Prove  that  the  Biirfacet) 

■1 1  //  5  -  ./:-  -  //-  -  2-  +  1  =  0, 
z(xl+yl-  z*+\  )=-'.<// 
have  each  four  conic  nodes  whose  coordinates  are 

(1,1,1),     (1,-1,  -1),     (-1,1,-1),     (-1,-1,!). 

2.  Prove  that  the  surface 

(x+y  +  z-  of = xyz 
has  binodes  at  the  points  («,  0,  0),  (0,  «,  0),  (0,  0,  a). 

3.  Prove  that  the  line  2x=a,  2  =  0  is  a  nodal  line  on  the  surface 

<kcz2(x  -a)  +  by  {2.x  -  a)-  =  0, 

and  that  there  is  a  unode  at  the  point  where  it  meets  the  plane  y—0. 
Prove  also  that  the  section  of  the  surface  by  any  plane  through  the 
nodal  line  consists  of  three  straight  lines,  two  of  which  coincide  with 
the  nodal  line. 

4.  Prove  that  the  surface 

(x2+y2)(3y-z)2=<Lx2 

contains  an  infinite  number  of  straight  lines.  Examine  the  nature  of 
the  sections  by  planes  through  the  line  x  =  Zy  —  z  =  0. 

5.  Prove  that  the  equation 

a(y-b)  (z  -cf-b  (x  -  a)  (z  +  c)2 = 0 

represents  a  conoid  which  is  generated  by  lines  parallel  to  the  plane 
XOY  which  meet  the  line  x—a,  y  =  b.  Shew  also  that  the  normals  to 
the  surface  at  points  of  the  generator  x/a=y/b,  2  =  0,  lie  on  the  hyper- 
bolic paraboloid 

4ab(bx  -  ay)(ax+by  -a2-  b2)  =  cz(a-  +  b-)-. 

6.  Shew  that  the  equation 

x3+y3  +  z3-  3xyz  —  a3 

represents  a  surface  of  revolution,  and  find  the  equations  to  the 
generating  curve. 

7.  Prove  that  the  perpendiculars  from  the  point  (a_,  /5,  y)  to  the 
generators  of  the  cylindroid 

x  =  u  cos  9,    y  =  u  sin  6,     :  =  c  sin  2d 

lie  on  the  conicoid 

y(X-^y  +  y^-/3y  +  2c(x-a.)(y-fS)-(z-y)(a.v  +  /3y-o:'-(3-)  =  0. 

8.  Prove  that  the  only  real  lines  lying  on  the  surface  x3+y3  +  ^  =  a?i 

x=a,y  +  z  =  0;    y  =  a,z  +  x  =  0;     z  =  a,  x+y  =  0. 

Shew  also  that  the  section  of  the  surface  by  a  plane  through  one  of 
these  lines  consists  of  a  straight  line  and  a  conic.  Determine  the 
position  of  the  plane  through  the  line  x  =  a,  y  +  :  =  Q  which  meets  the 
surface  in  a  conic  whose  projection  on  the  yz-plane  is  a  circle. 

B.C.  K 
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9.  Shew  that  an  infinite  number  of  spheres  with  centres  on  the 
ay-plane  cuts  the  surface  (x2 +y2)  (x+ a)  +  z2(x-a)  —  0  at  right  angles, 
and  find  the  locus  of  their  centres. 

10.  Discuss  the  form  of  the  surface 

yh2  +  2kvyz + k-x2  -  2ak2y = 0. 

Shew  that  it  is  a  ruled  surface,  and  give  a  geometrical  construction 
for  the  generator  through  a  given  point  of  the  parabola  in  which  it 
meets  the  .ry-plane.  Prove  also  that  any  point  on  its  curve  of  inter- 
section with  the  cylinder  a?+y2  =  2ay  is  given  by 

x = 2a  sin  0  cos  6,     y  =  2a  cos26,     z=k (sec  6  -  tan  9). 

11.  P,  P'  are  (a,  b,  c),  ( —  a,  -b,  -  c) ;  A,  A'  are  (a,  b,  —  c), 
( —  a,  b,  —  c) ;    B,    B'  are   ( —  a,  b,  c),   (-a,   —  b,  c) ;    and   C,  C'  are 

(a,  —  b,  c),  (a,  —b,  —  c).  Prove  that  the  equation  to  the  surface 
generated  by  a  conic  which  passes  through  P  and  P'  and  intersects 
the  lines  AA,  BB',  CC  is 

(i+0(f:1)e-:)(f-i)-e-!)"S-1)-a 

Shew  that  this  surface  contains  the  lines,  A  A',  BB',  CC,  PA,  PB, 
PC,  P'A',  P'B',  P'C,  PP'.  Examine  the  shape  of  the  surface  at  the 
origin.  Shew  that  any  point  on  PP'  is  a  singular  point,  and  that 
P  and  P'  are  singular  points  of  the  second  order,  (that  is.  that  the 
locus  of  the  tangents  at  P  and  P'  is  a  cone  of  the  third  degree). 

12.  If  A,  /x  are  the  parameters  of  the  confocals  through  a  point  P  of 
an  ellipsoid  x2la2+y2lb2+z2jc2  =  \,  centre  O,  prove  that  the  points  on 
the  wave  surface  which  correspond  to  the  section  of  the  ellipsoid  by 
the  diametral  plane  of  OP  are  given  by 

,_fftg(a«-A,)(q»-f*)      2_c%2(52-A)(&2-/a)      2    a2b2(c2-  A)(c2-/x) 
X~      X(a2  -  W){a2  -  c2)  '    y       X(b2 -  a2)(b2 - c2)  '    Z" ~  k{c2 -  a2){c2 -  b2)  ' 
and  the  corresponding  expressions  obtained  by  interchanging  A  and /a. 
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CHAPTER   XIV. 
CURVES  IN  SPACE. 

186.  The  equations  to  a  curve.     The  equations 

fx{x,  y,  s)=0,    f2(x,y,z)  =  0 

together  represent  the  curve  of  intersection  of  the  surfaces 
given  by  f\{x,  y,  z)  =  0  and  />(./•,  y,  z)=0.  II'  we  eliminate 
first  x,  and  then  y,  between  the  two  equations,  we  obtain 
equations  of  the  form 

y=fs(z),    x=fi(z) (1) 

If,  now,  z  be  made  to  depend  upon  a  variable  t,  i  and  / 
being  connected  by  the  equation  z  =  <pz(t),  the  equations  i  ]  | 
take  the  form  y  =  ^^     x  =  ^{ty 

Hence  the  coordinates  of  any  point  on  the  curve  of 
intersection  of  two  surfaces  can  be  expressed  as  functions 
of  a  single  parameter. 

Conversely,  the  locus  of  a  point  whose  coordinates  are 
given  by  x  =  $1(t),     y=&(t),     *=&(*), 

where  t  is  a  parameter,  is-  the  curve  of  intersection  of  two 
surfaces.  For  the  elimination  of  t  leads  to  two  equations 
of  the  form  f1(xiy)=Q1     ta</.  :)  =  0, 

which  represent  two  cjdinders  whose  curve  of  intersection 
is  the  locus  of  the  point.  (Compare  §§  40,  41,  76,  165.) 

187.  The  tangent.  To  find  the  equations  to  the  tangent 
<d  a  given  point  to  a  given  curve. 

Suppose  that  x,  y,  z  are  given  as  functions  of  a  para- 
meter /.     We  shall  throughout  use  the  symbols  .'..'".  ... 
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fllC    (jj~"lC 

etc.  to  denote  -rr,  -r^,  ...  etc.,  unless  where  another  meaning 

is  expressly  assigned  to  them.     Let  the  given  point,  P,  be 
(x,  y,  z),  and  let  Q,  (x  +  Sx,  x  +  Sy,  z  +  Sz)  be  a  point  on  the 
curve  adjacent  to  P.     Then,  if  x  =f(t), 
x  +  Sx=f(t  +  St), 

=  f(t)  +  Stf(t)  +  ^f(t)+..., 

=  x  +  x  bt  +  x  |-„-  +  — 

Similarly,   y  +  Sy  =  y  +  y,8t+y"r^  +  ... , 

,St2 
z-\-Sz=z  +  z'St  +  z"r-y--\- 

The  equations  to  PQ  are 

£-n  n-V  f-g 

/  .    ,M  .  ,  .    „&t  ,     „St 

x+x^  +  ...     y+y^+...     z+Zj+... 

Now,  as  Q  tends  to  P,  St  tends  to  zero,  and  the  limiting 
position  of  PQ,  that  is,  the  tangent  at  P,  is  given  by 

j-x=n-y =f-s 
x  y'  z' 

If  the  equations  to  the  curve  are 

F1(oj)  y,  z)  =  0,     f2(oj,  2/,  ^)  =  0, 

i  /3Fi        /3F,       ,3F, 

we  have  ^+3,^  +  ^  =  0, 

3#     ^  dy         dz 
therefore 

a/ y'  z' 


3Fi  3F2_9F1  3F2     3^  SFJ_^F1  3Fg     'df\  SF^SFj  3F_2' 
9 2/  "9^      "dz   "dy      ~dz    <3#      "dx    dz      ox   dy     dy  dx 
whence  the  direction-ratios  of  the  tangent  are  found. 

Cor.  The  tangent  at  a  point  P  to  the  curve  of  inter- 
section of  two  surfaces  is  the  line  of  intersection  of  their 
tangent  planes  at  P. 
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Ex.  1.     Find  the  equations  to  the  tangent  al  the  point  u6    on  the 

,,cllx  acoad,    y=asin0,     :-k<). 

Ex.  2.  Shew  thai  the  tangenl  at  a  point  of  the  curve  of  inter- 
section of  the  ellipsoid  .'•'-'  "-+ //'-'  />-  f- .-' (<r  ■-  I  and  the  confocal  whose 
parameter  is  A  is  given  by 

*(£-*)  !/(v-.v)  i(t-j) 

a\b*  -  c')(a*  -  A)     6 V  -  aW  -  A)    c\v?  -  P)(£  -  A ) ' 

Ex.  3.  Shew  that  the  tangent  at  any  point  of  the  curve  whose 
equations,  referred  to  rectangular  axes,  are 

x=3t,    y=Z&,    z=2fi 

makes  a  constant  angle  with  the  line 

y=z-x=0. 

188.  The  direction-cosines  of  the  tangent.     If  the 
are  rectangular,  and  P,  (x,  y,  z)  and  Q,  (x+8x}  y+Sy,  :  +  oc) 
are  adjacent  points  of  a  given  curve,  6V,  the  measure  of  PQ, 
is  given  by  0V  =  &c2  +  Sy2  +  6V2. 

Let  the  measure  of  the  arc  PQ  of  the  curve  be  Ss.     Then 

Lt^-  =  1,  and  therefore 

OS 


i-i^'+ 


m+m* 


\ds/ 

or  s'i=x'2+y'*+z'2, 

where  x,  y,  z  are  functions  of  t  and  x  =~j- ,  etc.      Hence 

the  actual  direction-cosines  of  the  tangent  at  P  are 
x     y'    z'  dx    dy    dz 

s     s     s  ds    ds    as 

Ex.  1.     For  the  helix  x= a  cos  6,  i/=as\nd,  8=adtana,  prove  that 

ds 

-rh=a  sec  a.,  and  that  the  length  of  the  curve  measured  from  the  point 

where  0=0  is  ad  sec  a..     (Compare  fig.  51.) 

Ex.  2.     Prove  that  the  length  of  the  curve 

x  =  2a  (sin-1 1  +  t*Jl  - 12),    y=2aP,    z  =  4at, 

between  the  points  where  t  =  ti  and  t  =  t.,,  is  4v/r2«(f._,-/1).  Shew  also 
that  the  curve  is  a  helix  drawn  on  a  cylinder  whose  base  is  a  cycloid 
and  making  an  angle  of  45°  with  the  generators. 

189.  The  normal  plane.     The  locus  of  the  normals  to  a 
curve  at  a  point  P  is  the  plane  through  P  at  right  angles  to 
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the  tangent  at  P.  If  the  axes  are  rectangular  the  equation 
to  the  normal  plane  is 

{$-x)x'+{n-y)y,  +  {^-z)z,  =  0. 

190.  Contact  of  a  curve  and  surface.    If  p,  p1}  P2,  ...  Pm, 

points  of  a  given  curve,  lie  on  a  given  surface  and  P1}  P2, ...  Pn 
tend  to  P,  then  in  the  limit,  when  P1}  P2,...Pn  coincide 
with  P,  the  curve  and  surface  have  contact  of  the  nth  order 
at  P. 

To  find  the  conditions  that  a  curve  and  surface  should 
have  contact  of  a  given  order. 

Let  the  equations  to  the  curve  and  surface  be 

x=<t>&)>  y=fa(t)>  3=0s(O;  f(®>y>z)=0; 

and  let  F(t) s/{^(*)f  <pM  &(*)}■ 

Then  the  roots  of  the  equation  F(t)  =  0  are  the  values  of 
t  which  correspond  to  the  points  of  intersection  of  the  curve 
and  surface.  If  the  curve  and  surface  have  contact  of  the 
first  order  at  the  point  '  for  which  t  =  tx,  the  equation 
F(t)  =  0  has  two  roots  equal  to  tv  and  therefore 

Ffe)  =  0  and  ^  =  0, 

,    ,      -,  clF     df  dx     df  dy  ,  df  dz 

and  clearly  rr  =  ^L-rr  +  ^L  -rr  +  ^r-  tt- 

dtx     dx  dtx     dy  dtx     dz  dtx 

If  the  contact  is  of  the  second  order,  the  equation  F(t)  =  0 
has  three  roots  equal  to  tv  and  therefore 

And  generally,  if  the  contact  is  of  the  nth  order, 
FCn  =  0      —  =  0  ~  =  0 

Ex.  1.  Find  the  plane  that  has  three-point  contact  at  the  origin 
with  the  curve        x  =  fi_h    y=&-\     z=t*-l. 

Ans.  3x-8y  +  6z=0. 
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Ex.2.     Determine  a,  h,  b  so  thai  the  paraboloid  2t    ajp+ikxy+bt/1 
may  have  closest  possible  contact  at  the  origin  with  thecal 

x=fl-2fl+l,    ?/  =  ?-],     .    /      2t+l. 

What  is  the  order  of  the  contact  ' 

Am.  (,/4->=h/-3  =  b/r>=\ ':, i.     Fourth. 

Ex.   3.      Find  the  inflexional  tangents  at  (.-,,  //,,  .,)  on  th( 

y2z  =  I-  '. 
The  equations  to  a  line  through  (./-,,  //,,  :,)  may  be  written 

x  =  xt  +  lt,    y=//l+mt,     z  =  zt+nt. 
The  inflexional  tangents  are  the  lines  which  have  three-point  contact 
with  the  surface  where  t  =  0.     For  all  values  of  t,  we  have 
dx _,     dy  _         dz  _ 
dt~6'    tt~m>    di~n- 
Hence  for  three-point  contact  at  {xu  ?/,,  Zj),  we  have 

(ii)  -4c?  +  2<y1«1m+y12?i  =  0, 
(iii)  zlm2  +  :2y-im,n  =  Q. 

Therefore  i-£-£    °r     J-=HL=JL. 

V\       0      4c  3^     2y,      -2, 

(Compare  §  181,  Ex.  2.) 

Ex.  4.     Find  the  lines  that  have  four-point  contact  at  (0,  0,  1)  with 
the  surface 

xA  +  Zxyz  +  xl  -  y2  -  z-  +  2>/z  -  3x>/  -  2y +2z= 1. 
A«s.  The  direction-ratios  satisfy  lmn  =  0,  l2-m-- ri-  +  2mn=0. 

Ex.  5.     Prove   that  if   the   circle   &e+my+  /7:  =  0,   .)■'-' +  _//-  +  ;-  =  2c: 
has  three-point  contact  at  the  origin  with  the  paraboloid 

axi  +  by-  =  2z,     C=rj5 -s- 

Deduce  the  result  of  §  88,  Ex.  5. 

191.  The  osculating  plane.    If  P,  Q,  R  are  points  of  a 
curve,  and  Q  and  R  tend  to  P,  the  limiting  position  of  the 
plane  PQR  is  the  osculating  plane  at  the  point  P. 
To  find  the  equation  to  the  osculating  plant . 
Let  the  coordinates  be  functions  of  a  parameter  /  and  P 
be  (cc,  y,  z).     The  equation  to  any  plane  is  of  the  form 
a£+'fo|+ef+d=0. 
If  this  plane  and  the  curve  have  contact  of  the  second 
order  at  (x,  y,  z),  we  have 

ax  +  hy-\-cz-{-d  =  0, 
ax'  +  by'  +  cz'  =  0, 
ax"  +  by"  4-  cz"  =  0. 
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Therefore,  eliminating  a,  b,  c,  d,  we  obtain  the  equation 

to  the  osculating  plane, 

g-x,     rj-y,     l-z 

=  0. 

x,          y',          z 

x",         y",         z" 

Ex.  1.  Find  the  osculating  plane  at  the  point  "0"  on  the  helix 
.r  =  acos0,  g  =  asmd,  z=kd. 

Ans.  k(%sind-i/cosd  —  ad)  +  as  =  0. 

Ex.  2.  For  the  curve  x  —  3t,  y=3t2,  z  =  2t3,  shew  that  any  plane 
meets  it  in  three  points  and  deduce  the  equation  to  the  osculating 
plane  at  t=tx.  Ans.  2t12x-2t^/  +  z  =  2tls. 

Ex.  3.  Prove  that  there  are  three  points  on  the  cubic  x  =  at3  +  b, 
y=3ct2+3dt,  z  =  3et  +  f,  such  that  the  osculating  planes  pass  through 
the  origin,  and  that  the  points  lie  in  the  plane  3cex+afy=Q. 

Ex.  4.  P  and  Q  are  points  of  a  curve  and  PT  is  the  tangent  at  P. 
Prove  that  the  limiting  position  of  the  plane  PQT  as  Q  tends  to  P  is 
the  osculating  plane  at  P. 

Ex.  5.  Normals  are  drawn  from  the  point  (a.,  /3,  y)  to  the  ellipsoid 
x2/a2  +  i/2/b2  +  z2/c2  =  l.  Find  the  equation  to  the  osculating  plane  at 
(a.,  /3,  y)  of  the  cubic  curve  through  the  feet  of  the  normals. 


Ans. 


+ 


¥y 


+  , 


(c2-a2){a2-b2)a.  '  (a2 - b2)(b2 - c2) (3    (b2 - c2)(c2 - a?)y 


+  1=0. 


Ex.  6.     Shew  that  the  condition  that  four  consecutive  points  of  a 
curve  should  be  coplanar  is 


=  0. 


Ex.  7.     Prove  that  the  equations 

x=a1t2  +  2b1t  +  cl,    y  =  a2t2  +  2b2t  +  c-2,     z  =  a3t2  +  2bst  +  c3 

determine  a  parabola,  and  find  the  equation  to  the  plane  in  which  it 
lies. 

Ex.  8.     Shew  that  the  curve  for  which 

„,     b  —  t       b      c  —  t        .,     a-t 

eax= ,     eby— ,     eC2=-j 

c—t  a—t  b—t 

is  a  plane  curve  which  lies  in  the  plane  ax  +  by  +  cz  =  0. 

192.  To  find  the  osculating  plane  at  a  point  of  the  curve 
of  intersection  of  the  surfaces  f(£,  rj,  £)  =  0,  <f>(£,  r\,  £)  =  0. 
The  equations  to  the  tangent  at  (x,  y,  z)  are 
(g-x)fx,+(>l-y)fy+(£-z)fz=0, 

(i-x)<f>x+(v-y)<f>y+(£-z)<f>z=o, 
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and  therefore  the  equation  fco  fche  osculating  plane 
the'  form 

x{tf-*y«+(*-y)/ir+({-*)/.] 

That  this  plane  should  have  contact  of  the  Becond  order 

with  the  curve,  Ave  must  have 

*  {x'fx  +  y'fy  +  tfz)  =  I1  [tffa+y'ty+z'fc}       (1) 

and      \{rf%+y"fy+zrfz)  =fi{<xr<p*+y"<t>v+z"<h}-    .-(2) 

But    x%+y'fy+sffz=0  and  a'^+y'^+s'^O,     ...(3) 

and  therefore  equation  (1)  is  an  identity.  This  is  to  be 
expected,  since  any  plane  through  the  tangent  to  a  curve 
has  contact  of  the  first  order  with  the  curve.  Differenti- 
ating the  equations  (8),  we  obtain 

<**/«  +  VJyy  +  &fu  +  ty'tfyz  +  Mx'fzz  +  ^''lj  'fxy 

=  -(x"fx+y"fy+z"fz), 

rf2<t>xx+y'24>yy  +  -'V~"  +  Wz'<hz  +  '2z'x'<f>zx  +  Zx'y'fcy 

=  -(tt"<j>z+y"<fo+z"<f>z), 

whence  by  (2)  the  equation  to  the  osculating  plane  is 

X%x  •  •  •  +  ty'z'fyz  +  •  •  •  «'20aa  ■  •  •  +  ty*$*  +  ■  •  ■ 

Ex.  1.      Prove  that  the  osculating  plane  at  (.'-,,  y, ,  ;,)  on  the  curve 
of  intersection  of  the  cylinders  x2  +  ;'-'  =  a2,  //'-  +  :2  =  b'-  is  given  by 

xx-f  —  zzxs  -  a*  _  j///,3  —  u,3  -  64 


a2  6- 

Ex.  2.     Find  the  osculating  plane  at  a  point  of  the  curve  of  inter- 
section of  the  conicoids 

/=  ax2  +  by2  +  cz2  -  1  =  0,     <f>  =  ou;2  +  /?/-  +  y:2  -1=0. 

We  have  ax»'+6yy+C33'=0, 

oLcr'  +  j8yy  +  yas* = 0, 

,  srx'     ?/?/'    zz' 

whence  _=3|.  =  _, 

where  yl  =  by  -  c/3,  B  =  ea--ay,  C=  a/3  -  Ja. 

Again,    fxx  =  2,a,  /„=?.&,  /„=2c;    /s«=4e=/«a,=0;     <k,.=2a,  etc. 
Therefore  the  required  equation  is 

(g-.r)ff.r  +  p; -.?/)?>.?/  +  (£- JV-      (£ -^Vr  +  Qf-.y) #/  +  (£- :^. ; 

x2       }i2       s8  .'•-        y8         ;- 

which  reduces  to  2(£-.^£<?(£:2- Q/-')  =  0. 
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The  equation  may  be  further  transformed. 

We  have  af—a(f)  =  Bz2-Cy2-((x.~a)  =  0,  etc. 

Hence  the  equation  may  be  written 

?£x3BC(a.  -  a)  =  ^BCiBz*  -  Cy2), 

=  - (Bz2 -  Cy2)(Cx2 -  Az2){ Ay2  - Bx2), 
=  -(a.-a)(P-b)(y-c), 
BCx*$  CAf-g  ABz*£ 


,  +  ; 


;+; 


+  1=0. 


()S-6)(7-C)     (y-cXa-ar  (a. -«)(£-&) 
Ex.  3.     Shew  that  at  (x,  y',  z'),  a  point  of  intersection  of  the  three 


confocals, 
x2    y2 


■+- 


y 


a2+b2  +  c2     l>     a2  +  \  '  b2  +  X^c2  +  X     *'     a2  +  fx  '  62  +  /x  '  c2  +  /x" 


+- 


=  1, 


?/" 


+- 


1, 


the  osculating  plane  of  the  curve  of  intersection   of   the  first   two 
is  given  by  X3/(a*  +  fl)  |  y/(62  +  /x)  ,  zz'(c2  +  [x)_1 


-+- 


-+- 


aa(a2  +  A)  '   b2(b2  +  k)  '  c2(c2  +  X)       ' 

Ex.  4.     Prove  that  the  points  of  the  curve  of  intersection  of  the 
sphere  and  conicoid 

rx2  +  ry2  +  rz2  =  l,     ax2  +  by2  +  cz2  =  l, 
at  which  the  osculating  planes  pass  through  the  origin,  lie  on  the  cone 

t xi+ yi  + t 

b-c        c—a        a—o 


=  0. 


193.  The  principal  normal  and  binormal.    There  is  an 
infinite  number  of  normals  to  a  curve  at  a  given  point,  A, 

Ap 


Fig.  54. 


on  it,  and  their  locus  is  the  normal  plane  at  A.  Two  of  the 
normals  are  of  special  importance,  that  which  lies  in  the 
osculating  plane  at  A  and  is  called  the  principal  normal,  and 
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that  which  is  perpendicular  bo  the  osculating  plane  and  is 
Called  the  binorraal.  In  fig.  ~>4  AT  is  the  tangent*  AP  the 
principal  normal,  ab  the  binormal;  the  plane  atp  is  th<- 
osculating  plane,  and  tlie  plain-  ABP  is  the  normal  plane. 
The  plane  ABT  is  called  the  rectifying  plane. 

We  shall  choose  as  the  positive  direction  of  the  tangent 
at  A  the  direction  in  which  the  arc  increases,  and  as  the 
positive  direction  of  the  principal  normal,  that  towards 
which  the  concavity  of  the  curve  is  turned.  We  shall  then 
choose  the  positive  direction  of  the  binormal  so  that  the 
positive  directions  of  the  tangent,  principal  normal  and 
binormal  can  be  brought  by  rotation  into  coincidence  with 
the  positive  directions  of  the  x-,  y-,  and  s-axes  respectively. 

Let  us  throughout  denote  the  direction-cosines  of   the 

tangent  by  l1}  mx,  nx ; 

principal  normal  by      I.,,  m.2,  v2 ; 

binormal  by  lz,  mv  ??3. 

Then,  (§  188), 

,        ,  dx  .  dy  ,  dz 

Again,  (§191), 

L  m,  n,  .  ,    dx 

where  x  =  -57,  etc., 


y z  —zy      zx  —xz      x y  —  y'x"  '  dt 

= ±1 

~  J[x'*  +  y"  +  o'2){x"  +  y''-+z''2)-<^x''  +  yy  +  z'z'y 

(by  Lagrange's  identity). 

But,  (§  188),  x2  +  y'2  +  z2  =-- s2, 

and  therefore       x'x"  -\-y'y" '  -\-z'z"  =  s's". 


yz  —zy      zx  —xz      xy  —  yx 
= ±1 

s'Jx'"2  +  //""'  -f  3  ""  -  s"2' 

We  have  also  I.1=m.,ii1  —  m1n.,. 


284  COORDINATE   GEOMETRY  [ch.  xiv. 

Therefore 

l  =     z'(z'x"  -  x'z")  -  y'jx'y"  -  y'x") 
2     _        s'\lx"i  +  y"*  +  z"i-s"i 

x"(x'2  +  y'2  +  z'2)  —  x  (x'x"  +  y'y"  +  z'z") 


-sVx"2+2/"2+^/2-s"2' 
and  similarly, 

y"s'  —  y's"  z"s  —  z's" 

Sn/x  j  +  2/  "  +  s    —  s  ^  Sslx  -  +  ?/  2  +  s  2  — s  2 

Ex.  1.  Prove  that  the  parallels  through  the  origin  to  the  binomials 
of  the  helix  x  =  «  cos  0,  •  y = a  sin  0,     2= £0 

lie  upon  the  right  cone  a2{x2+y2)=k2z2. 

Ex.  2.  Prove  that  the  principal  normal  to  the  helix  is  the  normal 
to  the  cylinder. 

194.  Curvature.  If  A1  and  A2  are  points  of  a  given 
curve  so  that  the  arc  AXA2  is  positive  and  of  length  Ss  and 
the  angle  between  the  tangents  at  Aj   and  A2  is  S\fs,  the 

ratio  -¥-  gives  the  average  rate  of  change  in  the  direction 

of  the  tangent  over  the  arc  AxAo.     The  rate  of  change  at  A1 

is  measured  by  the  Lt  -^-,  that  is  by  --—,  and  is  called  the 

curvature  of  the  curve  at  A.     It  is  denoted  by  \\p,  and  p 
is  called  the  radius  of  curvature. 

195.  Torsion.  The  direction  of  the  osculating  plane  at 
a  point  of  any  curve  which  is  not  plane  changes  as  the 
point  describes  the  curve.     If   St   is   the   angle   between 

the  binomials  at  Ax  and  A2,  the  ratio  -5-  gives  the  average 

rate  of  change  of  direction  of  the  osculating  plane  over  the 

St 
arc  A:A2.    The  rate  of  change  at  Ax  is  measured  by  the  Lt  -j-, 

cLt 
that  is  by  -p,  and  is  called  the  torsion  at  Ar     It  is  denoted 

by  1/cr,  and  <r  is  called  the  radius  of  torsion. 


§§193  L9" 


FBENET'S    FORMULAE 


196.  The  spherical  indicatrices.  The  formulae  for 
curvature  and  torsion  are  readily  deduced  by  mean 
spherical  indicatrices,  which  are  constructed  ae  follows 
From  the  origin,  o,  draw  in  the  positive  directions  of  the 
tangents  to  the  curve,  radii  of  tin-  sphere  of  unit  radius 
whose  centre  is  o.  The  extremities  of  these  radii  form  a 
curve  on  the  sphere  which  is  the  spherical  indicatrix  of  tin- 
tangents.  Similarly,  by  drawing  radii  in  the  positive 
directions  of  the  binomials,  we  construct  the  spherical 
indicatrix  of  the  binomials. 

197.  Frenet's  formulae.     In  figs.  55,  56,  let  A1;  A0,  A,, ... 
be  adjacent  points  of  a  given  curve,  and  let  O^,  Of.,,  O/...  ... 

be  drawn  in  the  same  directions  as  the  tangents 

AT      AT      AT 
11'      2     2 '       3    8>     ' ' '  ' 

and  Obl ,  062,  068,  . . . ,  in  the  same  directions  as  the  binomials 

A1B1,  A.2B2,  A3B3,   

Then  tv  t.2,  t3,  ... ,  bx,  b2,  b2,  ...  are  adjacent  points  on  the 
indicatrices  of  the  tangents  and  binomials. 


Pig.  55. 

Since  Otx  and  O/.,  are  parallel  to  adjacent  tangents  to  the 
curve,  the  limiting  position  of  the  plane  tjOt2  is  parallel  to 
the  osculating  plane  of  the  curve  at  AP  Hence  the  tangent 
at  tx  to  the  indicatrix  tJJ- ...  ,  being  the  limiting  position 
of  txU,  is  at  right  angles  to  the  binomial  at  Ar  And  since 
it  is  a  tangent  to  the  sphere,  it  is  at  right  angles  to  the 
radius  O^,  and  is  therefore  at  right  angles  to  the  tan- 
gent AjTr     Therefore  the  tangent  at  tx  to  the   indicatrix 


286 


COORDINATE   GEOMETRY 


[CH.  XIV. 


txt2t3 ...  is  parallel  to  A1P1,  the  principal  normal  at  A1.  Let 
us  take  as  the  positive  direction  of  the  tangent  to  the  in- 
dicatrix, the  positive  direction  of  the  principal  normal. 


Fig. 


Since  the  sphere  is  of  unit  radius,  the  measures  of  the 
arc  txt2  of  the  great  circle  in  which  the  plane  txOt2  cuts 
the  sphere,  and  of  the  angle  txOt2  are  equal,  and  hence  the 
measure  of  the  arc  is  Sxfr.     Let  Sa.  measure  the  arc  txt2  of 

Sa 

the  indicatrix.     Then  Lt-s-r=+1-      If  we   take  the   arcs 

0\[s 

of  the  indicatrix  and  great  circle  through  tx,  t2  in  the  same 
sense,  the  limit  is  +1,  and  since  we  have  fixed  the  positive 
direction  of  the  tangent  to  the  indicatrix  at  tx,  we  thus  fix 
the  sign  of  8\fs.     Hence  we  have,  in  magnitude  and  sign, 


Ss 


j    Ss  _ds 
So.     da.' 


•(1) 


Again,  tx  is  the  point  (lx,  mx,  nx),  and  therefore,  by  §  188, 
the  direction-cosines  of  the  positive  tangent  at  tx  to  the 
indicatrix  are  ^     dmx     dnx 

da.'     da. '     da. ' 


Whence 


I, 


_dlx 


or,  by  (1), 


da.'' 
l2  _  dlx 
P 


_dmx 
2      da. 


m„ 


n. 


nB 


ds' 


_dnx 
'     da. ' 
_  dnx 

ds  ' 


(A) 


dmx 

p       ds 

Further,  if  we  consider  Otx,  Ot2,  Ot3  to  be  generators  of  a 
cone  of  the  second  degree,  the  planes  txOt2,  t2Ot3  are  ulti- 
mately tangent  planes,  and  therefore  their  normals  Obx ,  Ob2 
are  generators  of  the  reciprocal  cone.     Hence  the  limiting 
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position  of  the  plain-  btObt,  >.<■  the  tangeni   plane  to  the 
reciprocal  cone,  is  at  righl  angles  to  o/,.  and  the  limiting 
position  of  bxb.,,    i.e.   the  tangent  at  bl   to  the   indicatrix 
b.bjbs...  is  at  right  angles  to  o/,.     Besides,  the  t 
b,  is  a  tangent  to  the  sphere,  and  is  therefore  at  right  ang 
toObv   Therefore  the  tangeni  atfc,  to  the  indicatrix  b{h 
is  parallel  to  Ajpj,  the  principal  normal  at  a,.    Suppose 
that  its  positive  direction  is  that  of  the  principal  normal. 

If  the  measure,  with  the  proper  sign,  of  the  arc  bfa  of 
the  indicatrix  is  o/3,  then  the  measure  of  the  are  bj>t  of  the 

great  circle  in  the  plane  b^ob.y  is  St,  and  Lt  — =+1.     If 

we  take  the  arcs  in  the  same  sense  so  that  the  limit  is  -1-1, 
since  we  have  assigned  a  positive  direction  to  the  tangent 
at  bx  to  the  indicatrix,  we  fix  the  sign  of  St.  Hence  we 
have,  in  magnitude  and  sign, 

T ,  08     T .  88      ds  ,~s 

s-  =  Lt-  =  Ltv7>=  7o-    (2) 

ot         dp     dp 

Again,  the  coordinates  of  bx  are  /.,,  //?.,.  /?.,,  and  hence  the 
direction-cosines  of  the  positive   tangent  at  l^  to  the  in- 
dicatrix are  ^     dm^     ihi^ 
dp'    ~d0'    dp 

mi  f  7  dL  dm..  (Ill* 

Therefore       lo  =  -m,     m9=  -r?r ,     /  ? .,  =  t-?>  • 

-     dj3  -      dp  ~     dp 

Or,  by  (2),     -I=:p,    — s=— r3.    — ="j3 (B> 

J  <r     as       o-       ds       or      ds 

We  have  also,  I*  +  y + ?32  =  1  • 

Hence  lA  +  A+A  =  0. 

1  ds      -  ds      3  as 

Therefore,  by  (a)  and  (b), 

Cfe  p       or' 

Similarly,  -y-2  = 1 ^    -=—  =  — 3 a (c) 

"as  p       <r       its  p      <t 

The  results  (a),  (b),  (c)  are  exceedingly  important.     They 
are  known  as  Frenet's  Formulae. 
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198.  The  signs  of  the  curvature  and  torsion.     We 

have  agreed  that  the  positive  direction  of  the  tangent  at  tx 
to  the  indicatrix  t{bjbz  ...  is  that  of  the  principal  normal. 
But  if  the  positive  direction  of  the  principal  normal  is  that 
towards  which  the  concavity  of  the  curve  is  turned,  the 
direction  at  t1  of  the  arc  txt2  is  that  of  the  positive  direction 
of  the  principal  normal,  (see  figs.  55,  56).  Therefore,  Sol, 
8\fs  and  p  are  always  positive. 

We  also  agreed  that  the  positive  direction  of  the  tangent 
at  bx  to  the  indicatrix  6162^3  •••  was  the  positive  direction  of 
the  principal  normal.  The  direction  at  b1  of  the  arc  bxb2  is 
the  positive  direction  of  the  principal  normal  for  a  curve 
such  as  that  in  fig.  55,  but  is  the  opposite  direction  for  a 
curve  such  as  that  in  fig.  56.  For  the  curve  in  fig.  55,  the 
apparent  rotation  of  the  principal  normal  and  binormal  as 
the  arc  increases  is  that  of  a  left-handed  screw,  and  such 
curves  are  therefore  called  sinistrorsum.  For  such  a  curve 
(5/3,  St  and  cr  are  positive.  For  the  curve  in  fig.  56,  the 
apparent  rotation  is  that  of  a  right-handed  screw,  and  such 
curves  are  said  to  be  dextrorsum.  For  this  class  of  curve 
<S/3,  St  and  <t  are  negative. 

199.  To  find  the  radius  of  curvature. 

From  (a),  §  197,  by  squaring  and  adding  we  obtain 

'  J-(£)'+(£)M$)' « 

-»-»     ,  i        %       ,.  (.  (X/v-i       X  S  —  >9  X 

But  fc,  =—  >  therefore  -Tt= ~ . 

1     s  as  sa 

„  I     v(.r/y-sV)2 

Hence  —  =  2,- «= . 

p2  s6 

=  4  Wlx"2- 2s's"Zx'x"+s"^x'*}. 
Therefore,  since  2x'2  =  s'2,  and  'Ex'x"  =  s/s,/, 


§S  198-201]  THE   RADIUS  OF  TORSION  -ihu 

Cor.     II  the  coordinates  are  functions  of  s,  the  length  of 

the   arc   measured    from   a  fixed    point,  so  tli.it  t  =  8,  then 
a'  =  1 ,  a"  =  0,  and 

p2     V3F/  +W/      W/' 

Tlie  student  should  note  the  analogy  between  these  formulae  and 
those  for  the  radius  of  curvature  of  a  plane  curve. 

Ex.     Deduce  equation  (1)  from  the  result  of  Ex.  10,  §  23. 

200.     To  find   the   direction-cosines    of  the  princvjxd 
normal  and  binomial. 
From  equations  (a),  §  197, 


,        (dl.\        x"s'-s"x' 
l*  =  P\ds)=p—^- 


I'    .' 


„.    .,    ,                  v  s  —s  y                z  s  —s  z 
Similarly,    m2  =  p* — -^— *-,     n2  =  p -^ — . 

Again,  since     mx  —  —„    nx  =  —„    and     ls  =  mxn2  —  m.2n , , 


8 

/    // 


*s-/> pg • 

„.    ..    ,                  z'x" —x'z"              x'y"  —  y'x" 
Similarly,     m%  =  p ^ ,    nz  =  p    *  ^ . 

Compare  §  193. 

Cor.     li  t  =  s,  we  have. 

j        d2x  d2y  d2z 

^"*a?'  "v^a?'  ^^ 

i=j(ly.d2i^.^y)   etc 

3     *Affe    c£s2     ds    cte2/' 

201.  To  find  the   radius   of  torsion.     From   Frenet's 

dl     I 
formulae,  (b),  we  have  ~^-3  =  -^,  and  from  §  200, 
as     (r 

^(yVWy"),     or     U^p{y'z"-z'i,"\ 


Differentiating  with  respect  to  t,  we  obtain 

=  p(yV"-zy')+1-^.  .  ...(1) 


ifi?+ 8^V  =  P(yY"  -  g'y'"H p'fo.V'  -  :'//')- 


T 
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Similarly,  ^+3m3s'2s" =  p(z'x'" -x,z"/)  +  1^^-,   ...(2) 


o'4 


v/a 


and  ^— h3¥'V'=fl(*Y"-2/V")+^.  ...(3) 

o-  ^> 

Multiply  (1),  (2),  (3)  by  l2,  m2,  w2  respectively,  and  add, 

and  we  have 

c 
which,  on  substituting  p 73 for  £2,  etc.,  becomes 

a-         s'6    a",      y",      z' 
x'",    y'",     z" 

Ex.  1.     Find  the  radii  of  curvature  and  torsion  of  the  helix 

x—aco^Q,    y  =  asind,     z=a#tana.. 
We  have        x'  =  —  a  sin  6,    y'  =  a  cos  0,    z'=a  tan  a.. 
Therefore  s'2 = ^'2  +y'2  +  s'2 = a2  sec2oc. 

Hence  x"  =  —  a  cos  0,     ?/"  =  -  a  sin  #,     g" = s"  =  0, 

and  x'"  =  a  sin  0,    y'"  =  —a  cos  0,     2"'  =  0. 

l_x"2+y"2  +  z"2-s"2^       1 
p2  s'4  «2sec4<x' 


Therefore 
and 


p2cr 


a  sin  #,        a  cos  0,    a  tan  a. 
a  cos  #,    —  a  sin  9,  0 

a  sin  #,    —  a  cos  0,  0 

o-  =  -  a/sin  a  cos  a.. 

Ex.  2.     For  the  curve  x=3t,  y  =  Zt2,  z  =  2t3,  prove  that 
p^-o-^Kl  +  2*2)2. 


-  tan  a. 


a°  sec"a. 


whence 


Ex.  3.     For  the  curve  x=2a(sm~1\  +  \*Jl  — X.2),  y  =  2aX2,  z=4aX, 
prove  that  p  =  -o--  =  8<Wl  —  A2. 

Ex.  4.     For  a  point  of  the  curve  of  intersection  of  the  surfaces 
x2—y2=c2,     ?/=a?tanh-,     p=-cr  = —  • 

(x=ccosht,  y  —  c  sinht,  z=ct.) 

Ex.  5.     For  the  curve  x=\/6a\3,  y=a(l+3A2),   z=\!Qa\,  prove 
that  cr=y2/a. 

Ex.  6.     Find  the  radii  of  curvature  and  torsion  at  a  point  of  the 

cur  ve  x2 + y2 = a2,  x2—y2  —  az. 

(5a2 -4s2)3  5a2  +  l2z2 


Ans.  p2- 


~a2(5a2  +  12z2y  6s/a2-z2 

(.r=acos#,  y=as\nd,  z=acos2d.) 


§§201,202]  TANGENT  TO   A    CURVE  B91 

202.  If  the  tangent  toacwrve  makes  a  con  ta/ni  a/ngle  a. 

ivith  a  fixed  line  <r=  +p  t;ui  cl 

Take  tho  fixed  line  as  2-axis.     Then 

n^cosoL,   and    ^  =  ^  =  0,  (§197,  (a)> 

Therefore         n2  =  0,   and   n3  =  ±  sin  ol 

Again,  *1+*I-  -&-0,  (§  197,  (C)> 

p        cr  CW 

Therefore  cr  =  +  p  tan  a. 

Ex.  1.  For  the  curves  in  Exs.  2,  3,  4,  §  201,  shew  that  the  tangent 
makes  an  angle  of  45°  with  a  fixed  line,  and  hence  that  p  =  ±cr. 

Ex.  2.  If  a  curve  is  drawn  on  any  cylinder  and  makes  a  constant 
angle  a.  with  the  generators,  p  =  p0  cosec2ct,  where  1/p  and  l/p(>  are  the 
curvatures  at  any  point  P  of  the  curve  and  the  normal  section  of  the 
cylinder  through  P. 

Take  the  z-axis  parallel  to  the  generators  of  the  cylinder.  Then 
if   8s,  8s1   are   infinitesimal   arcs   of   the  curve  and   normal   section, 

-7-'  =  sine*.,  -i-  =  cosa.  and  ;tt>  =  0.     If  P  is  (x,  y,  z), 

p2     \ds2J       \ds2/  p02     Vrfsi-/       Vrfsj-7  ' 

Whence  the  result  immediately  follows. 

Ex.  3.     Apply  Ex.  2  to  shew  that  the  curvature  of  the  helix 

x=acosd,    y  =  asin$,     z  — adta.no., 

.    cos2cc    .,         ,    ,         . ,    .   , ,  .       .        sin  o.  cos  a. 

is ,  then  deduce  that  the  torsion  is  ± 

a  a 

Ex.  4.     If  pja-  is  constant  the  curve  is  a  helix. 

Since  -2=^   and   -2  =  ^,   dL=kdL. 

p     as  cr     as  * 

Therefore  ?1  =  X^  +  it1,  where  kl  is  an  arbitrary  constant. 

Similarly,  m1=kms+k%,     ny  —  h^  +  k-^. 

Multiplying  by  ll}  mt,  7i1,  and  adding,  we  obtain  k1Il  +  l:rin1  +  k3n1  =  \. 
Hence,  since  k^  +  k<?  +  k32  =  1  +  k2,  and  therefore  /,,  k„,  k:),  cannot  ;ill 
be  zero,  the  tangent  to  the  curve  makes  a  constant  angle  with  the 
fixed  line  x     y      z 

h\     k2     k3 
Parallels  drawn  through  points  of  the  curve  to  this  line  generate  a 
cylinder  on  which  the  curve  lies,  hence  the  curve  is  a  helix. 

Ex.  5.     If  p  and  cr  are  constant,  the  curve  is  a  right  circular  helix. 

Ex.  6.  A  curve  is  drawn  on  a  parabolic  cylinder  so  as  to  cut  all 
the  generators  at  the  same  angle.  Find  expressions  for  the  curvature 
and  torsion. 

Ans.    If  the  cylinder  is  x=at2,  y  =  2at,  and  the  angle  is  a., 
p  —  2a (1  +  i2)'-/sin2a  and   <r  =  2a ( 1  4- 1'2)-  sin  it.  cos  <x. 


292  COOKDINATE  GEOMETRY  [ci-i.  xiv. 

203.  The  circle  of  curvature.  If  p,  q,  r  are  points  of 
a  curve,  the  limiting  position  of  the  circle  PQR  as  Q  and  R 
tend  to  P  is  the  osculating  circle  at  P. 

From  the  definitions  of  the  osculating  plane  and  the 
curvature  at  P,  it  follows  immediately  that  the  osculating 
circle  lies  in  the  osculating  plane  at  P,  and  that  its  radius 
is  the  radius  of  curvature  at  P.  It  also  follows  that  the 
centre  of  the  circle,  or  the  centre  of  curvature,  lies  on  the 
principal  normal,  and  therefore  its  coordinates  are 

x  +  hP>    V  +  m2p>    z+^hP- 
We  can  easily  deduce  the  radius  and  the  coordinates  of 
the  centre  by  means  of  Frenet's  formulae.     If  (oc,  (3,  y) 
is  the  centre  and  r  the  radius  of  the  circle  of  curvature, 
the  equations 

h(€-x)+ms(i-y)+ns(£-z)=°> (J) 

(£-a)2+(>7-/3)2+(£-y)2  =  ^ (2) 

may  be  taken  to  represent  it.  Since  the  sphere  (2)  has 
three-point  contact  with  the  curve  at  (x,  y,  z),  differenti- 
ating twice-  with  respect  to  s  and  applying  Frenet's 
formulae,  we  have 

(a-a)2  +  (2/-/3)2+(*-y)2  =  r2, (3) 

l1(x-OL)+m1(y-/3)+n1(z-y)  =  0,   (4) 

l2(x—GL)+m2(y-l3)+n2(z-y)=  -p (5) 

And  since  the  centre  (a,  /3,  y)  lies  in  the  osculating 

plane,  (1),     iz{x-OL)+m^y-^)+ni{z-y)  =  0 (6) 

Square  and  add  (4),  (5),  (6),  and 

{x-a.y  +  {y-Pf+{z-yy  =  P\ 
Therefore,  by  (3),  r  =  p. 

Multiply  (4),  (5),  (6)  by  lv  l2,  l3  respectively,  and  add,  and 

X  —  CL=  —l%p- 

Similarly,      y  —  fi=—  m2p,     z  —  y=—  n2p. 
Therefore  a.=x+l2p,    (3  —  y  +  m2p,     y  =  z+n2p. 

204.  The  osculating  sphere.  If  p,  Q,  R,  s  are  points 
of  a  curve,  the  limiting  position  of  the  sphere  PQRS  as  Q,  R 
and  S  tend  to  P  is  the  osculating  sphere  at  P. 


§§203,204]  TIIK  OSC1  LATING   SPHERE 

To  foul  the  centre  and  radius  of  the  oscuUtii  nQ  •/>/"  n , 
Assume  that  the  equation  i.s 

Then,  for  i'our-point  contaet  at  (x,  y,  z),  we  have  on  differ- 
entiating three  times  with  respect  to  8, 

(x-oLY+(y-py+(z-Y?=&> (i) 

l^x-^  +  m^y-fy  +  n^z-y)^,    (2) 

l2(x-CL)  +  m2(y-fi)  +  n2(z-y)=  -p (3) 

(M)(a_tt)+(!&+^_0)+fe+?hWy)=,< 

\(T       p/  \  <T  ps  V  (T  p/ 

or,  by  (2),    £s(a>  -  a) +m8(#-£)+%8(«-y) =*■/>',    (4) 

where  p  =  -£. 

'       as 

Whence,  as  in  §  203,  we  deduce 

P2  _     2   I       '2    2 

and 

OL  =  x+l2p  —  l3(rp,  fi  =  y  +  m.1p  —  m..(rp,  y  =  -  +  ??•>/)  —  »3<rp. 
These  shew  that  the  centre  of  the  osculating  sphere,  or 
centre  of  spherical  curvature,  lies  on  a  line  drawn  through  the 
centre  of  circular  curvature  parallel  to  the  binormal,  and  is 
distant  —  <rp  from  the  centre  of  circular  curvature. 

Cor.     If  a  curve  is  drawn  on  a  sphere  of  radius  a,  R  =  u, 

a2_     2 

and  therefore  a3,  =  — jg— .     Hence,  if  p  is  known,  o-  can  be 

deduced.     Further,  if  we   differentiate   a'1  =  p-  +  (i^)  ,  we 

eliminate  the  constant  a  and  obtain  a  differential  equation 
satisfied  by  all  spherical  curves 

Ex.  1.     A  curve  is  drawn  on  a  sphere  of  radius  a  so  as  to  make  a 
constant  angle  a.  with  the  plane  of  the  equator.     Shew  that  at  the 

point  whose  north-polar  distance  is  6,  p  —  (t(l  —  se<Ax.eos80)*. 
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We  have,  by  §  202,  <r=p  cot  a. 

Also  (j1—         (1      and    -^  =  sina.. 

\ds) 

d?  df) 

But  z  =  a  cos  0,  therefore  -r-  =  —  a  sin  0  -=- . 

Whence  Hg_=-asin^ 

sJcP-p2  cos  a. 

Integrating,  we  obtain 

Va2  —  p2=  —a  cos  #  sec  a.  +  5, 

where  6  is  an  arbitrary  constant. 

If  p  =  a  when  6=ir/2,  b=0,  and  then 

p  —  a{\  -  cos26  sec2<x)^. 

Ex.  2.     Find  the  equation  to  the  osculating  sphere  at  the  point 
(1,  2,  3)  on  the  curve 

x=2t  +  l,    y=3t2  +  2,     z=4t3  +  3. 

Arts.  3^2+3;/2+322-6«- 16^/- 18^  +  50=0. 

Ex.  3.     Find  equations  to  represent  the  osculating  circle  at  (1,  2,  3) 
of  the  curve  in  the  last  example. 

Aiis.  The  equation  to  the  sphere  and  z =3. 

Ex.  4.     Prove  that  at  the  origin  the  osculating  sphere  of  the  curve 
x=al$  +  3b1t2+3clt,    y  =  a2t3  +  3b2t2  +  3c2t,     z=ast3  +  3b3t2  +  3c3t, 
is  given  by  x2+y2+z2,      2%,      2y,      2s  =0. 

9(61c1  +  62c2  +  63c3),      «!,      a2,      a3 
SC^  +  c^  +  Cg2),     2615     2&2,     263 
0,       c1}       c2,       c3 

Ex.  5.     Find  the  curvature  and  torsion  of  the  spherical  indicatrix 
of  the  tangents. 
The  direction-cosines  of  the  tangent  are  l2,  m2,  n2,  (§  197),  and  if 

So.  is  an  infinitesimal  arc,  Lt  o-r  =  l. 

by 

Hence,  if  the  curvature  is  — , 
Po 


p7=2(§)2'(§199)' 


1  1  —  o  2 

If  the  torsion  is  —      cr02=  ,     H°,  as  in  Ex.  1. 


(dpoV 

Wol) 
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Whence  we  easily  find 
vhere 


r°     piper' -p'v)' 


p'j£  and   & 


(It 
,1, 


Ex.  6.     Prove  that  the  radii  of  curvature  and  torsion  of  the  Bpb 

f)  fi^  -4-  cr'^ 

indicatrix  of  the  binomials  are   -i-'     -    and     ."  ,- . 

"Jp't  +  o-2  <r(<rp  -<r'p) 

Ex.  7.  A  curve  is  drawn  on  a  right  circular  cone,  semiverti.-al 
angle  a.,  so  as  to  cut  all  the  generators  at  the  same  angle  B.  Shew 
that  its  projection  on  a  plane  at  right  angles  to  the  axis  is  an  equi- 
angular spiral,  and  find  expressions  for  its  curvature  and  torsion. 


Fig.  57. 

Take  the  vertex  of  the  cone  as  origin  and  the  axis  as  :-axis.  Let  C, 
fig.  57,  be  the  projection  of  P,  the  point  considered,  on  the  axis,  and 
CP  and  OP  have  measures  r  and  R  respectively.  Then  if  CP  makes 
an  angle  6  with  OX,  r,  6  are  the  polar  coordinates  of  the  projection  of 
P  on  any  plane  at  right  angles  to  the  axis. 

From  fig.  58  we  obtain 


Whence 


dr = dR  sin  oc  =  dz  tan  a,   ^ 
dR  =  ds  cos  B  =  r  dd  cot  B.  J 

—  =  cot  8  sin  a.  dO, 


(1) 


which  is  the  differential  equation  to  the  projection  and  has  as  integral 


fcs 


where  k  =  cot  B  sin  a.  and  A  is  arbitrary. 
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dz 
Again,  from  (1),  j-=  cos  a.  cos  /3,  and  therefore  the  tangent  to  the 

curve  makes  a  constant  angle  y  with  the  2-axis  such  that 

cos  y  =  cos  a.  cos/?. 

d2z 
We  have  therefore  -^=0,    cr=pta,ny. 

Since  t^: 


,2-°>     i?-\d#)  +VrfsV" 


Fig.  58. 

Now  %=rco&$,    y=rsind, 

and,  using  dashes  to  denote  differentiation  with  respect  to  s,  by  (1), 

/ = sin  a.  cos  /?,   and  rd'  =  sin  (3. 
Therefore 

x' = r'  cos  6  —  sin  (3  sin  9,  y'  =  r'  sin  6  +  sin  /3  cos  6  ; 

a;"  =  -  (/  sin  6  +  sin  /3  cos  #)  6',    y"  =  (/  cos  0  -  sin  /3  sin  0)  #' ; 

1  =  ^(/Hsin^)  =  sin^(1  ~  Cf°-  C0S^>. 
P~d^  Qcir,  ->.'    an(^    o-=ptany=- 


Hence 
Ex.  8. 


sin  /5  sin  y '    '  ^  """  '     sin  /3  cos  y ' 

Deduce  equations  (1),  Ex.  7,  by  differentiating  the  equations 
x2+y2=z2ta,n2a.,     x2+y2  +  z2  =  R2,     x2+y2=r2, 
and  applying  xx'  +  yy' + zz'  =  R  cos  /?. 

Ex.  9.  The  principal  normals  to  a  given  curve  are  also  principal 
normals  to  another  curve.  Prove  that  the  distance  between  corre- 
sponding points  of  the  curves  is  constant,  that  the  tangents  at 
corresponding  points  are  inclined  at  a  constant  angle,  and  that  there 
must  be  a  linear  relation  between  the  curvature  and  torsion  of  the 
given  curve. 

If  O,  (x,  y,  z)  is  a  point  on  the  given  curve,  O',  the  corresponding 
point  on  the  second  curve  has  coordinates  given  by 

g=x  +  l2r,    r}=y  +  mzr,     (=z+n2r, 
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where  OO'  is  of  length  r.     If  we  take  O  for  origin  and  OT\  OP.  OB 
the  tangent,  principal  normal,  and  binomial  u  coordin 

^=1,  m1  =  n,  =  0;    ^  =  »2=0,  '/h2=1  ;     /3  =  wi3  =  0,  «3=1  ; 

and  O'  is  (0,  r,  0).     The  tangent  to  the  second  curve  is  at  righl 

to  OP  or  OO',  and  therefore  ~?-0  ',   i-e.  »»i  -A  -- !  +  '  !  J  +  m.  -r  =0. 

Hence,  since  wi!  =  »i3  =  0,  ^-  =  0,  and  r  is  constant. 
Again,  if  £'  =  -^,  etc.,  we  have 

therefore,  at  the  origin, 

£'=(!  ->•//>),    7,'  =  0,     C=-r/<r, 
and  the  tangent  to  the  second  curve  makes  an  angle  #  with  OT  such 

v/(T 

that  tan  fl=,   '    .  . 
1-r/o 

a  O"  \p       pJ       (TV  0"* 

therefore,  at  the  origin, 

„,     rp'        „     1      r      r        h>  _Ta> 
S  =  p^'     7>  -~p~^~^     Q  -a*' 
But  the  binomial  to  the  second  curve  is  at  right  angles  to  OP,  and 
therefore  ?&-?€=*> 

rp'          r(j 
or  -*-—  = 

p  O" 

Integrating,  we  obtain 

log  A  ( 1  —  )  =los:— , 
°     V      p/        °o- 

where  .4  is  an  arbitrary  constant, 


or 


\        p/      cr 


and  thus  there  is  a  linear  relation  between  the  curvature  and  torsion. 

Again,  tan  6  =  ,       ,  =  A,  and  therefore  0  is  constant. 
0  1  -rip 

This  problem  was  first  investigated  by  Bertrand,  and  curves  which 
satisfy  the  conditions  are  on  that  account  called  Bertrand  curves. 

Ex.  10.     A  curve  is  projected   on  a  plane  the  normal   to  which 

makes  angles  a.  and  j3  with  the  tangent  and  binomial.     If  p[  is  the 

o  00s  Lj 
radius  of  curvature  of  the  projection,  prove  that  p  —     .   .'. 
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Let  P  be  a  point  of  the  curve  and  Q  and  R  the  points  of  the  curve 

distant  8s  from  P.     Then,  if  the  area  of  the  triangle  PQR  is  denoted 

1  2A  1  2A' 

by  A,  -=Lt^.     Similarly  for  the  projection  —  =  Lt  ~-^-,  where  A', 

6V  are  the  projections  of  A  and  8s.     But  A'=Acos/3,  and  8s'  =  8s  sin  a, 
whence  the  result. 

205.  Geometrical  investigation  of  curvature  and  tor- 
sion. The  following  geometrical  investigation  of  the 
curvature  and  torsion  of  a  curve  is  instructive. 

Let  Ax,  A2,  A3,  ...  ,  (fig.  59),  be  consecutive  vertices  of  an 
equilateral  polygon  inscribed  in  a  given   curve,   and  let 


M1;  M2,  M3,  ...  be  the  mid-points  of  the  sides.  Planes 
M-lC^,  M2C2S2,  ...  are  drawn  through  Mx,  M2,  ...  normal  to 
the  sides.  M1C1,  M^  are  the  lines  of  intersection  of  the 
planes  M1C1S1,  M2C2S2  and  the  plane  A^Agj  similarly,  M2C2 
and  M3C2  lie  in  the  plane  A2A3A4,  and  so  on. 

Then  Cx  is  the  centre  of  the  circle  through  the  points 
A1?  A2,  A3,  and  its  limiting  position  when  A2  and  A3  tend 
to  A2  is  the  centre  of  curvature  at  Ar     Let  p  denote  the 
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radius  of  the  circle  of  curvature  at  a,.  From  the  cyclic 
quadrilateral  c^MjA^m.,, 

*i*i =C  A 

2siu  |  M^jM,        [   -" 

But  since  the  limiting  positions  of  AjA.,  and  a.a.  are 
tangents,  AXA2  _  ds_ 

2  sin  \  M^Mg  ~~  d\J/' 
Therefore,  since  the  limiting  value  of  CXK  is  p, 

ds 
p  =  d$' 

and  the  curvature =-—=-,  where  p  is  the  radius  of  the 
circle  of  curvature. 

Since  the  planes  MjC^,  MoCjSj  are  at  right  angles  to 
the  plane  A1A2A3,  their  line  of  intersection  CjSj  is  normal 
to  the  plane  AxA2Ao.  Therefore,  in  the  limit,  C^  is  parallel 
to  the  binormal  at  Ar  But  since  C^  is  the  locus  of  points 
equidistant  from  the  points  A,.  A0,  A3,  and  C.,S,  is  the  locus 
of  points  equidistant  from  A2,  A3,  A4,  Sj  is  the  centre  of  the 
sphere  through  Ap  A2,  A3,  A4,  and  the  limiting  position  of 
Sx  is  the  centre  of  spherical  curvature  at  Ar  Therefore, 
the  centre  of  spherical  curvature  lies  on  the  line  drawn 
through  the  centre  of  circular  curvature  parallel  to  the 
binormal. 

Since  the  limiting  positions  of  C1S1  and  CoS1  are  parallel 
to  consecutive  binomials,  we  may  denote  the  angle  C^C, 
by  St.  If  C^NL  and  C^  intersect  at  K,  then  C1K  =  C1S1oV. 
But  CXK  differs  from  C1M1  — CM.,  by  an  infinitesimal  of 
higher  order,  and  therefore 

LtC^Lt^Lt^f^^ 
1  1  <St  St  cIt 

Hence,  if  R  is  the  radius  of  spherical  curvature  at  A, . 

^=Lt(M1c12+c1s1*)=p»+(^)2 

By  our  convention  of  §193,  the  positive  direction  of  the 
binormal   is   that   of   S^.      In    our   figure    the   curve    is 
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dextrorsum,  and  St  is  therefore  negative.  Also  Sp  is 
negative,  so  that  Sp/8r  is  positive.  Hence,  if  the  co- 
ordinates of  Ax  are  x,  y,  z,  and  those  of  the  limiting 
position  of  Sx  are  x0,  y0,  z0, 

x0  —  x  =  projection  of  M^-f  projection  of  C^  on  OX, 

-rJ  &  7 


or  x0  —  x  +  pl2  —  -T-ls. 

Similarly, 

dp  dp 

y0  =  y+pm2-^_m&,    z0  =  z+pn2--£ns. 

The  points  Sl5  S2,  S3,  ...  are  consecutive  points  of  a  curve 
which  is  the  locus  of  the  centres  of  spherical  curvature, 
and  S1S.2,  S2S3,  ...  are  ultimately  tangents  to  that  locus. 
The  plane  S1S2S3  or  MgC.^  is  ultimately  an  osculating 
plane  to  the  locus,  and  hence  the  osculating  planes  of  the 
locus  are  the  normal  planes  of  the  curve.  Therefore,  if 
S\}s,  St  are  the  angles  between  adjacent  tangents  and  bi- 
normals  to  the  curve,  and  S\fsx,  Stx  are  the  angles  between 
adjacent  tangents  and-binormals  to  the  locus, 

Lt^fei  =  l,     and     Ltf?=l. 

or  o\Js 

Hence,  if  infinitesimal  arcs  of  the  curve  and  locus  are 
denoted  by  Ss  and  Ssv  and  the  curvature  and  torsion  of 
the  locus  by  l/p1  and  lja-v 

T,Ss     Sst      T ,  Ss    Ss-. 

The  limiting  positions  of  C1S1,  C2S1}  ...  are  the  generators 
of  a  ruled  surface  which  is  called  the  polar  developable. 
Since  CjSj  and  C2S1  are  ultimately  coincident,  the  plane 
CjS^  touches  this  surface  at  all  points  of  the  generator 
C^Sp  and  hence  the  normal  planes  to  the  curve  are  the 
tangent  planes  to  the  polar  developable. 


§§205,206]     COORDINATES    IN   TERMS  OF   aim 

Ex.  1.    Shew  thai  if'/*,  is  the  differential  of  tli<-  arc  ■■!  the  I- 

the  centres  <>f  Bpherical  curvature, 

A'  .III 
ds.= — . 

'        s'A"       ,r 

If  (£,  rj,  £)  is  a  point  on  the  locus,  and  £'=  f,  etc., 

£  =  x  +  pl2->JW^%. 

Therefore,  by  Frenet's  formulae,  and  since  sAfl2  —  ^=07/, 

,,_     ;      RR 
€  —  ~h~ 


WW-p* 
.    dsx_s^£,2^__JUV_ 

Ex.  2.     Obtain  the  result  from  fig.  59. 

Ex.  3.     Prove  that      p,  =  R  -^-,     o-,  =  — - r . ' , 

dp  'it     '//; 

and  verify  that  ppl=(rcr1. 

206.  Coordinates  in  terms  of  8.  If  the  tangent,  prin- 
cipal normal  and  binomial  at  a  given  point  O  of  a  curve  are 
taken  as  coordinate  axes,  and  .s  measures  the  arc  OP,  we 
may  express  the  coordinates  of  P  in  terms  of  8.     We  have 

v=f(°)=f(0)  +  ^(0)+^''(0)  +  p'''(0) ...  , 

—  sa?o  "f"  9"  ^0  ~f~  "7^"  '^0   +  •  •  • » 

where  tc0',  o?0",  £c0'",  ...  are  the  values  of  x',  x",  x"',  ...  at  the 

origin.     Similarly, 

s2  <?3 

,s2  .s3 

s  =  .ss  '  A z  "  A-—z  '   A- 

*      ,v~o  ^  2    °        6    °         " 

We  have  therefore  to  evaluate  .r0\  y0\  :0',  etc. 
Since  the  tangent  is  the  r-axis, 

Since  the  principal  normal  is  the  ?/-axis, 
px0"  =  0.     py0"=h     P'o"  =  °- 
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Again,  by  Frenet's  formulae, 


-!  +  -?  = 

p        <T 

dL2 
ds 

-(px'"  +  p 

x"), 

p        or 

=--(py'"+p'yl, 

P          * 

~{pz" 

'+f 

Therefore 

xo    —  ~ 

-      V'" 
p"     Vo 

r 
P 

=        2»     Z 

P 

/// 
0     —  — 

1 

per 

Therefore, 

as  far  as 

the  terms  in  s3,  we 

have 

x  =  s  —  - 

s3 

y     2P    6P2P' 
— 

~~        6/0(7-' 

Ex.  1.  Shew  that  the  curve  crosses  its  osculating  plane  at  each 
point. 

Unless  1/cr  is  zero,  z  changes  sign  with  s.  If,  at  any  point,  l/or=0, 
the  osculating  plane  is  said  to  be  stationary. 

Ex.  2.  Prove  that  the  projection  of  the  curve  on  the  normal  plane 
at  O  has  a  cusp  at  O.  What  is  the  shape  at  O  of  the  projections  on 
the  osculating  plane  and  rectifying  plane  1 

Ex.  3.  If  s2  and  higher  powers  of  s  can  be  rejected,  shew  that  the 
direction-cosines  of  the  tangent,  principal  normal,  and  binormal  at  P 
are  given  by 

^i_mi_wi  h     _m2_    n2  h      m3_M3 

T~sjp~~~0,     -s/p~~T~  -s/o-'      0"=s/o:  =  T' 

In  the  following  examples  O  and  P  are  adjacent  points  of  a  curve, 
and  the  arc  OP  is  of  length  s. 

Ex.  4.     The  angle  between  the  principal  normals  at  O  and  P  is 

s(p-2+o-2f. 

Ex.  5.     The  shortest  distance  between  the  principal  normals  at  O 

and  P  is  of  length    ,    "      ,  and  it  divides  the  radius  of  the  circle  of 

curvature  at  O  in  the  ratio  p2 :  cr2. 

Ex.  6.  The  angle  that  the  shortest  distance  between  the  tangents 
at  O  and  P  makes  with  the  binormal  at  O  is  s/2cr. 

Ex.  7.  Prove  that  the  shortest  distance  between  the  tangents  at 
O  and  P  is  s3/ 12 per. 

Ex.  8.     The  osculating  spheres  at  O  and  P  cut  at  an  angle  — ^  -7-. 

<rK  dp 
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Examples  XI. 

1.  Shew  that  the  feet  of  the  perpendiculars  from  the  origin  to  tlj>- 
tangents  to  the  helix  x  =  acoH0y  y  =  aa'ui  V,  z  —  c(J,  lie  on  the  byper- 
boloid  aP/c2  +y2/c2  -  0jcfl  =  a'jc\ 

2.  A  curve  is  drawn  on  the  helicoid  Z—Ct&D  'y/x  so  as  alwayt  l. 
cut  the  generators  at  a  constant  angle  a.     Shew  that  by  properly 

choosing  the  starting  point  it  may  be  made  to  coincide  with  the  intei 
section  of  the  helicoid  with  the  cylinder  2r  =  c(eOc"ta-e-0C(Jt*),  r,  U 
being  ordinary  polar  coordinate.      Find  the  equations  to    the  prin- 
cipal normal  at  any  point. 

3.  Find  j'{6)  so  that  x  —  aco^d,  y  =  asmd,  z  =  f(8)  determine  a 
plane  curve. 

4.  If  the  osculating  plane  at  every  point  of  a  curve  pass  through 
a  fixed  point,  the  curve  must  be  plane.  Hence  prove  that  the  curves 
of  intersection  of  the  surfaces  x2+y2+z2  =  a2,  2(xi+yi  +  zi)  =  ai  are 
circles  of  radius  a. 

5.  A  right  helix  of  radius  a  and  slope  a.  has  four-point  contact 
with  a  given  curve  at  the  point  where  its  curvature  and  torsion  are 
1/p  and  l/o\     Prove  that 

a=  ~- — ;,    and     tan  a.  =  -. 
p^  +  cr*  nr 

6.  For  the  curve  x  =  at&n9,  y  =  a  cot  9,  2  =  \/2alogtan  6, 

2sl2a 
^_(r  =  sTmW 

7.  Shew  that  the  osculating  plane  at  (x,  y,  z)  on  the  curve 

x2 + 2ax=y2  +  2by=z2  +  2cz 
has  equation 
(62  _  C2)(£  _  X)(x  +  ay  +  (c2  _  a2)(^  -y)(y  +  bf  +  (a2  -  b2)((-  z)(:  +  cf  =  0. 

8.  Shew  that  there  are  three  points  on  the  cubic 

x  =  ajf  +  3bxt2  +  3ctf + c?i     y  =  a,2t3  +  3b.2t2  +  3c  J  +  d, , 

z  =  a.f  +  36s*2  +  3c:)(  +  rfn, 

the  osculating  planes  at  which  pass  through  the  origin,  and  that  they 
lie  in  the  plane 


X, 

?/, 

z 

— 

X, 

V, 

z 

K 

h, 

h 

«B 

a,, 

as 

*!» 

«2» 

^3 

*» 

d,, 

#3 

9.  If  p,  Oj,  p2,  p3  are  the  radii  of  curvature  of  a  curve  and  its 
projections  on  the  coordinate  planes,  and  a.,  /3,  y  are  the  angles  that 
the  tangent  makes  with  the  coordinate  axes,  prove  that 

sinca.     sin6/3     sin6y_  1 

P\  Pf  Pi"  P2 

sin3 a.  cos  a     sin3/?  cos  /?     sin3  y  cos  y  _ 

Pi  Pi  03 
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10.  Prove  that  at  the  point  of  intersection  of  the  surfaces  x2+y2=z2, 
z  =  ata,n~1y/x,  where  y=xt&a.d-,  the  radius  of  curvature  of  the  inter- 

,.       .       a{Z  +  02f 
section  is - - — -. 

(8  +  502  +  6^ 

11.  A  catenary,  constant  c,  is  wrapped  round  a  right  circular 
cylinder,  radius  a,  so  that  its  axis  lies  along  a  generator.  Shew  that 
the  osculating  plane  at  a  point  of  the  curve  so  formed  cuts  the  tangent 
plane  to  the  cylinder  at  the  point  at  a  constant  angle  tan_1c/a. 

(x=acosd,  y—asixi9,  z=ccosh — .  ] 
Prove  also  that  p- 


c»Ja2  +  c2  c\Jz2  —  c2 

12.  If  a  curve  is  drawn  on  a  right  circular  cylinder  so  that  its 
osculating  plane  at  any  point  makes  a  constant  angle  with  the  tangent 
plane  at  the  point  to  the  cylinder,  then  when  the  cylinder  is  developed 
into  a  plane,  the  curve  develops  into  a  catenary. 

13.  For  the  helix  prove  the  following  properties :  the  normal  at  P 
to  the  cylinder  is  the  principal  normal  at  P  to  the  helix  ;  the  binomial 
at  P  makes  a  constant  angle  with  the  axis  of  the  cylinder  ;  the  locus 
of  the  centre  of  circular  and  spherical  curvature  is  a  helix  ;  if  P'  is 
the  centre  of  circular  curvature  at  P,  P  is  the  centre  of  circular 
curvature  at  P'  for  the  locus. 

14.  A  curve  is  drawn  on  a  sphere  of  radius  a,  and  the  principal 
normal  at  a  point  P  makes  an  angle  $  with  the  radius  of  the  sphere 

■I  JQ 

to  P.     Prove  that  p  —  a  cos  6,  -  =  ±  -=-. 
r  a-         as 

15.  If  O,  P  are  adjacent  points  of  a  curve  and  the  arc  OP  =  s,  shew 
that  the  difference  between  the  chord  OP  and  the  arc  OP  is  s^/24p2, 
powers  of  s  higher  than  the  third  being  neglected. 

16.  Prove  that 

1       1  4-  o'2 

J  p'cr*        p* 

where  dashes  denote  differentiation  with  respect  to  s. 

17.  If  from  any  point  of  a  curve  equal  infinitesimal  arcs  of  length  s 
are  measured  along  the  curve  and  the  circle  of  curvature,  the  distance 
between  their  extremities  is  s3£/Qp2cr. 

18.  The  shortest  distance  between  consecutive  radii  of  spherical 
curvature  divides  the  radius  in  the  ratio  a-2 :  p2 1  — -  1  . 

19.  A  curve  is  drawn  on  the  paraboloid  x2+y2  =  2pz  making  a  con- 
stant angle  ex.  with  the  2-axis.  Shew  that  its  projection  on  the  plane 
*=0  is  given  by  fj^-( 


■a 


0= cos-1-, 

a  r 

where  a  =p  cot  a,  and  find  expressions  for  its  curvature  and  torsion 
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20.  A  ourve  is  drawn  on  u  sphere,  radiui  a,  o  a  to  cut  all  the 
oieridians  ;it  the  same  angle  </..  Shew  that  if  0  i-  the  latitude  of 
any  point  of  the  curve, 

a  cos  6  a3  tan  a 

P_Vn^mi-0cosV        ~(a2-/>2cos2«.)' 

21.  A  point  Q  is  taken  on  the  binomial  at  a  variable  point  P  of  a 
curve  of  constant  torsion  l/<r  so  that  PQ  is  (if  constant  length  <■■ 
Shew  that  the  binomial  of  the  curve  traced  by  Q  makes  an  angle 
tan-1c/a/o-\/c!!  +  o-a  with  PQ. 

22.  A  point  moves  on  a  sphere  of  radius  a  so  that  its  latitude  is 
equal  to  its  longitude.     Prove  that  at  (.r,  y,  z) 

(2a2  -z*f  =  8a* -3* 

P~a(8a?-3z2)¥  6(a*-£)* 

23.  A  curve  is  drawn  on  a  right  cone  so  as  to  cut  all  the  generators 
at  the  same  angle.  Shew  that  the  locus  of  its  centres  of  spherical 
curvature  satisfies  the  same  conditions. 

24.  A  curve  is  drawn  on  a  paraboloid  of  revolution,  latus  rectum  c, 
so  as  to  make  an  angle  7r/4  with  the  meridians.  Investigate  the 
curvature  and  torsion  at  any  point  in  the  forms 

c2/p2  =  tan2<£(l  +  3  sin2<£  -  sin4<£  -  sin6<£), 

<?jp2(r  =  sin  <£  tan2<£(l  +  4  sin2</>  -  6  sin4<£  +  4  sinc</>  +  sin8</>), 

<ji  being  the  angle  which  the  tangent  to  the  meridian  through  the 
point  makes  with  the  axis. 

25.  The  normal  plane  at  any  point  to  the  locus  of  the  centres  of 
circular  curvature  of  any  curve  bisects  the  radius  of  spherical  curvature 
at  the  corresponding  point  of  the  given  curve. 

26.  A  curve  is  drawn  on  a  right  circular  cone  of  semivertical 
angle  a.  so  as  to  cut  all  the  generating  lines  at  an  angle  /?.  The  cone 
is  then  developed  into  a  plane.     Shew  that 

p:  p0  =  sin  a. :  \/sin2a.  cos2/?  +  sin2/?, 

where  p,  p0  are  the  radii  of  curvature  at  a  point  of  the  original  curve 
and  of  the  developed  curve  respectively. 

27.  The  coordinates  of  a  point  of  a  curve  are  functions  of  a  para- 
meter t.     Prove  that  the  line  drawn  through  any  point  (x,  y,  z)  of  the 

curve,  with  direction -cosines  proportional  to  -j-jp  -j^,  -rg,  lies  in  the 

osculating  plane  at  the  point  and  makes  with  the  principal  normal  an 

angletan-i(pg.J). 

28.  A  curve  is  drawn  on  a  cylinder  of  radius  a  and  the  cylinder  is 
developed  into  a  plane.  If  p  be  the  radius  of  curvature  of  the  curve 
and  />!  the  radius  of  curvature  of  the  developed  curve  at  corresponding 

points,  -s 5=- — rS-,  where  <i  is  the  angle  that  the  tangent  to  the 

P      P\        a2  ^  &  ° 

curve  makes  with  the  generator  of  the  cylinder  through  the  point. 

B.C.  U 
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29.  A  length  equal  to  the  radius  of  torsion,  cr,  being  marked  off 
along  the  binomials  to  a  curve  of  constant  torsion,  prove  that  p0,  the 

4o2cr2 
radius  of  curvature  of  the  locus  so  formed,  is  given  by    r  „   =  p2  +  2cr2. 

Po 
Prove  also  that  the  direction-cosines  of  the  binormal  to  the  locus  are 

\/2p0/4cr,     \/2p0/4cr,     \/2p0/2p. 

30.  A  length  c  is  measured  along  the  principal  normals  to  a  curve. 
Shew  that  the  radius  of  curvature,  p0,  of  the  locus  is  given  by 

J__f  cp2 - o-2 (p - c)  \2     c2p2cr2{ccrp  +p(p  —  c) cr'}2 
tf~Xc2p2  +  (T2(p-c)2)   +       {c2p2  +  a-2(p-c)2f 

31.  With  any  point  of  a  curve  as  vertex  is  described  the  right 
circular  cone  having  closest  contact  at  the  point.  Shew  that  its  axis 
lies  in  the  plane  containing  the  binormal  and  tangent  to  the  curve  and 
that  its  semivertical  angle  is  tan-1 3cr/4p. 

32.  P  is  a  variable  point  of  a  given  curve  and  A  a  fixed  point  so 
that  the  arc  AP  =  s.  A  point  Q  is  taken  on  the  tangent  at  P  so  that 
the  tangent  at  Q  to  the  locus  of  Q  is  at  right  angles  to  the  tangent 
at  P  to  the  curve.  Prove  that  PQ  =  a  —  s,  where  a  is  an  arbitrary 
constant.  Prove  also  that  if  X1,  p,i,  v1 ;  A2,  /x2,  v%\  A3,  ju,3,  v3  are  the 
direction-cosines  of  the  tangent,  principal  normal  and  binormal  to 
the  locus, 

X  -7     ef0       a  -h?+hP    9tc.     \  _hp-hfr      t 

Al  —  Hi   etc->      A2—    /-s- — V    et0  >       A3~    /-o- <>>    etc>5 

vp^  +  cr^  \/p2  +  ar* 

and  that  its  radii  of  curvature  and  torsion  are 

cr(a-s)      (p2  +  <r2)(a-s) 

\/p2  +  o-2'       p(o-p'-pcr')  ' 

33.  Prove  that  the  radius  of  curvature,  pl9  of  the  locus  of  the 
centres  of  circular  curvature  is  given  by 

1  _p,2o-y  +  p'2)  +  p2(p2  +  2p'2  -  pp")2 

Pi  p2(p2  +  p'2)s 

where  p'  =  -f-. 

34.  With  any  point  of  a  curve  as  vertex  is  described  the  paraboloid 
of  revolution  having  closest  contact  at  the  point.  Prove  that  its  latus 
rectum  is  equal  to  the  diameter  of  the  osculating  sphere. 
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CHAPTER  XV. 

ENVELOPES. 

207.  Envelope  of  system  of  surfaces  whose  equation 
contains  one  parameter.    The  equation 

t\x,  y,  z,  a)  =  0, 

where  a  is  an  arbitrary  parameter,  can  be  made  to  repre- 
sent the  different  members  of  a  system  of  surfaces  \>y 
assigning  different  values  to  a.  The  curve  of  intersection 
of  the  surfaces  corresponding  to  the  values  a,  oc  +  ckx,  is 
given  by 

fix,  y,  z,  a.)  =  0,    f(x,  y,  z,  a  +  5a)  =  0, 
or  by 

f(x,y,z,a.)  =  0,    /v  -   S(JL         —         =0, 

that  is,  by 

■p. 

fix,  y,  z,  a)  =  0,    ^/0>  y,  z,  a+ 6 So)  =  0, 

where  6  is  a  proper  fraction. 

Hence,  as  Sol  tends  to  zero,  the  curve  tends  to  a  limiting 
position  given  by 

f(x,  y,  z,  a)  -  0,     ^/U',  y,  s,  «-)  =  0. 

This  limiting  position  is  called  the  characteristic  corre- 
sponding to  the  value  a.  The  locus  of  the  characteristics 
for  all  values  of  a  is  the  envelope  of  the  system  of  surfaces. 
Its  equation  is  obtained  by  eliminating  a  between  the  two 
equations  -, 

f(x,  y,  z,  a)  =  0,     ~f(x,  y,  s ,«)  =  0. 
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Ex.  Find  the  envelope  of  spheres  of  constant  radius  whose  centres 
lie  on  OX. 

The  equation  to  the  spheres  of  the  system  is 

(x  —  af + y2  +  z2 = r2, 

where  a  is  an  arbitrary  parameter  and  r  is  constant.  The  characteristic 
corresponding  to  a = a.  is  the  great  circle  of  the  sphere 

(x  —  a.)2 +y2  +  z2=r2 

which  lies  in  the  plane  x  =  ol,  and  the  envelope  is  the  cylinder 

y2  +  z2  —  r2. 

208.  The  envelope  touches  each  surface  of  the  system  at 
all  points  of  the  corresponding  characteristic. 

Consider  the  surface  given  by  a  =  OL.  The  equations  to 
the  characteristic  are 

f{x,  y,  z,  a)  =  0,    fjx,  y,  z,  a)  =  0. 

The  equation  to  the  envelope  may  be  obtained  by  eliminat- 
ing a.  between  the  equations  to  the  characteristic,  and  this 
may  be  effected  by  solving  the  equation  fj^x,  y,  z,  oc)  =  0 
for  ol,  and  substituting  in  f(x,  y,  z,  a)  =  0.  Thus,  we  may 
regard  the  equation  f(x,  y,  z,  a.)  =  0,  where  a  is  a  function 
of  x,  y,  z  given  by  f^ix,  y,  z,  a)  =  0  as  the  equation  to  the 
envelope.  The  tangent  plane  at  (x,  y,  z)  to  the  envelope  is 
therefore 

^+/.l)+,(/9+/.|)+-4+/.|)+</t+/^)=o, 

where  t  is  introduced  to  make  the  equations  /=  0,  /^  =  0 
homogeneous.  But  at  any  point  of  the  characteristic 
/^  =  0,  and  the  above  equation  becomes 

which  represents  the  tangent  plane  at  (x,  y,  z)  to  the 
surface  /=0.  Hence  the  envelope  and  surface  have  the 
same  tangent  plane  at  any  point  of  the  characteristic. 

At  any  point  of  the  characteristic  corresponding  to  a  — a.,  we  have 

fxdx-\-f1Jdy+fzdz+fadcL=0    and  /a=0, 

and  therefore  fxdx+fydy+fedz—0. 

But  if  (x,  y,  z)  is  a  singular  point  on  the  surface  f(x,  y,  z,  a.)  =  0, 
fx  =  fy=f,=0,  and  hence  the  characteristic  passes  through  the  singular 
point.     The  locus  of  the  singular  points  of  the  surfaces  of  the  system 
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ill. ■iri'mc  he    on  i lir  envelope.     For  any  point,  of  the  I"'  ■ 
efficients  in  the  equation  to  the  tangent  plane  to  the  envelope  ai 
zero,  and  the  proposition  thus  fails  I'm-  such  point 

Consider,  for  example,  tin:  envelope  <>f  the  right  conec  "i 
senrivertical  angle  '/.,  whose  vertices  lie  upon  OX  and  srho 
parallel  to  OZ.    The  equations  to  tin-  system  and  to  the  envelop) 

(.<-•-  a)-+//-=:-  tan-'/.,     //-  —  zs  tan-'/.. 

The  locus  of  the  singular  points  of  the  system  is  OX,  and  ilf  tangent 
planes  to  the  envelope  and  surfaces  are  indeterminate  at  any  point  "i 
the  LOCUS. 

209.   The  edge  of  regression.    The  equations  to  the  char- 
acteristics corresponding  to  values  a  and  (/.  +  6<jl  of  a  are 


c/=o>°-    (I=°L; 

(/=0)„.+fc.    (g=o) 


i+Sa 

The  coordinates  of  any  common  point  of  these  character- 
istics  satisfy  the  four  equations,  and  therefore  satisfy  the 
equations 

where  0X  and  03  are  proper  fractions.  Hence,  as  6>x.  tends 
to  zero,  the  common  points  tend  to  limiting  positions 
given  by 


(/=o)a=0)  (|=o)    ,  m=o) 


(/=<>)*=.,  £=<>  ,         ^  =0 0) 


3a     V*    '     \D«2 


[  =  a 


These  limiting  positions  for  all  values  of  a  lie  upon  a 
curve  whose  equations  are  obtained  by  the  elimination  of  a 
between  equations  (1).  This  locus  is  called  the  edge  of 
regression  or  cuspidal  edge  of  the  envelope. 

210.  Each  characteristic  touches  the  edge  of  regres- 
sion.    We  may  consider  the  equations 

/=0,    /a  =  0, 

where  a  is  a  function  of  x,  y,  z,  given  by  /.,«,  =  0,  to  repre- 
sent two  surfaces  whose  curve  of  intersection  is  the  edge  of 
regression.     The  tangent  at  (x,  y,  z )  to  the  edge  of  regression 
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is  the  line  of  intersection  of  the  tangent  planes  to   the 
surfaces.     Its  equations  are  therefore 


^(/,-r/a|')=0,     Xi(fxa+ft 


3<x\ 


aadx)~°- 

At  any  point  of  the  edge  of  regression  we  have  /a  =  0, 
faa  =  0,  and  the  above  equations  become 
2^  =  0,     2£fxa=0, 
which   represent   the   tangent    at   x,   y,   z,   to    the    curve 
/=  0,  fa  =  0,  i.e.  to  a  characteristic. 

Ex.  1.  Find  the  envelope  of  the  plane  dxt2 -3yt  +  z— tz,  and  shew 
that  its  edge  of  regression  is  the  curve  of  intersection  of  the  surfaces 

y2  =  xz,  xy=z. 

Ex.  2.     Find  the  envelope  of  the  sphere 

(x  —  a  cos  6)2  +  (y  —  a  sin  9)2+z2  =  b2. 
Ans.  (x2+y2  +  z2  +  a2  —  b2)2  =  4a2(x2+y2). 

Ex.  3.  The  envelope  of  the  surfaces  /(,r,  y,  z,  a,  b)  =  0,  where  a  and 
b  are  parameters  connected  by  the  equation  <f>(a,  b)=0,  is  found  by 

f       f 
eliminating  a  and  b  between  the  equations  /=0,  <£  =  0,  jr-—zr- 

tya       <pb 

Ex.  4.     The  envelope  of  the  surfaces  f(x,  y,  z,  a,  b,  c)  =  0,  where 

a,  b,  c  are  parameters  connected  by  the  equation  <f>(a,  b,  c)=0,  and 

f  and  4>  are  homogeneous  with  respect  to  a,  b,  c,  is  found  by  elimi- 

f       f      f 
nating  a,  6,  c  between  the  equations  f=0,  d>  =  0,  4^=  ±  =  j  • 

<f>a       <pb       4>c 

Ex.  5.  Find  the  envelope  of  the  ]3lane  lx  +  my  +  nz=0,  where 
al2  +  bm2  +  cn2  =  0.  Ans.  x2/a+y2/b+z2/c=Q. 

Ex.  6.  The  envelope  of  the  osculating  plane  of  a  curve  is  a  ruled 
surface  which  is  generated  by  the  tangents  to  the  curve,  and  has  the 
curve  for  its  edge  of  regression. 

The  equation  to  the  osculating  plane  is  ~Zl3(^  —  x)  —  0,  where 
l3,  m3,  n3,  x,  y,  z,  are  functions  of  s.     A  characteristic  is  given  by 

2li(£-x)=0,    1,l2(g  —  x)=0,  (Frenet's  formulae), 

or  g-^=^-y=C-g 

which  represent  a  tangent  to  the  curve. 
A  point  on  the  edge  of  regression  is  given  by 

2l3(£-x)=Q,    2Z2(£-*)=0,    2^-^=0, 

whence  £=x,  r)=y,  £=2,  and  the  points  of  the  edge  of  regression  are 
the  points  of  the  curve. 

Ex.  7.  Prove  that  the  envelope  of  the  normal  planes  drawn 
through  the  generators  of  the  cone  ax2  +  by2  +  cz2  =  0  is  given  by 

d?(b  -  cfx*  +  ¥(c-  afy* + c*  (a  -  bfz% = 0. 
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211.  Envelope  of  a  system  of  surfaces  whose  equation 
contains  two  parameters.     The  equation 

fix,  y,  z,  «,  >>)  =  (), 
where,  a  and  b  are  parameters,  may  ;ilso  be  taken  t<,  ivpn- 
sent  a  .system  of  surfaces,     The  curve  of  intersection  <>i'  the 
surfaces  corresponding  to   values  a,  OL+ScL  of  a,  and  ft, 
ft + 8ft  of  b,  is  given  by 

/(a,  ft)  =  0,    /(a  +  fa,  ft  +  oft )  =  0, 
or  by  /R/3)  =  0, 

Stx.^M  +  O/HA.,  ft  +  sft)  +  Sft^M,  ft  +  6/>ft)  =  0, 

where  0X  and   02  are  proper  fractions.     If  0/3  =  A  oV,  the 
curve  of  intersection  is  given  by 

/(a,  ft)  =  0,    ^/(a+fl^oc,  i8+^)-rX^/(aJ  P+Q28fl)=Q, 

and  the  limiting  position  as  6Vx  and  8ft  tend  to  zero,  by 

Aa,/3)=0,    |+X|=0. 

But  6\x  and  <S/3  are  independent,  so  that  X  can  assume 
any  value,  and  the  limiting  position  of  the  curve  depends 
on  the  value  of  X  and  will  be  different  for  different  values 
of  X.  The  limiting  positions,  however,  for  all  values  of  A 
will  pass  through  the  points  given  by 

/(a,/3)  =  0,     |=0,     |  =  0. 

These  are  called  characteristic  points,  and  the  locus  of  the 
characteristic  points  is  the  envelope  of  the  system  of 
surfaces.  The  equation  to  the  envelope  is  found  by  elimi- 
nating a  and  b  between  the  three  equations 

da  do 

Consider  for  example  the  system  of  spheres  of  constant  radius 
whose  centres  are  on  the  .rv/-plane.     The  equation  to  the  system  is 

{■r-a)"  +  (j,-b)-  +  :-  =  r\ 

where  a  and  b  are  arbitrary  parameters,  and  /•  is  constant.     Let 

P(ol,  f3,  0)   and    P'(ol  +  ool,  (3  +  S/3,  0) 
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be  the  centres  of  two  spheres  of  the  system.  If  the  ratio  8/3/Su. 
remains  constant  the  direction  of  PP'  is  fixed.  The  limiting  position 
of  the  curve  of  intersection  of  the  spheres  as  P'  tends  to  P  along  the 
line  PP'  is  the  great  circle  of  the  sphere,  centre  P,  which  is  at  right 
angles  to  PP'.  But  all  the  limiting  positions  pass  through  the  ex- 
tremities of  the  diameter  through  P,  whose  equations  are  x=ol,  #  =  /?, 
and  these  are  the  characteristic  points.  Their  locus  is  the  pair  of 
planes  z2=r2. 

212.  The  envelope  touches  each  surface  of  the  system  at 
the  corresponding  characteristic  points. 

Consider  the  surface  f(x,  y,  z,  ol,  {3)  =  0.  The  character- 
istic points  are  given  by 

/=0,    /<,  =  <),    /,  =  <>. 

The  equation  to  the  envelope  may  be  obtained  by  elimi- 
nating a  and  /3  between  these  three  equations,  and  this 
may  be  effected  by  solving  /ou  =  0,  /^  =  0  for  a.  and  /3  and 
substituting  in  /=  0.     Hence,  we  may  regard 

f(x,  y,  z,  a., /3)  =  0, 
where  a  and  /3  are  functions  of  x,  y,  z,  given  by  /^  =  0  and 
fp  =  0,  as  the  equation  to  the  envelope.     The  tangent  plane 
at  (x,  y,  z)  to  the  envelope  has  therefore  the  equation 


*fc+/L£+/,i)=a 


But  if  {x,  y,  z)  is  a  characteristic  point,  /^  =  0  and  /^  =  0, 
and  the  equation  becomes 

2^  =  0, 
which   represents   the  tangent   plane  at  (x,  y,  z)  to  the 
surface.     Therefore   the    envelope    and   surface   have  the 
same  tangent  plane  at  a  characteristic  point. 

Ex.  1.     Find  the  envelope  of  the  plane 

-cos  0sin<&  +  ysin  0sin  <£  +  -cos<£=l. 

a  r     b  ^     c       t 

Ans.  x2ja2+y2/b2+z2/c2=l. 

Ex.  2.     Find  the  envelope  of  the  plane 

(fi-X)s    (l  +  A/%    (1-  V)z        ■  A 
a  b  c  "       ' 

where  A.  and  /x  are  parameters. 
Ans.  x2ja2 + y2jb2  —  z2jc2  —  1 . 
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Ex.3.  Prove  thai  the  envelope  of  the  surfaces  f(x%y.  ,a,b, 
where  ",  6,  c  are  paramel  era  connected  by  the  equation  •!><". !',  ■  > 
ton i id  \>y  eliminating  ",  /',  c  between  the  equation 

/=0,     0  =  0,     £=4 

Ex.  4.  Prove  that  the  envelope  of  the  surfaces  /'(.'.//.  -.<<  J', >■.<!)  0, 
where  ",  />,  c,  (fare  parameters  connected  by  tin-  equation  •!>(".  6,  '•, »)— 0 

and  /'  and  0  are  homogeneous  with  respect  to  <v,  A,  »-,  ^/,  is  found  by 
eliminating  a,  b,  c,  d  l)etween  the  equations f—0,  0  =  0  and 

0«        06        0r        4>d 

Ex.  5.     Find  the  envelope  of  the  plane  lx+my+nz=p  when 

(i)  £»2  =  aH2  +  bhri?  +  cV,     (ii)  a2*2  +  Mn>  +  2up  =  0. 

J  ra*.  (i)  x2/a2  +f/b~ + zt/c*  =  1 ,    (ii)  x2/a?  +fi<>z  =  2-. 

Ex.  6.     Find  the  envelope  of  a  plane  that  forms  with  the  (rect- 
angular) coordinate  planes  a  tetrahedron  of  constant  volume  -■'■  •  '>. 
A  ns.  27.v>/z  =  c3. 

Ex.  7.     A  plane  makes  intercepts  a,  b,  c  on  the  axes,  so  that 

a-*  +  b~2  +  c-2  =  l-~. 

Shew  that  it  envelopes  a  conicoid  which  has  the  axes  as  equal  con- 
jugate diameters. 

Ex.  8.  From  a  point  P  on  the  conicoid  a2.>- +  !>-;/- +  c-z-=\, 
perpendiculars  PL,  PM,  PN  are  drawn  to  the  coordinate  planes.  Find 
the  envelope  of  the  plane  LMN. 


Ans.  (axf+ (%)s  +  (cz)'s =25. 

ent  plane  to  t 
C.     Shew  tha 

(axf  +  (by)*  +  (cz)$ = (.v*+f  +  z2f. 


Ex.  9.     A  tangent  plane  to  the  ellipsoid  .r2/a2  +  >/2/b2  +  z-!c-  =  1  meets 
the  axes  in  A,  B,  C.     Shew  that  the  envelope  of  the  sphere  OABC  is 


EULED  SURFACES. 

213.  Skew  surfaces  and  developable  surfaces.    If.  in 
the  equations  to  a  straight  line 

x  =  as-\-0L,     y  =  bz  +  fi, 
a,  b,  ol,  /3  are  functions  of  a  single  parameter  f,  we  can 
eliminate  the  parameter  between  the  two  equations  and 
thus  obtain  an  equation  which  represents  a  surface  generated 
by  the  line  as  t  varies.     The  locus  is  a  ruled  surface. 
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The  two  generators  corresponding  to  values  t,  t  +  St,  of 
the  parameter  have  for  equations 

x  —  o._y—j3 x  —  cL  —  ScL_y  —  (3  —  Sf3_ 

a  b  a+Sa  b  +  Sb 

Therefore,  if  d  is  the  shortest  distance  between  them, 
j_  Sa.Sb  —  S{3Sa 

~JSu2  +  Sb2  +  (aSb-bSaf 

But  a  +  Sa  =  a  +  a!St-\-a" -~-  ... ,  etc.,  where  dashes  denote 

differentiation  with  respect  to  t.     Therefore,  if  cubes  and 
higher  powers  of  St  are  rejected, 

,  _  {alb'  -  ft  a')  St  +  {alb" + b'al'  -  a!  ft'  -  fta")St2 
sja!2+b'2+{ab'-a'bj 

Hence  d  is  an  infinitesimal  of  the  same  order  as  St  if 
a!b'  —  fta!=f=0.  But  if  alb'  —  ft  a!  =  0,  then  we  have  also 
alb"  +  b'al'  —  a! ft"  —  /3V  =  0,  and  therefore  d  is  at  least  of 
the  order  of  St3.  If,  therefore,  St  is  so  small  that  St2  and 
St3  are  inappreciable,  d  =  0,  or  the  two  generators  are 
coplanar.  The  result  may  be  stated  thus  :  if  albf  —  ft  a!  =  0, 
consecutive  generators  of  the  surface  intersect,  while  if 
a!b'  —  ftd=f=0,  consecutive  generators  do  not  intersect. 

If  consecutive  generators  intersect  the  surface  is  a 
developable  surface,  if  they  do  not  intersect,  it  is  a  skew 
surface.  The  name  developable  'arises  in  this  way.  If  A 
and  B,  B  and  C,  consecutive  generators  of  a  surface,  inter- 
sect, the  plane  of  B  and  C  may  be  turned  about  B  until  it 
coincides  with  the  plane  of  A  and  B,  and  thus  the  whole 
surface  may  be  developed  into  a  plane  without  tearing. 
Clearly  cones  and  cylinders  may  be  so  treated,  and  are 
therefore  developable  conicoids.  On  the  other  hand  the 
shortest  distance  between  consecutive  generators  of  the 
same  system  of  a  hyperboloid  or  paraboloid  does  not  vanish, 
(§  114),  so  that  the  hyperboloid  of  one  sheet  and  the 
hyperbolic  paraboloid  are  skew  conicoids. 

Ex.  1.  Shew  by  means  of  Exs.  5  and  7,  §  206,  that  the  tangents 
to  a  curve  generate  a  developable  surface  and  that  the  principal 
normals  generate  a  skew  surface. 
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Ex.2,    She*  thai  the  line  given  by  y    ',     /■.  .    /  :i    t 
;i  developable  Burface. 

Ex.  3.    Shew  thai  tin-  Line  i     31       -':  I     3  3  H4*>) 

generates  a,  skew  surface. 

214.  The  tangent  plane  to  a  ruled  surface.     We  may 
regard   the  coordinates   of  any   point   on  the   surfac 
functions  of  two  variables  t  and  z,  given  by  the  equations 

g=az+<x.,     >j  =  hz  +  fi,     l=z. 
The  tangent  plane  at  (t,  z)  lias  for  equation 


or 


£—az—aL} 

a'z+OL, 
a, 

a'z  +  a/, 
0, 


=  0, 


n-bz-p, 
b'z+p, 

b, 

b'z  +  p', 
0, 

i.e.         (g-a£-UL)(b'z  +  /3')-(>1-b£-/3)(a'z+<x.')  =  0 (1) 

This  equation  clearly  represents  a  plane  passing  through 
the  line  £=(,£+a>     ,/==^+/3; 

which  is  the  generator  through  the  point  (t,  z). 

ol' 


0 

I 

£-* 

o 

i 


=  0, 


If   «//3'  —  b'oi'  =  0,   or   y,=  q 


k,    say,    where    k   is    some 

function  of  t,  equation  (1)  becomes 

{g-a£-cL)-k(v-b£-P)  =  0, 
and   is   therefore   independent   of   z.     The   equation    then 
involves  t  only,  and  since  when  /  is  given,  the  generator 
is  given,  the  tangent  plane  is  the  same  at  all  points  of  the 
generator. 

If  a'fi'  —  b'oL^O,  the  equation  (1)  contains  :  and  /.  so  that 
the  plane  given  by  (1)  changes  position  if  t  is  fixed  and 
z  varies,  or  the  tangent  planes  are  different  at  different 
points  of  a  generator. 

Hence  the  tangent  plane  to  a  developable  surface  is  the 
same  at  all  points  of  a  generator:  the  tangent  planes  to  a 
skew  surface  are  different  at  different  points  o'i  a  generator. 

Cor.  The  equation  to  the  tangent  plane  to  a  developable 
surface  contains  only  one  parameter. 
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215.  The  generators  of  a  developable  surface  are 
tangents  to  a  curve.    If  the  equations 

x  =  az  +  <x,  y  =  bz  +  fi; 

x  =  (a+a'St)z+a.+a.'St,     y  =  (b  +  b'St)z  +  (3+ (3'St 
represent  consecutive  generators  of  a  developable  surface, 
their  point  of  intersection  is  given  by 

X~0L~ ~ti~>  y—p~~p~>  z~    d~~v 

These  express  the  coordinates  in  terms  of  one  parameter 
t,  and  hence  the  locus  of  the  points  of  intersection  of  con- 
secutive generators  of  a  developable  is  a  curve. 

By  differentiation,  we  obtain 

t,_a(oL'a"-a."a)_     ,        ,_b(/3'b"  - /3"b')  _7  „, 
x  —  ,2  —az-,y—  ,  ,2  —  oz, 

and  therefore  the  tangent  to  the  curve  at  (x,  y,  z)  has  for 
equations  i~^_V-y_^ 

or  g=a£—  az-{-x  =  a£+OL, 

>1  =  b£-bz  +  y  =  b£+(3> 
which  represent  the  generator  through  (x,  y,  z). 

216.  Envelope  of  a  plane  whose  equation  involves  one 
parameter.  We  have  seen  that  the  equation  to  the  tangent 
plane  to  a  developable  involves  only  one  parameter,  (§214, 
Cor.).  We  shall  now  prove  a  converse,  viz.,  that  the 
envelope  of  a  plane  whose  equation  involves  one  parameter 
is  a  developable  surface.     Let 

u  =  ag+  by  +  c£+  d  =  0, 
where  a,  b,  c,  d  are  functions  of  a  parameter  t,  be  the 
equation  to  the  plane.     A  characteristic  is  given  by 

u  =  0,     u'  =  0, 

and  therefore,  since  u  and  u'  are  linear  functions  of  £,  tj,  £, 

the  characteristics  are  straight  lines  and  the  envelope  is  a 

ruled  surface.     Two  consecutive  characteristics  are  given  by 

u  =  0,     u'=0;    u+u'St  =  0,    u'  +  u"St  =  0; 
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arid  these  clearly  lie  in  the  plane  u  \-u'Si    0,  and  therefore 
intersect.     Hence  the  envelope  is  ;i  developable  surfat 
The  edge  of  regression  of  the  envelope  is  given  by 

u  =  0,    v!  —  0,    u"  =  0, 

and  hence,  it'  (x,y,z)  is  any  point  on  the  edge  of  regression, 

ax  +  by  +  cz  +  d  =  0,     a'x  -f  b'y  -f-  c'z  +  d'  =  ( ), 

a"x  +  b"y  +  c"z  +  d"  =  0 |  I  | 

But  the  coordinates  of  any  point  on  the  edge  of  regression 
are  functions  of  t.     Therefore,  from  (1), 

ax  +  by'  +  cz  =  —  {a'x  +  b'y  +  cz  +  <!')  =  0, 

and      ax"  +  by"  +  cz"  =  —  (a"a:  +  b"y  +  e"s  +  c//')  =  0, 

whence  we  see  that  the  plane  ag-\-bq-\-c£-\-d  =  0  lias  three- 
point  contact  at  (x,  y,  z)  with  the  edge  of  regression,  or  is 
the  osculating  plane.  Thus  a  developable  surface  is  the 
locus  of  the  tangents  to,  or  the  envelope  of  the  osculating 
planes  of,  its  edge  of  regression. 

Ex.  1.     Find  the  equations  to  the  edge  of  regression  of  the  develop- 
able in  Ex.  2,  §  213.  i 
The  point  of  intersection  of  consecutive  generators  is  given  by 

x=Zt%    y=2t?,    z=f\ 

and  these  equations  may  be  taken  to  represent  the  edge  of  regression. 

Ex.  2.     Find  the  equations  to  the  developable  surfaces  which  have 
the  following  curves  for  edge  of  regression  : 

(i)  x=6t,  y=3«8,  -  =  2*3; 

(ii)  x  =  a  cos  $,     y  =  a  sin  0-,     z  =  cB  ; 
(iii)  x  =  e*,  y  =  e~\  :  =  s'~2t. 

.  I  ns.   (i)  (xy  -  9s)a  =  (a8  -  12//)(4y2  -  Zzx)  ; 

(ii)  x=a(cosd-\s\n6),    y=a(sin0+Acos0),     :  =  c{6+\\ 
where  6  and  A  are  parameters. 

(iii)  .r  =  e'(l  +  A),    y=<r«(l-A),     s=n/2(*+A). 

Ex.  3.     Find  the  edge  of  regression  of  the  envelops  of  the  normal 
planes  of  a  curve. 

A.  normal  plane  is  given  by 

2*x(£-*)=0. 

And  by  Frenet's  formulae,  we  have  for  the  edge  of  regression, 
17,(£-.r)  =  0,     2^(£-*)=ft     2J3(£-tf)=-<rp\ 
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Multiplying  by  £1?  l2,  ls,  and  adding,  we  deduce 

£=x+l2p  —  ls(Tp,     and  similarly, 

V  =y + in2p  —  m.6u-p,     £=z  +  n2p  —  n3o-p'. 

Hence,  the  edge  of  regression  is  the  locus  of  the  centres  of  spherical 
curvature.     The  envelope  is  the  polar  developable,  (§  205). 


217.  The  condition  that  £=/(£  n)  should  represent  a 
developable  surface.  If  £=/(£  >?)  represents  a  developable 
surface,  the  equation  to  the  tangent  plane 

involves  only  one  parameter.  Let  cp=px-{-qy  —  z.  Then, 
if  t  is  the  parameter, 

p=/M   q=fM   *=fM 

and  hence,  by  the  elimination  of  t,  we  can  express  p  and  0 
as  functions  of  q.  Now  if  u  and  v  are  functions  of  x  and 
y  the  necessary  and  sufficient  condition  that  u  should  be  a 

function  of  v  is —-1 — ^  =  0.* 

-d(x,  y) 

Therefore  for  a  developable  surface, 


Px, 

qx, 


Py 

qv 


=  0 ;     that  is, 


r, 
s, 


rt-82  =  0. 


A  necessary  condition  is  therefore  rt  —  s2 


Again, 


rx  +  sy,     sx  +  ty 
s,  t 


Therefore,  if  rt  —  s2  =  0,  (p  is  a  function  of  q. 
necessary  and  sufficient  condition  is  rt  —  s2  =  0. 


r,     s 

s,     t 

Hence,  the 


*  This  may  be  proved  as  follows  : 
If  u=f(v),  ux=vxf'(v), 

and  uy=Vyf'{v), 

and  therefore  uxvy  -  uyvx  =  0. 

3(m. 


Hence  ~- 

0(x,  y) 

It  is  also  sufficient. 


0  is  a  necessary  condition. 

For  if  uxvy  -  uyvx  =  0, 

ux  _u,j  _  uxdx  +  Uydy  _  du 


vx     Vy     vxdx  +  v,jdy    dv 

Therefore  dv  =  0  if  du  =  0,  and  hence  the  variation  of  u  depends  onty  on 
the  variation  of  v,  or  u  is  a  function  of  v. 
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Ex.1.     By  considering  the  value  of  ft    j2,  determine  m  Lh 

xyz=u?,  xy  =  (z  -  <■)-  are  developable. 

Ex.  2.    Shew  that  a  developable  can  be  found  bo  circumscribt 

given  .surfaces. 

The  equation  to  a  jjlune  contains  three  disposable  constants,  and  the 
conditions  of  tangency  of  the  plane  and  the  two  surfaces  give  two 
equations  involving  the  constants.  The  equation  to  the  plane  there- 
fore involves  one  constant,  and  the  envelope  of  the  plane  is  the 
required  developable. 

Ex.  3.  Shew  that  a  developable  can  be  found  to  pass  through  two 
given  curves. 

Ex.  4.     Shew  that  the  developable  which  passes  through  the  curves 

z=0,  y2  =  4:ax ;  x=0,  y'2  =  4l>z  is  the  cylinder  y2=4ar+4oz. 

Ex.  5.  Prove  that  the  edge  of  regression  of  the  developable  that 
passes  through  the  parabolas  2  =  0,  y2  =  4ax;  x=0,  Q/-a)-—  \<r.  U  tin- 
curve  of  intersection  of  the  surfaces 

(a+y)2=3a(x+g+z),     (a+#)3=  27a2x 

Any  plane  which  touches  the  first  parabola  is 

and  if  it  touches  the  second,  \=m/(l  -m).     Therefore  the  equation  to 
a  plane  which  touches  both  is 

f(m)  =  am3  -  m2(a  +y)  +  m  (:<■  +  //  +  :)  -  X  =  0. 

Eliminate  m  between 

f=0    &=o    ^L=o 

7      '     dm      '     dm*      ' 
and  the  required  result  is  easily  obtained. 

Ex.  6.     Shew  that  two  cones  pass  through  the  curves 
.r2 +f  _  4a2}  g==o  ;     x  -  o,  if  =4a(«+  a)  ; 
and  that  their  vertices  are  the  points  (-In,  0,  -2a),  (  —  2a,  0,  -2a). 

Ex.  7.  Shew  that  the  equation  to  the  developable  surface  which 
passes  through  the  curves 

s=0,  4ay=&W;    ?/=0,  4asa3*=6e*.r 

is  (a2yz  -  bc2x)2  ==  4i  i'1  (b::r  +  (ty-)(c-y  +  </:-), 

and  that  its  edge  of  regression  is  the  curve  of  intersection  of  the 

conicoids  .,  ,    •>       A        •>         i  •>       n 

az-  +  c-i/  =  0,     a-y:  -  lx-.r  —  0. 

Ex.  8.  Shew  that  the  edge  of  regression  of  the  developable  that 
passes  through  the  parabolas  ,r=0,  z*=4ay  :    x-   a,  j/--4<c  is  given  by 

3d?  _y  __       z 

y      z     S(a  —x) 

Ex.  9.  Prove  that  the  edge  of  regression  of  the  developable  that 
passes  through  the  circles  ~  =  0,  xa+g*=di,  a?=0,  >r  +  ;'-'  =  l>-,  lies  on  the 
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Ex.  10.  Prove  that  the  section  by  the  #j/-plane  of  the  developable 
generated  by  the  tangents  to  the  curve 

is  given  by 

a2(q2  +  c2)     62(&2  +  c2)_(«2-l>2)2 
'  x2  y2  r2 

Ex.  11.  An  ellipsoid  x2Ja2+y2/b2  +  z2/c2  =  l  is  surrounded  by  a 
luminous  ring  x—0,  y2  +  z2  =  a2.  Shew  that  the  boundary  of  the 
shadow  cast  on  the  plane  z  =  0  is  given  by 

x2       y2  a2 

a2    b2  —  c2    a2  —  c2' 

218.  Properties  of  a   generator   of  a  skew  surface. 

If  A1B1,  A2B2,  A3B3  are  any  three  consecutive  generators 
of  a  skew  surface,  a  conicoid  can  be  described  through 
A1B1,  A2B2,  A3B3.  The  conicoid  will  be  a  paraboloid  if  the 
generators  are  parallel  to  the  same  plane,  as  in  the  case  of 
any  conoid,  otherwise  it  will  be  a  hyperboloid.  If  P  is  any 
point  on  A2B2,  the  two  planes  through  P  and  A^,  A3B3 
respectively,  intersect  in  a  straight  line  which  meets  A^ 
and  A3B3  in  Q  and  R,  say.  Now  PQR  meets  the  conicoid 
in  three  ultimately  coincident  points,  and  therefore  is  a 
generator  of  the  conicoid.  Hence  the  plane  of  A2B2  and 
PQR  is  tangent  plane  at  P  to  the  conicoid.  But  PQR  also 
meets  the  surface  in  three  ultimately  coincident  points, 
and  therefore  is  one  of  the  inflexional  tangents  through 
P,  the  other  being  the  generator  A2B2.  Therefore  the 
plane  of  PQR  and  A2B2  is  also  the  tangent  plane  to  the 
surface  at  P.  Thus  a  conicoid  can  be  found  to  touch  a 
given  skew  surface  at  all  points  of  a  given  generator. 

We  can  deduce  many  properties  of  the  generators  of  a 
skew  surface  from  those  of  the  generators  of  the  hyper- 
boloid. For  example,  it  follows  from  §134,  Ex.  10,  that 
if  two  skew  surfaces  have  a  common  generator  they  touch 
at  two  points  of  the  generator;  and  from  §  113,  Ex.  1,  the 
locus  of  the  normals  to  a  skew  surface  at  points  of  a  given 
generator  is  a  hyperbolic  paraboloid. 

Since  the  surface  and  conicoid  have  three  consecutive 
generators   in   common,  the   shortest   distance   and   angle 
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between  the  given  generator  and  a  consi-outivi-  g<-ni-nit'>r 
are  the  same  for  both.  Hence  the  generator  has  the  Bame 
central  point  and  parameter  of  distribution  for  the  surface 

and  conieoid.  Thus  it  follows  that  if  the  tangent  planes 
at  P  and  P',  points  of  a  given  generator  of  a  skew  surface, 
are  at  right  angles,  and  C  is  the  central  point, 

CP.CP'=  -S2, 
where  S  is  the  parameter  of  distribution. 

The  locus  of  the  central  points  of  a  system  of  generators 
of  a  skew  surface  is  a  curve  on  the  surface  which  is  called 
a  line  of  striction. 

Ex.  1.  Prove  that  the  paraboloid  which  touches  the  helicoid 
yjx  =  tan  z/c  at  all  points  of  the  generator  .vsin  6=y  cos  0,  z  =  c$  is 

c(x  sin  0  -  y  cos  9)  +  (z  -  c$)  (x  cos  6 +y  sin  6)  =  0. 

Prove  also  that  the  parameter  of  distribution  of  any  generator  is  c, 
and  that  the  line  of  striction  is  the  z-axis. 

Ex.  2.  Prove  that  the  conieoid  which  touches  the  surface  y2z  =  4c2.v 
at  all  points  of  the  generator  x—z,y  =  2c  is  y(x  +  3z)  =  2c(3x  +  z),  and 
that  the  normals  to  the  surface  at  points  of  the  generator  lie  on  the 
paraboloid  z1  -  x-  =  Ac(y  —  2c). 

Ex.  3.  For  the  cylindroid  z(x2+y2)  =  2m,n/,  prove  that  the  para- 
meter of  distribution  of  the  generator  in  the  plane  x  sin  B=y  cos  0  is 
2m  cos  20. 

Ex.  4.  If  the  line  x  =  az  +  ex.,  y  =  bz  +  /3,  where  a,  b,  <x,  /?  are 
functions  of  t,  generates  a  skew  surface,  the  parameter  of  distribution 
for  the  generator  is       (oL^_g,^)(1+a2  +  68) 

a'-  +  b"-  +  {ab' —  ab)2 

Ex.    5.     If    the    line    x '" a  =lzP =LZl     (where    I2 +  m2 +  »-  =  ]), 
I  m  11 

generates    a   skew   surface,    the   parameter   of    distribution    for   the 


generator  is 


da.,     dfi,     dy 

dl,    d?n,     dn 

I,      m,       n 


+  (dl'2  +  d//i-  +  d/r). 


Deduce  the  condition  that  the  line  should  generate  a  developable 
surface. 

Ex.  6.  Apply  the  result  of  Ex.  5  to  shew  that  the  binomials  of  a 
given  curve  of  torsion  l/<r  generate  a  skew  surface  and  that  the  para- 
meter of  distribution  for  any  generator  is  the  corresponding  value 
of  o\ 

Ex.  7.  Prove  that  the  principal  normals  to  any  curve  generate  a 
skew  surface,  the  line  of  striction  of  which  intersects  the  normal  at  a 

B.G.  X 
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distance  pcr2/(p2  +  cr2)  from  the  curve,  and  that  if  P,  Q  are  any  pair  of 
points  on  a  normal  such  that  the  tangent  planes  at  P  and  Q  to  the 
surface  are  at  right  angles,  CP  .  CQ=  -  |04o-2/(p2  +  cr2)2,  where  C  is  the 
point  of  intersection  of  the  normal  and  the  line  of  striction. 

(Apply  §  206,  Exs.  4,  5.) 

Ex.  8.  Shew  that  a  given  curve  is  the  line  of  striction  of  the  skew 
surface  generated  by  its  binormals. 

Ex.  9.     If  the  line      x=az+a.,    y=bz  +  fi 
generates  a  skew  surface,  the  ^-coordinate  of  the  point  where  the  line 
of  striction  crosses  the  generator  is 

a'a!{\  +  b2)  -  ab(a'l3'  +  b'a.')  +  b'P'(l+a2) 
a'2  +  b'2  +  (ab'-a'b)2 

Ex.  10.     For  the  skew  surface  generated  by  the  line 

x+yt  =  St(l  +  t2),     y  +  2zt=t2(3  +  4t2), 

prove  that  the  parameter  of  distribution  of  the  generator  is  §  (l  +  2£2)2, 
and  that  the  line  of  striction  is  the  curve 

x  =  3t,    y=3t2,    z  =  2t\ 

Ex.  11.     If  the  line 

x—a._y  —  fB_z  —  y 

I  m  n 

generates  a  skew  surface,  the  point  of  intersection  of  the  line  of 
striction  and  the  generator  is 

{a.  +  lr,     fi  +  mr,     y+nr), 

,  2  (mn'  —  m'n)  (nfi'  —  my') 

wnere  y  —  ^^      ;        /  -.0  • 

2,{mn  —mny 

Ex.  12.     Deduce  the  results  of  Exs.  7  and  8. 

Ex.  13.  The  line  of  striction  on  a  hyperboloid  of  revolution  is  the 
principal  circular  section. 

Ex.  14.     Shew  that  the  distance  measured  along  the  generator 

x  —  acos,6_y  —  bsva.6  _z 
a  sin  0         —b  cos  6      c 

of  the  hyperboloid  x2/a2+y2/b2  —  z2/c2  =  l,  from  the  principal  elliptic 
section  to  the  line  of  striction,  is 

c2(a2  —  b2)  sin  $  cos  #(a2sin2#  +  b2cos26+c2y 
b2c2six\26  +  c2a2cos20  +  a2b2 

Examples  XII. 

1.  O  is  a  fixed  point  on  the  s-axis  and  P  a  variable  point  on  the 
^y-plane.  Find  the  envelope  of  the  plane  through  P  at  right  angles 
to  PO. 

2.  O  is  a  fixed  point  on  the  2-axis,  and  a  variable  plane  through  O 
cuts  the  .spy-plane  in  a  line  AB.  Find  the  envelope  of  the  plane 
through  AB  at  right  angles  to  the  plane  AOB. 
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3.  Find  the  enveloped  a  plane  that  cute  an  ellipsoid  n 
thai  the  cone  whose  vertex  i-  the  I  the  ellip 
base  ie  the  conic  is  "f  revolution. 

4.  Given  three  spheres  S,,  S..,  S,,  S,  and  S_  being  fixed  and  S 
variable  and  with  ite  centre  on  S,.     Prove  that  the  radical  pfau 

S;  and  S^  envelopes  a  conicoid. 

5.  The  envelope  of  a  plane  such  that  the  sum  of  the  squares  of  it- 
distances  from  n  given  points  is  constant,  is  a  centi-al  conicoid  whose 
centre  is  the  mean  centre  of  the  given  point.-. 

6.  Prove  that  the  envelope  of  the  polar  planes  of  a  given  point 
with  respect  to  the  spheres  which  touch  the  axes  (rectangular)  consists 
of  four  parabolic  cylinders. 

7.  Prove  that  sections  of  an  ellipsoid  which  have  their  centres  on  a 
given  line  envelope  a  parabolic  cylinder. 

8.  Any  three  conjugate  diameters  of  an  ellipsoid  meet  a  6xed 
sphere  concentric  with  the  ellipsoid  in  P,  Q,  R.  Find  the  envelope 
of  the  plane  PQR. 

9.  A  plane  meets  three  intersecting  straight  lines  OX.  OY.  OZ 
in  A,  B,  C,  so  that  OA  .  OB  and  OB  .  OC  are  constant.  Find  its 
envelope. 

10.  Through  a  fixed  point  O  sets  of  three  mutually  perpendicular 
lines  are  drawn  to  meet  a  given  sphere  in  P.  Q.  R.  Prove  that  the 
envelope  of  the  plane  PQR  is  a  conicoid  of  revolution. 

11.  Find  the  envelope  of  a  plane  that  cuts  three  given  spheres  in 
equal  circles. 

12.  Find  the  envelope  of  planes  which  pass  through  a  given  point 
and  cut  an  ellipsoid  in  ellipses  of  constant  area. 

13.  O  is  a  fixed  point  and  P  any  point  on  a  given  circle.  Find  the 
envelope  of  the  plane  through  P  at  right  angles  to  PO. 

14.  Find  the  envelope  of  the  normal  planes  to  the  curve 

..■-  ,(-  +  >,-  b-  +  :-  c--  =  l,     .r2+iy-  +  :-  =  r2. 

15.  The  tangent  planes  at  the  feet  of  the  normals  from  (ol,  (3,  y)  to 

the  confocals  .> 

■>-  v  :- 

— — x+Ti—^+- — 7  =  1 
a- -A     b--\     c-  —  X 

envelope  a  developable  surface  whose  equation  is 

(90  -  AB)-'  =  4(3B  -  A-K3AC  -  B-\ 

where  A,  B,  C  are  the  coefficients  in  the  equation  in  t, 

a-  +  t     b-  +  t     c-  +  t 

16.  The  normals  from  O  to  one  of  a  system  of  confocals  meet  it  in 
P,  Q.  R  ;  P ,  Q .  R .  If  the  plane  PQR  is  "fixed  and  O  and  the  confocal 
vary,  find  the  envelope  of  the  plane  PQR'. 
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17.  Prove  that  the  polar  planes  of  (£,  rj,  Q  with  respect  to  the 
confocals  to  x2/a+y2/b  +  z2/c  =  l  are  the  osculating  planes  of  a  cubic 
curve,  and  that  the  general  surface  of  the  second  degree  which  passes 
through  the  cubic  is 

A(R2-3Q)  +  /*(RQ-9P)  +  ./(Q2-3RP)  =  0J 

where     P  =  abc  -  bcx^  -  cay-r]  -  abzC,     R  =  a+b  +  c  —  xg-yr)-z£, 

Q  =  bc+ca  +  ab-(b  +  c)xg-(c  +  a)yr)-(a  +  b)z£. 

18.  Shew  that  the  coordinates  of  a  point  on  the  edge  of  regression 
of  the  rectifying  developable,  i.e.  the  envelope  of  the  rectifying  plane, 
of  a  curve  are  given  by 

^  +  ^,tanfl    etC)    etCj 

as 

where  tan  0  =  p/o:  Prove  also  that  the  direction-cosines  of  the  tangent 
and  principal  normal  are  proportional  to  lip  —  l3(r,  etc.;  l^p  +  l^cr,  etc., 
and  that  the  radii  of  curvature  and  torsion  are 


^-(sintf) 


<4 -(tan  0)1    ^       P^U(tanfl))- 
^ds  1  \      ds      I 


19.  If  the  conicoids 

x2/a2+yW  +  z2/c2=  1,     ^/a^+f/b^+z2/^2^  1 

are  eonfocal  and  a  developable  is  circumscribed  to  the  first  along  its 
curve  of  intersection  with  the  second,  the  edge  of  regression  lies  on 
the  cone       „„  „       0    0  „„„ 

afSg^ff-c*)*    yh^(c2-a2)i    zfc^jcfi-b2^ 

2  """  7  2  "■"  2  '-'• 

a~s  b's  c? 

20.  A  developable  surface  passes  through  the  curves 

y=0,  x2  =  (a-b)(2z-b);    x=0,  y2 ={a  -  b)(2z  -  a) ; 
prove  that  its  edge  of  regression  lies  on  the  cylinder 
x?-y%+(a-b)%=0. 

21.  Shew  that  the  edge  of  regression  of  the  envelope  of  the  plane 

_^+^_  +  _^  =  1 
a+X    b  +  X    c  +  X 

is  the  cubic  curve  given  by 

(a  +  Xf  (b  +  Xf  (c  +  Xf 

X~(c-a)(b-a)'    y~(c-b){a-by    Z    (a-c)(b-c)' 

22.  Prove  that  the  developable  surface  that  envelopes  the  sphere 
x2+y2+z2=c2  and  the  hyperboloid  x2/a2+y2/b2-z2/c2=l  meets  the 
plane  2/= 0  in  the  conic 

x2  z2  (? 


b2  —  a2    b2-\-c2    b2  —  c2 
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23.  A  developable  surface  is  drawn  through  the  cui 

A-.'/-  +  if  =  A2,  z  =  e  ;    .'•-  +_f  =  1 ,  i  =  -  c : 

shew  that  its  section  by  the  plane  2    o  ici  given  by  2Lr=aina+8in  /:/, 

2y  =  cos«.+  Acos/i,  where  tan  </.=  A  tan  /?. 

24.  If  the  generator  of  a  skew  surface  make  with  the  tangent  and 

principal  normal  of  the  line  of  striction  angles  whos«-  cosines  are  J 

and  //,  prove  that  -—  =  '-,  where  p  is  the  radius  of  curvature  of  the 
line  of  striction.         s    P 

25.  Prove  that  the  line  of  striction  on  the  skew  surface  generated 

by  the  line 

x  —  a  cos  6 _y  —  «  sin  6_ 

cos  0  cos  -     sin  0  cos        sin  - 
2  2  2 

is  an  ellipse  in  the  plane  2y  +  z  =  0,  whose  seniiaxcs  are  <>.  — -,  and 

5 


whose  centre  is  ( -,  0,  0  ). 
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CHAPTER  XVI. 


CURVATURE  OF  SURFACES. 


219.  We  now  proceed  to  investigate  the  curvature  at  a 
point  on  a  given  surface  of  the  plane  sections  of  the  surface 
which  pass  through  the  point.  In  our  investigation  we 
shall  make  use  of  the  properties  of  the  indicatrix  defined 
in  §  184. 

If  the  point  is  taken  as  origin,  the  tangent  plane  at  the 
origin  as  aJ2/-plane,  and  the  normal  as  0-axis,  the  equations 
to  the  surface  and  indicatrix  are 

2z  =  rx2  +  2sxy  +  ty2-\-... , 
2  —  h,     2h  =  rx2  +  2sxy  +  ty2. 


Fig.  60. 


220.  Curvature  of  normal  sections  through  an  elliptic 
point.  If  rt  —  s2>0  the  indicatrix  is  an  ellipse,  (fig.  60). 
Let  C  be  its  centre,  CA  and  CB  its  axes,  and  let  CP  be  any 
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semidiameter.     Then,  if  p  is  the  radius  of  curvature  of  the 

CP" 

normal  section  ocp,  p  =  hb  „-->  and  therefore  the  radii  of 

curvature  of  normal  sections  are  proportional  to  the  3qu 
of  the  semidiameters  of  the  indicatrix.  The  sections  OCB, 
OCA,  which  have  the  greatest  and  least  curvature,  arc 
called  the  principal  sections  at  O  and  their  radii  of  curvature 
are  the  principal  radii.  If  px,  p2  are  the  principal  radii,  and 
CA  =  a,  CB  =  6,  a2  12 

If  the  axes  OX  and  OY  are  turned  in  the  plane  XOY 
until  they  lie  in  the  principal  sections  OCA,  OCB  respectively, 
the  equations  to  the  indicatrix  become 


Z  = 

-h, 

x2    y2 

=  1, 

or 

and  the 

equation 

Pi     Pz 

to  the  surface  is 

:2k, 

2Z 

X2 

Pi 

Pi 

If  CP  =  r,  and  the  normal  section  OCP  makes  an  angle  0 
with  the  principal  section  OCA,  the  coordinates  of   P  are 
r  cos  6,  r  sin  0,  h.     Hence,  since  P  is  on  the  indicatrix, 
2h_cos2Q  ,  sin2fl. 

r"        Pi  Pa 

,,        e                              1     cos2#     sin2# 
therefore  -  = \-  - 


P       Pi  P2 

where  p  is  the  radius  of  curvature  of  the  section  OCP. 

221.  Curvature  of  normal  sections  through  a  hyper- 
bolic point.  If  rt  —  s2<0,  the  indicatrix  is  a  hyperbola, 
(fig.  61).  The  inflexional  tangents  are  real  and  divide  the 
surface  into  two  portions  such  that  the  concavities  of 
normal  sections  of  the  two  are  turned  in  opposite  directions. 
If  we  consider  the  curvature  of  a  section  whose  concavity 
is  turned  towards  the  positive  direction  of  the  :-axis  to  be 
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positive,  then  the  positive  radii  of  curvature  are  proportional 
to  the  squares  of  semidiameters  of  the  indicatrix 

z  =  h,     2h  =  rx*+2sxy  +  ty\     (fc>0),  (1) 

and  the  negative  radii  of  curvature  are  proportional  to  the 
squares  of  the  semidiameters  of  the  indicatrix 

z=-h,    -2h  =  rx2+2sxy  +  ty2,    (&>0) (2) 


Fig.  61. 

The  normal  section  of  algebraically  greatest  curvature 
passes  through  the  real  axis  of  the  indicatrix  (1),  and  the 
normal  section  of  algebraically  least  curvature  through  the 
real  axis  of  the  indicatrix  (2).  These  indicatrices  project 
on  the  &2/-plane  into  conjugate  hyperbolas  whose  common 
asymptotes  are  the  inflexional  tangents.  As  in  §  220,  the 
sections  of  greatest  and  least  curvature  are  the  principal 
sections.  If  the  axes  OX  and  OY  lie  in  the  principal 
sections  the  equations  to  the  indicatrices  are 


(1) 


'     a?     62' 


i;  (2) 


•  —  —h     x  —VI—  _  i 

a2     62 


If  pv  p2  measure  the  principal  radii  in  magnitude  and 
sign>  _.««  _    /-62 


=  Lt- 


and  therefore  the  equations  to  the  indicatrices  are 


(1)  z  =  h,     -  +  V-  =  2h,     (2)z=-K, 
Pi     P% 


Pi        Pi 
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and  the  equal  ion  to  i  be  surface  is 

/'i     Pa 
The   radius  of  curvature   of   the   normal    Bection    thai 
makes  an  angle  d  with  the  KB-plane  is  given  by 

I  __cos'J0     sin'-A 

P        Pi  A> 

222.  Curvature  of  normal  sections  through  a  para- 
bolic point.  If  rt  —  s~  =  (),  the  indicatrix  consists  of  two 
parallel  straight  lines,  (fig.  62).     The  inflexional  tangents 


Fig.  62. 

eoincidc,  and  the  normal  section  whieli  contains  them  has 
its  curvature  zero.  The  normal  section  at  right  angles  to 
the  section  of  zero  curvature  has  maximum  curvature. 
These  two  sections  are  the  principal  sections.  If  OX  and 
OY  lie  in  the  principal  sections,  the  equations  to  the 
indicatrix  are  z=h     x2  =  <l2 

where  (t  =  CA.     The  finite  principal  radius  px  is  given  by 

Pi  =  Lt^; 

Hence  the  equations  to  the  indicatrix  and  surface  arc 

,r2  -a 

z=h,    2h=-;    2z=-  +.... 

Pi  Pi 

If  p  is  the  radius  of  curvature  of  the  section  OCP  which 

makes  an  angle  $  with  the  principal  section  OCA, 

1     cos-  0 


Pi 
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223.  Umbilics.  If  r  =  t  and  8  =  0,  the  indicatrix  is  a 
circle  and  the  principal  sections  are  indeterminate,  since  all 
normal  sections  have  the  same  curvature.  Points  at  which 
the  indicatrix  is  circular  are  umbilics. 

224.  The  curvature  of  an  oblique  section.  The  re- 
lation between  the  curvatures  of  a  normal  section  and  an 
oblique  section  through  the  same  tangent  line  is  stated  in 
Meunier's  Theorem :  If  p0  and  p  are  the  radii  of  curvature 
of  a  normal  section  and  an  oblique  section  through  the 
same  tangent,  p  =  p0  cos  6,  where  6  is  the  angle  between  the 
sections. 

If  the  tangent  plane  at  the  point  is  taken  as  ar*/-plane, 
the  normal  as  3-axis,  and  the  common  tangent  to  the 
sections  as  a>axis,  the  equations  to  the  indicatrix  are 

z  =  h,     2h  =  rx2  +  2sxy  +  ty2, 

and,  (see  fig.  60), 

CA2      1 

^0  =  Lt2OC  =  r 
The  equations  to  QQ'  are 

y  =  h  tan  6,     z  =  h, 
and  where  QQ'  meets  the  surface, 

2h  =  rx2  +  2sxh  tan  6  +  thHan2  0. 

But  if  x  and  y  are  small  quantities  of  the  first  order,  h  is 

of  the  second  order,  and  therefore  to  our  degree  of  approxi- 

2h 
mation-,  hx  and  h2  may  be  rejected.     Hence  QV2  =  — ,  and 

t  x  QV2     t  j.    2/i/r  . 

p  =  Lt  ^— —  =  Lt  jw— - — 7\  =  Pn  cos  6. 
r         2ov  2h  sec  6     '  ° 

The  following  proof  of  Meunier's  theorem  is  due  to  Besant. 

Let  OT  be  the  common  tangent  to  the  sections  and  consider  the 
sphere  which  touches  OT  at  O  and  passes  through  an  adjacent  and 
ultimately  coincident  point  on  each  section.  The  planes  of  the 
sections  cut  the  sphere  in  circles  which  are  the  circles  of  curvature 
at  O  of  the  sections.  The  circle  in  the  plane  containing  the  normal 
is  a  great  circle,  and  the  other  is  a  small  circle  of  the  sphere.  If  C0 
is  the  centime  of  the  great  circle  and  C  of  the  small  circle,  the  triangle 
COC0  is  right  angled  at  C,  and  the  angle  COCn  is  the  angle  between 
the  planes.     Hence  the  theorem  immediately  follows. 


§§  223-22.r>]  RADIUS  OF  CURVATURE 

225.  Expression  for  radius  of  curvature  of  a  given 
section  through  any  point  of  a  surface.  Lei  ot  the 
tangent  to  a  given  section  of  a  surface  through 

point  O  on  it,  have  direction -cosines  /, ,  ///,.  nr  Lei  the 
normal  to  OT  which  lies  in  the  plane  of  the  section  have 
direction-cosines  l2f  m2,  11%.  Then,  since  the  direction' 
cosines  of  the  normal  to  the  surface  are 

-P  -7  1 

n/1  +p*  +  q*'     Jl  +p*  +  r/      J\  +p>  +  f' 

0,  the  angle  between  the  plane  of  the  section  and  the 
normal  section  through  OT,  is  given  by 

cos  6  =  — *-d — 

s/l+^  +  g2 

But  pl1  +  qm1  —  vl  =  0; 

therefore,  by  Frcnet's  formulae,  since 

dp_dp   dx     dp   dy _   , 

ds  ~  dx   ds     dy    ds  ~     l     '     l 

and  ^  =  ?2.^+?2.^  =  sJ  +tm 

ds     dx    ds     dy    ds        1         v 

— - — - — =  —  {rlxl + 2s£1m1  +  tmf) 

cosfl  _  rlf  +  2.<?^m1  +  tmf 
p  s/l-f^  +  g2 

Cor.  When  6  =  0,  p  becomes  p0,  and  Meunier's  theorem 
immediately  follows. 

Ex.  1.     Find  the  principal  radii  at  the  origin  of  the  paraboloid 
2s  =  5.r''  +  4ay/  +  2/-. 
Find  also  the  radius  of  curvature  of  the  section  .r=//.      A}is.  1,  I  :   ,'-',. 
Ex.  2.     For  the  lryperbolic  paraboloid 

2z  —  7.r'2  +  G.n/-//2, 
prove  that  the  principal  radii  at  the  origin  are  \  and  -  ?,,  and  that  the 
principal  sections  are  r  =  3//     &r=  — « 

Ex.  3.     If  p,  p  are  the  radii  of  curvature  of  any  two  perpendicular 

normal  sections  at  a  point  of  a  surface,  -  +      is  constant. 

P     P 
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Ex.  4.     Prove  that  at  the  origin  the  radius  of  curvature  of  the 
section  of  the  surface        ax2  +  2kxy  +  by2=2z 
by  the  plane  l,v+my+nz=0, 

is  (I2  +  m2f(am2  -  2hlm  +  bl2)  -1  {I2  +  m2  +  n2)~^. 

Ex.  5.     The  locus  of  the  centres  of  curvature  of  sections  of  the 
surface  Ti    vi 

2z  =  -+J-  +  ...       • 
Pi      Pi 

which  pass  through  the  origin  is  the  surface  given  by 

\P2       Pi' 

226.  Principal  radii  at  a  point  of  an  ellipsoid.    Let  p 

be  a  point  on  an  ellipsoid,  centre  O.  Take  OP  as  0-axis 
and  the  diametral  plane  of  OP  as  a;?/-plane.  Then  take  the 
principal  axes  of  the  section  of  the  ellipsoid  by  the  o^-plane 
as  x-  and  ^/-axes.  Since  the  coordinate  axes  are  conjugate 
diameters  of  the  ellipsoid,  its  equation  is 

9  9  9 

a.      p      y 

where  y  =  OP,  and  2a  and  2/3  are  the  principal  axes  of  the 
section  of  the  ellipsoid  by  the  plane  through  the  centre 
which  is  parallel  to  the  tangent  plane  at  P. 

The  equations  to  the  indicatrix  are  z  =  y  —  k,  where  k  is 
small,  and  x2     tf_        /y-k\*     2fc 

i  "T  /Do         J- 


a2  '  /32  V    y    /       y 

Therefore,  if  the  axes  of  the  indicatrix  are  a  and  b, 

ct2  = ,     62  =  — — . 

y  y 

Now  let  p  be  the  perpendicular  from  the  centre  to  the 
tangent  plane  at  P,  and  let  h  be  the  distance  between 
the  planes  of  the  indicatrix  and  the  tangent  plane.     Then 

kji 

y~v 

Therefore,  if  the  principal  radii  are  px  and  p2, 

a2     a?  62     /32 

a-,  =  Lt^y  =  —     and     p0  =  Lt^  =  — . 
r-  2/i     p  r-         2/1     p 


;  229]  LINKS  OF  CURVATURE 

Ex.  1.     Prove  that  the  principal  radii  at  a  poini  |  n  t  lc- 

ellip  loid  - ■'  "'  I  .--   '•'  I    '  -  '     I  are  given  bj 

.,    /»/  .,/'-  +  '•-      «<?+<&      .,"'■  |  A-  \     a 
*    ,}■     „        "     /,  H+    r 

Ex.   2.      If  PT  is  tangent  to  a  normal  section  at  P  on  an  elli| 

the  radius  of  curvature  of  the  .section  i-  /-'//,  where  T  i    the  I 
radius  parallel  to  PT. 

Ex.  3.     If  A,  //.  are  the  parameters  of  the  confocals  throagfa  a  point 

P  on  the  ellipsoid  aP/a?+ y 76s  +  :-v-\   I,  the  principal  radii  at  p  are 

s/\-;,      v;A//- ' 
it/ic  '      abc  ' 

Ex.  4.  The  normal  at  a  point  P  of  an  ellipsoid  meets  the  principal 
planes  through  the  mean  axis  in  Q  and  R.  It  the  sum  of  the  principal 
radii  at  P  is  equal  to  PQ  +  PR,  prove  that  P  lies  on  a  real  central 
circular  section  of  the  ellipsoid. 

Ex.  5.  If  P  is  an  unibilic  of  the  ellipsoid  .r- </-'+//-' /,--k- .-  1. 
prove  that  the  curvature  at  P  of  any  normal  section  through  P  is 
acjP.     (See  §  95,  Ex.  2.) 


LINES  OF  CURVATURE. 

227.  A  curve  drawn  on  a  surface  so  that  its  tangent  at 
any  point  touches  one  of  the  principal  sections  of  the 
surface  at  the  point  is  called  a  line  of  curvature.  There 
pass,  in  general,  two  lines  of  curvature  through  every  poini 
of  the  surface,  and  the  two  lines  of  curvature  through  any 
point  cut  at  right  angles. 

228.  Lines  of  curvature  of  an  ellipsoid.  The  tangents 
to  the  principal  sections  at  a  point  P  of  an  ellipsoid  whose 
centre  is  O  are  parallel  to  the  axes  of  the  central  seel  ion  of 
the  ellipsoid  by  the  diametral  plane  of  OP,  (§226).  But 
the  tangents  to  the  curves  of  intersection  of  the  ellipsoid 
and  the  confocal  hyperboloids  through  P  are  also  parallel 
to  the  axes  of  the  section,  (§121).  Therefore  the  lines  of 
curvature  on  the  ellipsoid  are  its  curves  of  intersection 
with  confocal  hyperboloids. 

229.  Lines  of  curvature  on  a  developable  surface. 
One  principal  section  at  any  point  of  a  developable  is 
the  normal  section  through  the  generator,  Heme  the 
generators   form    one   system   of   lines   of   curvature.     The 
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other  system  consists  of  curves  drawn  on  the  surface  to 
cut  all  the  generators  at  right  angles.  In  the  case  of  a 
cone,  the  curve  of  intersection  of  the  cone  and  any  sphere 
which  has  its  centre  at  the  vertex  cuts  all  the  generators 
at  right  angles,  and  therefore  the  second  system  of  lines  of 
curvature  consists  of  the  curves  of  intersection  of  the  cone 
and  concentric  spheres  whose  centres  are  at  the  vertex. 

230.  The  normals  to  a  surface  at  points  of  a  line  of 
curvature.  A  fundamental  property  of  Hues  of  curvature 
may  be  stated  as  follows  : 

If  O  and  p  are  adjacent  and  ultimately  coincident 
points  of  a  line  of  curvature,  the  normals  to  the  surface 
at  O  and  p  intersect;  conversely,  if  O  and  P  are  adjacent 
points  of  a  curve  drawn  on  a  surface  and  the  normals  to 
the  surface  at  O  and  P  intersect,  the  curve  is  a  line  of 
curvature  of  the  surface. 

Let  O  be  the  origin  and  let  the  equation  to  the  surface  be 

9  9 

Pl       P2 

P  will  lie  on  the  indicatrix  and  will  have  coordinates 
r  cos  0,  r  sin  0,  h.     The  equations  to  the  normal  at  P  to  the 
surface  are       x-rcosO _ y-rsinfl _ z  —  h 
r  cos  0  r  sin  0  —  1 

Pl  P2 

Therefore,  if  the  normal  at  P  is  coplanar  with  the  normal 
at  O,  i.e.  with  OZ,  /  1      1 


sin  0  cos  0 1  =  0 (1) 

Vl       P2/ 

If  O  and  P  are  adjacent  points  of  a  line  of  curvature, 
sin  0  =  0,  or  cos  0  =  0,  and  the  condition  (1)  is  satisfied ;  there- 
fore the  normals  at  adjacent  points  of  a  line  of  curvature 
intersect. 

If  the  normals  at  O  and  P  intersect,  cos  0  =  0  or  sin  0  =  0, 
and  therefore  O  and  P  are  adjacent  points  of  one  of  the 
principal  sections,  or  the  curve  is  a  line  of  curvature. 

Ex.  The  normals  to  an  ellipsoid  at  its  points  of  intersection  with 
a  confocal  generate  a  developable  surface. 


§§229-231] 


LINES   OF   CURV  VTURE 


:;.:• 


231.  Lines  of  curvature  on  a  surface  of  revolution. 
The  normals  to  a  surface  ol  revolution  at  all  points  of  a 
meridian  section  \\>-  in  the  plane  of  the 
by  §230,  the  meridian  sections  are  lines  of  curvature  The 
normals  at  all  points  of  a  circular  section  pass  through  the 
same  point  on  the  axis,  and  therefore  any  circular  section  is 
a  line  of  curvature. 

Let  P,  (tig.  G3),  be  any  point  on  the  surface,  and  let  PT 
and  PK  be  the  tangents  to  the  meridian  and  circular  sections 
through  P.  Let  PN  be  the  normal  at  P,  meeting  the  axis 
in  N,  and  let  C  be  the  centre  of  the  circular  section.     Then 


Fig.  (53. 

TPN  and  KPN  are  the  planes  of  the  principal  sections.  The 
principal  radius  in  the  plane  TPN  is  the  radius  of  curvature 
at  P  of  the  generating  curve.  The  circular  section  is  an 
oblique  section  through  the  tangent  PK.  and  its  radius  of 
curvature  is  CP.  Therefore,  by  Meunier's  theorem,  if  p  is 
the  principal  radius  in  the  plane  KPN. 

CP  =  pcos,6,  where  0=  _CPN. 
or  p  =  PN. 

Thus  the  other  principal  radius  is  the  intercept  on  the 
normal  between  P  and  the  axis. 

Ex.   1.     In  the  surface   formed  by   the  revolution  of  a  parabola 
about  its  directrix  one  principal  radius  at  any  point  is  twice  the  other. 
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Ex.  2.  For  the  surface  formed  by  the  revolution  of  a  catenary 
about  its  directrix,  (the  catenoid),  the  principal  radii  at  any  point  are 
equal  and  of  opposite  sign. 

(A  surface  whose  principal  radii  at  each  point  are  equal  and  of 
opposite  sign  is  called  a  minimal  surface.) 

Ex.  3.  In  the  conicoid  formed  by  the  revolution  of  a  central  conic 
about  an  axis  one  principal  radius  varies  as  the  cube  of  the  other. 

Ex.  4.  A  developable  surface  is  generated  by  the  tangents  to  a 
given  curve.     Prove  that  at  the  point  Q  on  the  tangent  at  P,  where 

PQ  —  l,  the  principal  radius  of  the  developable  is  — 

P 
Let  the  plane  through  Q  at  right  angles  to  PQ  cut  the  consecutive 
generators  in  N  and  M,  (fig.  64).     Then  N,  Q,  M  are  consecut'*Te  points 


of  the  principal  section.    But  the  angle  between  consecutive  generators 

is  8\js,  and  the  angle  between  the  planes  PQN,  PQM   is  the  angle 

between  consecutive  osculating  planes,  and  therefore  is  St.    Therefore, 

if  pj  is  the  principal  radius, 

T,  QM  TJSyfr  la 
Oi  =  Lit  — —  — -  .  =  Lit  -5 —  =  — • 
ri  L  RQM  St      p 

Ex.  5.  Find  the  l'adius  of  curvature  at  Q  of  the  line  of  curvature 
of  the  developable. 

Draw  QL  at  right  angles  to  the  consecutive  generator.  Then  N,  Q,  L 
are  consecutive  points  on  the  line  of  curvature.  Let  QM,  NQ,  QL 
meet  the  sphere  of  unit  radius  whose  centre  is  Q  in  a,  b,  c  respectively. 
Then,  if  8y'  is  the  angle  between  consecutive  tangents  to  the  line  of 
curvature,  Sf'  =  bc,     Sf  =  ca,     8T  =  ab. 

Therefore,  since  the  triangle  cab  is  right-angled  at  a, 
Si//2  =  S^2  +  St2. 

If  p0  is  the  radius  of  curvature  of  the  line  of  curvature,  we  have 

„  1    T.  1  f.  ,  /StV\ 

j  la- 

and  p0  = 


V/)'2  +  o-2 


§282]        EQUATIONS  TO   LINES  OF  CTJRVATUBE 

Ex.  6.  Shew  that  the  radius  of  torsion  of  the  line  of  curvature  "f 
t  tie  developable  is  ,,  ., 

1  t(f>-  +  tr-) 

,>((r,>'  -  /xr')' 

i  /    dp  ,    (l it 

where  P  =-f,        <r=-r, 

r     as  </s 

and  s  is  the  arc  of  the  edge  of  regression. 

Ex.  7.     Shew  that    the   lines   of    curvature   of    the  developable 

generated  by  tangents  to  a  helix  are  plane  curves. 

232.  The  principal  radii  and  lines  of  curvature  through 
a  point  of  the  surface  z=f(x,  y).  In  §225  we  have 
found  that  if  lv  rml,  nx  are  the  direction-cosines  of  the 
tangent  to  a  normal  section  of  the  surface  through  the 
point  (x,  y,  z),  the  radius  of  curvature  of  the  section  is 

Siven  hy  1  =  rl2  +  Zsl^  +  tm2 

p  Jl+p2  +  q2       (1) 

We  have  also  ,pll-\-qmx  —  n1  —  0, 

whence  ll2+ml2  +  (pl1  +  qml)2  =  l (2) 

Therefore,  if  we  write  k  for  y/l+fi^  +  q'2,  we  may  combine 
(1)  and  (2)  into 

^(l+^_^)  +  2Z1m1(M-^)  +  7v(l+^-^)  =  0...(3) 

This  equation  gives  two  values  of  lx :  mj ,  which  correspond 
to  the  two  sections  through  the  point  which  have  a  given 
radius  of  curvature.  If  p  is  a  principal  radius,  these 
sections  coincide,  (cf.  §85).  Therefore  the  principal  radii 
are  given  by 

(1+„_^)(1+4..|)-(M_¥y. (4) 

or      p*(rt-s2)-kp{(l+p2)t  +  (l+q2)r-2spq}+ki  =  (). 

If  equation  (4)  is  satisfied,  the  coincident  values  of 
I, :  m,  are  ,  - 

_A_ * L (5) 


i'p  Sp 

k 


1  +  P2~h 

B.G.  Y 
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Now  it'  PQ  is  a  straight  line  whose  direction-cosines  are 
llt  m1}  nx,  and  P'Q'  is  its  projection  on  the  xy -plane,  the 
projections  of  PQ  and  P'Q'  on  the  x-  and  y- axes  are  identi- 
cal, and  therefore  the  gradient  of  P'Q'  with  reference  to  the 
axes  OX  and  OY  is  mjlv  Hence,  from  (5),  the  differential 
equation  to  the  projection  on  the  a^-plane  of  the  line  of 
curvature  corresponding  to  the  radius  p  is 

dy  ,         ■        k     n            dy  ,     ""     1c        _ 
-/  + =  0     or     -f-  + —  =  0, 

dx  so  dx     _  ,     9     to 

which  may  be  written 

dx\l  +p2  —  -r- )  +  dy  (pq  —  -f  J  =  0 

or  dx\vq—Y)Jrdy[l-\-q2  —  -^\  =  {). 

If  we  eliminate  p/k  between  these  equations,  we  obtain 
the  differential  equation  to  the  projections  of  the  two  lines 
of  curvature,  viz., 

dx2{s(l  +p2)  —  rpq]  +  dxdy{t{\  +p2)  —  r(l  +  q2)} 

+  dy2{tpq-s(l  +  q2)}=0. 

Ex.  1.     Shew  that  the  principal  radii  at  a  point  of  the  paraboloid 
+'j-  =  2z  are  given  by 


a 


kp(a+b+2z)+abW=0, 


where  k2  =  1  +  -5  +  "L>- 

a-     b* 

Ex.  2.     Prove  that  at  a  point  of  the  intersection  of  the  paraboloid 

— hK~=2z  and  the  confocal  — '- — r  +  r\  -  =  2s-  A,  the  principal  radii 
a       b  a  — A     b-A  '  r         ^ 

7,    abk3      ,         79     A(a  +  &  +  2s)-A2 

are  kX,  — r— ,  where  /r=— T — - . 

'A  ab 


Ex.  3.     Shew  that  the  projections  on  the  „r?/-plane  of  the  lines  of 

2  2 

rvature  of  the  paraboloid  —  +'i-  =  2z  are  given  by 

^{aGI)2-ft}+S{6(a2+-?72)-a(&2+-?/2)}=a 


§232]        EXAMPLES  ON    LINBfi   OF  CUEVATURE 
Ex.  4.     Prove  that  when  a  -b  tliis  eqaatioo  reduct 

il.r    x  '/.'         y 

whence  y  —  Ax  or  .>'l-\-yl  =  B,  where  A  and  B  are  arbift  I  tut -j. 

Shew  that  this  verifies  the  results  of  §  -'.tt  for  the  paraboloid. 

Ex.  5.     Prove  that  the  integral  of  the  equation  in  Ex.  •*'  is 

«6(a-^)A 

y   kx  -  b+aX  ' 

where  A  is  an  arbitrary  constant,  and  shew  that  this  becomes 
,.'1  „s 

+  ,,;'--  ,+  1=0, 


a{a-ji)    h{b-ji) 

n-yX  +  b- 

aX  +  b 


fX  = 


Hence  prove  that  the  lines  of  curvature  of   the  paraboloid  are  its 
curves  of  intersection  with  confocals. 

Ex.  6.  Prove  that  the  intersection  of  the  surface  3z  =  ax3  +  by3 
and  the  plane  ax  =  by  is  a  line  of  curvature  of  the  surface. 

Ex.  7.     Prove  that  the  condition  that  the  normal, 

£-xj>)-y_£-z 
V       <z      -i' 

to  the  surface  z  =  f(x,  y)  at  a  point  of  a  curve  drawn  on  it  should 
intersect  the  consecutive  normal  is 

dp  (hj 

dx+pdz     dy  +  qdz' 

and  deduce  the  equation  to  the  lines  of  curvature  obtained  in  §  232. 
Apply  §  48.     Also  dz=pdx  +  qdy,  dp  =  rdx  +  sdy,  dq—sdx+tdy. 

Ex.  8.  If  1 1,  wij,  nx  are  the  direction-cosines  of  the  tangent  to  a 
line  of  curvature,  and  I,  m,  n  are  the  direction-cosines  of  the  normal 
to  the  surface  at  the  point, 

dl  _dm  _dn 

Ex.  9.     Prove  that  at  a  point  of  a  line  of  curvature  of  the  ellipsoid 

£(6a-ca)  +  |(ca_a2)  +  ^(a2_6a)=0> 

*   and  shew  that  the  coordinates  of  any  point  of  the  curve  of  intersection 

of  the  ellipsoid  and  the  confocal  +io^     +  «       =1  verify  this 

equation.  a-  +  X     l>-  +  \     c-  +  X 

Ex.  10.     Prove  that  for  the  helicoid  8=ctan-1^, 

x 

«2  +  r2       .  ,       .       ., 

Px=  —fc= >  where  ic  =  .r-+y. 
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Any  puint,  P,  on  the  surface  is  given  by 

x  =  ucos6,    y—us\nO,    z—cO. 
■  The  tangent  plane  at  P  is 

xs,\\\d-ycosd-\ u6=0, 

and  hence,  if  p  is  the  perpendicular  to  the  plane  from  the  point  Q, 

"*«  +  &*,  0+S0,"  _c8uSd_ 

P~^luF+di' 

But  if  d  is  the  distance  PQ,  the  radius  of  curvature  at  P  of  the 
normal  section  through  Q  is  given  by 

Td2     J,{(u2  +  c2)8d2  +  8u2}\/uJ+c2 

Therefore  (u2  +  c2)  d$2  -  2c   ,-L — a  +  du2 = 0. 

»Jit2  +  c2 

This   gives   two  values   of   d$  :  du,   which  correspond  to  the  two 

sections  with  radius  p.     If  p  is  a  principal  radius,  as  in  §  232,  we  have 

coincident  values  of  d6  :  du. 

u2  +  c2 
Hence  p=  ± • 

r  c 

The  differential  equation  to  the  projections  on  the  .ry-plane  of  the 
lines  of  curvature  is  ^u 

do—  ±    / =) 

V  M2  +  cl 

where  u  and  6  are  polar  coordinates.     Hence  the  lines  of  curvature 
are  the  intersections  of  the  helicoid  and  cylinders 

2u  =  c(Ae9-A~1e-°), 
where  A  is  an  arbitrary  constant. 

Ex.  11.     For  the  helicoid  s  =  ctan-1^,  prove  that 

x 

_—cy       _cx       _  2cxy       _c{y2-x2) 

p  =  — 5- j     Q —    o»    T — —  t —  — r~>    S  —  — !      t         > 
r       ul       2     u2  u*  u* 

and  deduce  the  results  of  Ex.  10  from  the  equations  of  §  232. 
Ex.  12.   Prove  that  at  a  point  of  the  conoid 

x =  ucos$,    y  =  u  si  n  9,    z  =/(  6), 
the  principal  radii  are  given  by 

s  V  -  u2kz"p  -  u2h\u2  +  z'2)  =  0, 

dz  z'2 

where  s'  =  -ttj,  etc.,  and  k2  =  1  -\ — n- 

dtr  u- 

T„    .  sin0  ,  cos#  ,  2"sin2#  +  s'sin2# 

We  have     p= z,       q  = z,       r— 5 5 

'  u  u  u* 

z"  sin  0  cos  0  +  z' cos  2  6  /'cos2  6-  /sin  20 
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Ex.  13.    Prove  that  at  a  point  of  the  surfao  of  revolution 

x  =  ucond,    y  =  unm0,    z=f(»), 

the  principal  radii  are 

-Wl+a'*  _  -(]  +:'"/J 

Pi-     —         .     Pi-    —J,        » 

dz 
where  ^  =  ~r-,  etc.     Deduce  the  result  of  §  231. 

Ex.  14.     For  the  surface 


x  =  ucotid,    g  =  umn9,    z  =  c\og("  +  \,n- 
provo  that  px—  —  p2. 

Ex.  15.     Find   the   principal   radii   at  a   point  of   the   cylindroid 
z(x'i  +  i/2)  =  2mxi/.      Prove  that  at  any  point  of  the  generator 

z  =  m,  one  principal  radius  is  infinite  and  the  other  is  — ,  where  u  is 
the  distance  of  the  point  from  the  s-axis.  4wt 

Ex.  16.     Find  the  curvature  at  the  origin  of  the  lines  of  curvature 
of  the  surface 

2z  =  -  +  'r  +  --  (ax*  +  Zb.v-ij  +  Zcxy*  +  difl)  +  .... 
P\     Pz     *» 

If  I,  m,  n  are  the  direction-cosines  of  the  tangent  to  a  curve  and  a 

is  the  arc'  l-f*  YjY**Y.iY**Y 

pa     WoJ+WoJ+UJ' 

But  for  a  line  of  curvature, 
l-{rpq-s{\  +p-)}  +  lm{r(l  +g*)-t(l  +  p2)}  +  m-{s(l+q")  -  tpq}=0,  ...(1) 

and  for  the  line  of  curvature  that  touches  OX,  2=1,  m  =  n  —  0.  Also 
at  the  origin  p  =  q  =  s  =  0 ;  therefore  differentiating  (1 ),  and  substituting, 
we  obtain 

ds 
dm      da.        1    /,  3s  cte\       W  _       b 

Pi     P-i 
Again,  pl  +  qm  =  n,  and  therefore  at  the  origin 

dn      7o  .  .    o  1 

-—  =  rl-  +  tm-  =  r = — . 

ClOL  px 

...  ,  dl  ,      dm        dn     .       dl      _ 

And,  since  l -j- + 111 -j- +  n -j- =0,     -r-  =  0. 

da.  da.        da.  da. 

Therefore,  if  p0  is  the  radius  of  curvature  of  the  line  of  curvature 
which  touches  OX, 

1=1+ £ 

Po2     Pi2    (Vft-l/ft)S 

Similarly,  the  square  of  the  curvature  of  the  line  of  curvature  that 
touches  OY  is  . 

1  + t . 

pi  (Mpi-Vp*r 
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Ex.  17.     Prove  that  the  equation  to  an  ellipsoid  can  be  put  in  the 

f01'm  2z--    I  y%     1(^  I  X""m  1  Xy^  1  ^V)  1  . 

Pi     Pi    f>W     P1P2     P1P2     P-i'      '"' 

where  £,  77,  p  are  the  coordinates  of  the  centre. 

Ex.  18.  Hence  shew  that  the  squares  of  the  curvatures  of  the  lines 
of  curvature  through  a  point  P  are 

,  (a2  -  X)(b2  -  A)(c2  -  A)    a2b2c2    (a2  -  ii){W  -  p)(c2  -  p)    c262c2 
\(X-[xf  +  AV  M/x-A)3  +/*3A' 

where  A  and  ju,  are  the  parameters  of  the  confocals  through  P. 

Ex.  19.  PN,  PNt,  PN2  are  the  normals  at  a  point  P  to  an  ellipsoid 
and  the  confocal  hyperboloids  of  one  and  two  sheets  through  P. 
Prove  that  the  curvature  at  P  of  the  curve  of  section  of  the  ellipsoid 

and  hyperboloid  of  two  sheets  is  {px~2  +  p2~2)*,  where  /5X-1  is  the 
curvature  of  the  section  of  the  ellipsoid  by  the  plane  PNN1?  and  pf1 
is  the  curvature  of  the  section  of  the  hyperboloid  of  two  sheets  by  the 
plane  PNXN2. 

233.  Umbilics.  At  an  umbilic  the  directions  of  the 
principal  sections  are  indeterminate ;  therefore,  from  equa- 
tions (5)  of  §  232,  we  have 

1+p2  _l+g2  _pq  _p 

r  t  s      7c 

where  p  is  the  radius  of  curvature  of  any  normal  section 
through  the  umbilic. 

Ex.  1.     Find  the  umbilics   of  the  ellipsoid  x2ja2+y2jb2-\-z2jc2  =  \. 
By  differentiation,  we  obtain 

x  ,  pz     _  -c2.r 

-5+^=0,    or    p  = — — , 
a2    c2      '  r      a2z 

£+L  =  0,     or     q=^f. 

Whence       r-^(|+1>>),     s=-^,     *=^(p  +  <?2)- 

At  an  umbilic  s(l+p2)  =  rpq    or    pq(l+p2)  +  rzpq=0. 
Hence    p=0orq=0:    (rz  +  I+p2=£0    unless    c2+a2=0). 
We  have  also  at  the  umbilic 

t(l+p2)-r(l  +  q2)  =  0 
or  a2p2(b2  -  c2)  +  b2q2(c2  —  a2)  =  c2(a2  -  b2). 

If  a>b>c,  p—0  gives  imaginary  values  of  q. 

If  9=0,   F^S 
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Therefore,  since  p  = 


,,- 


x\a     _?jjh__     :<•  I  ,    ■ 

At  an  unibilic  kl  =  1  +p-  +  ql  -   2(/ .,  _  ._,  • 

Hence,  P=~>     since  q  =  0, 

_-kbh_     P 

(Cf.  §226,  Ex.  5.) 

Ex.  2.     Shew  that  the  points  of  intersection  of  the  surface 

and  the  line  x=y—z  are  umbilics,  and  that  the  radius  of  curvature  at 
an  unibilic  is  given  by  a 

Ex.  3.     Prove  that  the  surface 

a?*?  +  &Y  +  cV  =  (.r2 +/  +  22)3 
has  an  unibilic  where  it  meets  the  line 

a?x=Py  =  c3z. 

Ex.  4.  Prove  that  in  general  three  lines  of  curvature  pass  through 
an  unibilic. 

If  the  unibilic  is  taken  as  origin,  the  equation  to  the  surface  is 

2s = "L±y.  + 1  (atf  +  zbxhj  +  3cxf-  +  df)  +  .... 

P        >* 

The  condition  that  the  normal   at  (a?,  >/,  :)  should   intersect   ihe 

normal  at  O  is     ,   .,  ,    .,  /0         x  ,       .,,,     OJX        ■>     n 
bxs  +  x-y(2c  -  a)  +  x>/- (a  -  2b)  -cif  —  O. 

Therefore,  if  the  tangent  to  a  line  of  curvature  makes  an  angle  a. 
with  the  o;-axis,  ? 

tan<x  =  Lt- 

.*■ 

and  c  tan3oc+(26  -  rf)tan2a  -  (2c  -  a)  tan  «.  -  h  =  0. 

This  equation  gives  three  values  of  tana,  which  correspond  to  the 
three  lines  of  curvature  through  the  unibilic. 

Ex.  5.  If  the  origin  is  an  unibilic  of  the  surface  :=/(.<,//).  the 
directions  of  the  three  lines  of  curvature  through  the  origin  arc 
given  by 

~-tan3cc+    2,-t--><-    tan2o.-    25—5-  I  tana.- ^-  =  0. 
dx  \    dy    dy/  \    ox    ox  oy 

Ex.  6.  Investigate  the  lines  of  curvature  through  an  unibilic  oi  an 
ellipsoid. 

If  the  unibilic  is  the  origin,  the  normal  at  the  origin  the  .-axis,  and 
the   principal  plane  which  contains    the   umbilics   the   :. '-plane,    the 
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equation  to  the  ellipsoid  is 

x2  +y2  +  cz2  +  2gzx + 2wz = 0. 
Whence,  at  the  origin,  we  have 

'dt  _  g       ~dr  _3g     ^'_^_n 
'dx    w2'     "dx    w2'    "dy     ciy 

Therefore  the  directions   of  the  lines  of  curvature  through   the 
origin  are  given  by  tan3oL  +  tan  ft = 0> 

and  the  only  real  line  of  curvature  through  the  urabilics  is  the  section 
of  the  ellipsoid  by  the  principal  plane  that  contains  the  umbilics. 

Ex.  7.     Shew  that  the  points  of  intersection  of  the  line  -=&=- 
x3    vz    23  •  a     o    c 

and  surface  — \-*L  +—=k2  are  umbilics  on  the  surface,  and  that  the 
a      o      c 

directions  of  the  three  lines  of  curvature  through  an  umbilic  (x,  y,  z) 
are  given  by  ^j^     ^j^     ^j^ 

b       c'      c       a '      a       b  ' 
If  P  and  Q  are  adjacent  and  ultimately  coincident  points  of  a  curve 
drawn  on  the  surface,  the  normals  at  P  and  Q  intersect  if 

nM^(s.f)+2««fr(f.-$)-a 

Also,  we  have  ^f+f^l+^!=0 

a  b  c 

since  the  tangent  to  the  curve  lies  in  the  tangent  plane  to  the  surface. 

If  -=^r=-,  these  equations  give  three  values  of  dx  :  dy  :  dz,  and  the 

first  equation  then  reduces  to 

(c  dy  —  b  dz)  (a  dz  —  c  dx)  ( b  dx  —  a  dy)  =  0. 

234.  Triply-orthogonal  systems  of  surfaces.  When 
three  systems  of  surfaces  are  such  that  through  each  point 
in  space  there  passes  one  member  of  each  system,  and  the 
three  members  through  any  given  point  cut  at  right  angles, 
they  are  together  said  to  form  a  triply-orthogonal  system  of 
surfaces.  The  confocals  of  a  given  conicoid  form  such  a 
system. 

We  have  seen  that  the  lines  of  curvature  of  an  ellipsoid 
are  its  curves  of  intersection  with  the  confocal  hyperboloids. 
This  is  a  particular  case  of  a  general  theorem  on  the  lines 
of  curvature  of  a  triply-orthogonal  system,  Dupin's  theorem, 
which  we  proceed  to  enunciate  and  prove. 

If  three  systems  of  surfaces  cut  everywhere  at  right 
angles,  the  lines  of  curvature  of  any  member  of  one  system 
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a/re  its  curves  of  intersection  iri/l<  the  members  oj  tfu  other 
i  it'n  systems. 

Let  O  bo  any  point  on  a  given  surface,  S,,  of  the  first 
system,  and  let  S2  and  S8  be  the  surface  9  of  \  hi     •  cond 
third  systems  that  pass  through  o.     We  have  to  prove  that 
the  curves  of  intersection  of  S,  with  S2  and  S.,  are  the  lini 
curvature  on   Sr     The   tangent  planes  at  O  to  the  three 
surfaces  cut  at  right  angles.     Take  them    for  coordinate 
planes.     The  equations  to  the  three  surfaces  are  then, 
to  Sx ,  2x  +  ajj-  +  %h{yz  +  h^z-  + . . .  =  0, 

to  S2 ,  2y  +  a2z2  +  2h2zx  +  btf?  +  ...  =  < ), 

to  S8 ,  2z  +  a3x-  +  2hzxy  +  b3y2  + . . .  =  0. 

Near   the  origin,   on  the  curve   of    intersection    of    the 
surfaces  S1  and  S2,  x  and  y  are  of  the  second  order  of  small 
quantities,  and  hence   the  coordinates  of   a   point   of   the 
curve  adjacent  to  O  are  0,  0,  y.     The  tangent  planes  to 
Sx  and  S2  at  (0,  0,  y)  are,  if  y2  be  rejected,  given  by 
x+hjyy+^yz-0, 
y  +  a2yz  +  h2yx  =  0, 
and  they  are  at  right  angles ; 
therefore  }^-\-h%=0. 

Similarly,  we  have 

h2  +  h3  =  0,     A,,  +  /i1  =  0, 
and  therefore  h^  =  h2  =  //.,  =  0. 

Hence  the  coordinate  planes  are  the  planes  of  the  prin- 
cipal sections  at  O  of  the  three  surfaces  and  the  curve  of 
intersection  of  Sx  and  S2  touches  a  principal  section  of  Sx 
at  O.  But  O  is  any  point  of  S1;  and  therefore  the  curve 
touches  a  principal  section  at  any  point  of  its  length,  and 
therefore  is  a  line  of  curvature.  Similarly,  the  curve  of 
intersection  of  Sx  and  S3  is  a  line  of  curvature  of  Sr 

Ex.  1.     By  means  of  Ex.  8,  §232,  prove  that  if  two  surfaces  cut  at 

a  constant  angle  and  their  curve  of  intersection  is  a  line  of  curvature 
of  one,  then  it  is  a  line  of  curvature  of  the  other  :  also,  that  if  the 
curve  of  intersection  of  two  surfaces  is  a  line  of  curvature  on  each, 
the  two  surfaces  cut  at  a  constant  angle. 

Ex.  2.  Tf  a  line  of  curvature  of  a  surface  lies  on  a  sphere,  the 
surface  and  sphere  cut  at  a  constant  angle  at  all  points  of  the  line. 
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Ex.  3.  If  the  normals  to  a  surface  at  all  points  of  a  plane  section 
make  a  constant  angle  with  the  plane  of  the  section,  the  section  is  a 
line  of  curvature. 

235.  Curvature  at  points  of  a  generator  of  a  skew 
surface.  We  have  shewn  that  a  ruled  conicoid  can  be 
found  to  touch  a  given  skew  surface  at  all  points  of  a 
given  generator,  (§  218).  If  P  is  any  point  of  the  generator, 
the  generators  of  the  conicoid  through  P  are  the  inflexional 
tangents  of  the  skew  surface,  and  therefore  the  conicoid 
and  surface  have  the  same  indicatrix  at  P.  Hence  the 
sections  of  the  conicoid  and  of  the  surface  through  P  have 
the  same  curvature. 

Ex.  Investigate  the  principal  radii  of  a  skew  surface  at  points  of 
a  given  generator. 

Take  the  generator  as  .r-axis,  the  central  point  as  origin,  and  the 
tangent  plane  at  the  origin  as  o;;/-plane.  The  equation  to  the  conicoid 
which  has  the  same  principal  radii  is  then  of  the  form 

2  wz  +  2fyz  +  2kxy  +  by2  +  cz2 = 0. 

Whence  at  (x,  0,  0)  we  have 

—  hx  _  —  h  bw2-2fhxiv  +  ch2x2 

The  principal  radii  are  therefore  given  by 

JR2  4-  r2 

$2p2_?±±±(b82-2fx8+cx2)P-(82+x2)2=0, 
where  8  is  the  parameter  of  distribution  for  the  generator. 

236.  The  measure  of  curvature  at  a  point.  Gauss 
suggested  the  following  method  of  estimating  the  curva- 
ture of  a  surface  at  a  given  point.  Consider  a  closed 
portion,  S,  of  the  surface  whose  area  is  A.  Draw  from  the 
centre  of  a  sphere  of  unit  radius  parallels  to  the  normals 
to  the  surface  at  all  points  of  the  boundary  of  S.  These 
intercept  on  the  surface  of  the  sphere  a  portion  of  area  a, 
whose  boundary  is  called  the  horograph  of  the  portion  S, 
and  a  is  taken  to   measure   the   whole    curvature   of   the 

(1 

portion  S.  The  average  curvature  over  S  is  -j.  If  P  is 
a  point  within  S,  then  Lt-j  as  S  is  indefinitely  diminished 
is  the  measure  of  curvature  or  specific  curvature  at  P. 
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237.  Expressions  for  the  measure  of  curvature.     If 
/>,  and  i>.,  a/re  the  principal  radii  "!  a  point  P  the  measv/n 

of  curvature  at  P  is    — • 
J  P1P2 

Let  PQ,  PR,  (fig.  65),  be"  infinitesimal  arcs  of  the  lin< 

curvature  through  P,  and  let  QS  and  RS  be  arcs  of  fche  lines 

oi'  curvature  through  Q  and  R.     Then  the  normals  to  the 

surface  at  P  and  Q  intersect  at  Cx,  so  that 

and  the  normals  at  P  and  R  intersect  at  C2,  so  that 
PC,=  RC2  =  /52. 


Fig.  65. 


If  the  angles  PC^Q,  PC2R  are  S61  and  SO.,,  we  have 
PQ  =  plS61>     PR  =  p,S0.2, 
and  the  area  PQRS  is  p^SO^d.,. 

If  pqrs  is  the  horograph  corresponding  to  PQRS, 

2Jq  =  SOv     pr  =  SB,. 
Therefore  the  measure  of  curvature  at  P 

PQRS  pipJdJO*     Plp,' 

Gov.     The  measure  of  curvature  at  a  point  of  the  surface 

rt-s* 


z=f(x,  V)  is 


(l+p*+q*f 
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Ex.  1.  If  a  cone  of  revolution,  semivertical  angle  <x,  circumscribes 
an  ellipsoid,  the  plane  of  contact  divides  the  surface  into  two  portions 
whose  total  curvatures  are  27r(l  +  since),  2^(1  —sin a.). 

The  horograph  is  the  circle  of  intersection  of  the  unit  sphere  and 

the  right  cone  whose  vertex  is  the  centre  and  semivertical  angle  —  —  ol. 

Ex.  2.  Any  diametral  plane  divides  an  ellipsoid  into  two  portions 
whose  total  curvatures  are  equal. 

Ex.  3.     The  measure  of  curvature  at  a  point  P  of  the  ellipsoid 

—z+j^  +  -^  =  l  is    .f,2  2,  where  p  is  the  perpendicular  from  the  centre 

CL        0         C  CC  0  C 

to  the  tangent  plane  at  P. 

Ex.  4.     Prove  that  at  any  point  P  of  the  paraboloid  y2  +  z2  =  4ax, 

the  measure  of  curvature  is  ,  where  S  is  the  point  (a,  0,  0),  and 

that  the  whole  curvature  of  the  portion  of  the  surface  cut  off  by  the 

plane  x=x0  is  2sr(  1  — A/ — —  ). 
v  V         V  a  +  x0J 

Ex.  5.     At  a  point  of  a  given  generator  of  a  skew  surface  distant  x 

from  the  central  point  the  measure  of  curvature  is  -^ — —9,  where   S 
is  the  parameter  of  distribution.  (o  +x  ) 

Ex.  6.  If  the  tangent  planes  at  any  two  points  P  and  P'  of  a  given 
generator  of  a  skew  surface  are  at  right  angles,  and  the  measures  of 
curvature  at  P  and  P'  are  R  and  i£l3  prove  that  \J~R-\-slR\  is  constant. 

Ex.  7.  Find  the  measure  of  curvature  at  the  point  (x,  y,  z)  on  the 
surface  (f+z2)(2x-l)  +  2x3=0. 

Ex.  8.  The  binomials  to  a  given  curve  generate  a  skew  surface. 
Prove  that  its  measure  of  curvature  at  a  point  of  the  curve  is  —  1/cr2. 

Ex.  9.  The  normals  to  a  skew  surface  at  points  of  a  generator  lie 
on  a  hyperbolic  paraboloid.  Prove  that  at  any  point  of  the  generator 
the  surface  and  paraboloid  have  the  same  measure  of  curvature. 


CURVILINEAR  COORDINATES. 

238.  We  have  seen,  (§  185),  that  the  equations 
x=fx{TJ,V),  y=MU,V),  z=fz(U,V), 
where  U  and  V  are  parameters,  determine  a  surface.  If 
we  assign  a  particular  value  to  one  of  the  parameters,  say 
U,  then  the  locus  of  the  point  (x,  y,  z)  as  V  varies  is  a 
curve  on  the  surface,  since  x,  y,  z  are  now  functions  of  one 
parameter.  If  the  two  curves  corresponding  to  U  =  u, 
V=v,  pass  through  a  point  P,  the  position  of  P  may  be 


§§238,239]  DIRECTION-COSINES  OF  THE  NORMAL 


considered  as  determined  hy  the  values  /'.  and  v  of  the 
parameters,  and  these  values  are  then  called  the  curvilinear 
coordinates  of  the  point  P.  Thus  a  point  on  an  ellipsoid  is 
determined  in  position  if  the  parameters  of  the  coni 

hyperboloids  which  pass  through  it  are  known,  and  these 
parameters  may  be  taken  as  the  curvilinear  coordinate 
the  point.  If  one  of  the  parameters  remains  constant  while 
the  other  varies,  the  locus  of  the  point  is  the  curv-  of 
intersection  of  the  ellipsoid  and  the  hyperboloid  which 
corresponds  to  the  constant  parameter. 

Ex.  1.  The  helicoid  is  given  by  x=ucoa6,  y=ualn0,  z  =  cd. 
What  curves  correspond  to  «  =  constant,  0  =  constant? 

Ex.  2.  The  hyperboloid  of  one  sheet  is  given  by 
x_  A  +  /x  y _\  —  Kji  z _  A-/x 
a  ~  1  +  Aft'      b  ~  1  +  A/a'     c  "~  T+k/j. ' 

What  curves  correspond  to  A  =  constant,  /x  =  constant  ?  If  A  and  jm 
are  the  curvilinear  coordinates  of  a  point  on  the  surface,  what  is  the 
locus  of  the  point  when  (i)  A  =  /x,  (ii)  A/x  =  X? 

239.  Direction-cosines  of  the  normal  to  the  surface.  If 
O,  (tig.  66),  is  the  point  of  a  given  surface  whose  curvi- 


N 

P 

0 

M 

-V=v+6v 


V=v 


Fin.  66. 

linear   coordinates   are    n,  v,  the  direction-cosines  of  the 
tangents  at  O  to  the  curves  U=u,  V=  r.  are  proportional  to 

3-V)     2/lM     V«)  ^U>      1/  II  J     'If 

Therefore  if  I,  in,  n   are   the   direction-cosines   o'i   the 
normal  at  O  to  the  surface, 

lvlt  +  m;/H+n:,=0, 
lxv+myv+nzv=Q, 
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n  I  m  n  +1 

and = —  = ==  -j-—       _, 

VyPv    zuyv    zuxv    xuzv    xuyv    y^Xv    \  iLbr  —  h-1 

where  E  =  x2  +  y2  +  z2 , 

G=x*+yji+zji. 
(Of.  §  185.) 

Cor.     If  0  denotes  the  angle  NOM, 

cos8=Vle 

240.  The  linear  element.  An  equation  between  the 
curvilinear  coordinates  of  a  point  on  a  surface  represents  a 
curve  drawn  on  the  surface.  We  proceed  to  find  the 
relation  between  the  differentials  of  the  arc  of  the  curve 
and  the  coordinates. 

Let  O  and  P,  (fig.  66),  be  adjacent  points  of  the  curve 
and  have  cartesian  coordinates 

(x,  y,  z),     (x  +  Sx,y  +  Sy,  z  +  Sz); 
and  curvilinear  coordinates 

(u,  v),     (u  +  8u,  v  +  Sv). 
Then  x+Sx  =  x+xuSw+xvSv+... , 

y  +  oy  =  y+yJu+yv$v+... , 
z  +  Sz  =  z+zuSu+zvSv+... , 
and  hence  OP2  =  ESu2  +  2F8u Sv  +  G Sv2, 

if  cubes  and  higher  powers  are  rejected. 

Therefore  if  ds  is  the  differential  of  the  arc  of  the  curve, 
since  Lt(OP/6V)  =  l, 

ds2  =  Edu2  +  ZFdudv + Gdv2. 
The  value  of  ds  given  by  this  equation  is  called  the 
linear  element  of  the  surface. 

Ex.     For  the  surface  of  revolution, 

x=iicos9,    y  =  iisind,     z=f(u),     ds2  =  (l  +  f'2)du2  +  u2dd2. 
Find  /  if  ds2  =  z2  du2  +  u2  d&. 

241.  The  principal  radii  and  lines  of  curvature.    We 

can  find  the  principal  radii  at  a  point  of  the  surface  when 


.-241]  EQUATION  TO  LINES  OF  I  DBYATURE 


161 


the  coordinates  are  fundi'  [am- 

meters as  follow-  : 

The   normal   to  the  surface  is  the   principal  normal  of 
any  normal  section,  and  therefore  if  it  ha-  direction-cosines 
I,  77i,  n,  we  have  for  the  normal  section  whose  radii 
curvature  is  p, 

I  _ d-x     m  _ d-y     7\  _ d.-z 
p  ~  da8 '    p  ~  d*- '    p 

l_ld-;r+md-;/-\-l,d-z 
P 


Whence 
But 


ds>  

dx  =  xudv.  +  j 
and      d'\r  =  ;cuudAL-  +  2xuyhid.v  +  xr,d>:'2  +  ;i  — 

and  we  have  similar  expressions  for  dy,  ds,  dFy  and  d-z. 


(1) 


Again, 


iJBAJtf.     m  = 


- 


xjj.-yjc* 


H 


where  H-  =  EG  —  F-. 

Substituting  these  in  (1)..  we  obtain 

H    E'dv-  +  2F'dudv+(~ 


P 

"  Edv?+2Fdu,dv+Gd 

where 

E'  = 

CfllU'         "^UK 

F'  =     r 
>       -1      —     ''■Mr' 

2/-r, 

~nr 

> 

«., 

2/u'        -u 

r 

y«, 

-'n 

J! 

'-  R ) 

Vv,         - 

''-  ■  ■ 

y., 

: 

G'  = 

'^rr>        Jfwmi        ~  cr     • 

'-'w>        tfrni 

./•r. 

y,. 

- 

(2) 


Equation  (2)  may  be  written 

du-(EE-E'p)  +  2dudv{FH-Fp)  +  dv-(GH-Crp)  =  0,{S) 

and  gives  two  values  of  dw.dv  which  correspond  to  the 
two  normal  sections  with  a  given  radius  of  curvature.  It 
p  is  a  principal  radius  the  values  coincide.  Therefore  the 
principal  radii  are  given  by 

p2(E'G'-F-)-HP{EG  +GE-2FF)  +  Hi  =  Q.  ...(4) 
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If  p  is  a  principal  radius,  by  (3)  and  (4), 
Edu+Fdv  _  Fdu  +  Gdv  _  p 
E'du + F'dv  ~  F'du +G'dv~  ~Hy 
and  therefore  for  a  line  of  curvature, 

d<u?(EF'  -  E'F)  -  dudv(GE'  -G'E)  +  dv2(FG'  -F'G)=  0.  (5 ) 

E'G'-F'2 


Cor.  1.     The  measure  of  curvature  is 
Cor.  2.     For  an  umbilic 


E^_F_G* 
E'~  F'~Gr 


Equation  (2)  may  also  be  obtained  as  follows  : 

If  0,  (x,  y,  z)  is  the  point  considered,  and  P,  (x  +  8x,y  +  8y,  z  +  8z) 
is  an  adjacent  point  on  a  normal  section  through  0,  p,  the  radius  of 
curvature  of  the  section,  is  given  by 

T,  OP2 

where  p  is  the  perpendicular  from  P  to  the  tangent  plane  at  0.     The 
equation  to  the  tangent  plane  is  2(£  —  x){yuzv  —  2„y„)  =  0,  and 

x  +  8x=x+(xu8u+xv8v)  +  ^(xuu8u2  +  2xuv8u8v  +  xvv8v2) ;  etc. 

tt  1,8x{yuzv-zuyl) 

Hence  p  =        w  *  '- 

\fZ,(i/uZv-Zuyv)2 

_~2(xuu8u2  +  2xuv8uSv  +  xm8v2)(yuzv  -  zuyv) 
~  2H 

_E'8y2  +  2F'8u8v  +  G'8v2 
2H 
Therefore,  since    LtOP2=Fdu2  +  2Fdudv  +  Gdv2, 
H_  E'du2  +  2F'dudv  +  G'dv2 
p  ~  Fdic2  +  2Fdudv  +  Gdv2' 

Ex.  1.     Find  the  principal   radii   and  lines  of  curvature  of  the 

surface  z=f(x,  y). 

Take  m  =  j,  v=y,  then 

xu=l,  yu  =  0,  zu=p;     x„  =  0,  yv  =  l,  zv  =  q; 

^uu      yiiu       Xuv  =z]/uv z=  ^J 

Hence     E=\+p2,  F=pq,  G  =  l+q2,  H2  =  EG- F2  =  l+p2  +  q2 ; 
E'=r,  F'  =  s,  G'  =  t; 

and  on  substituting  in  equations  (4)  and  (5),  we  obtain  the  equations 
of  §  232. 

*  The  student  will  find  the  methods  of  curvilinear  coordinates  discussed 
and  applied  in  a  recent  treatise  on  Differential  Geometry  by  L.  P.  Eisenhart, 
(Ginn  &  Co. ).  He  is  also  referred  to  Applications  GSome'triques  du  Calcul 
Differentiel,  W.  de  Tannenberg  ;  Theorie  des  Surfaces,  Darboux  ;  Geometria 
Differenziale,  Bianchi. 


§241]         EXAMPLES  ON    LINES  OF  CURVATl  RE 

Ex.2.     A  ruled  surface  is  generated  bj  the  lnip.iin.il-  <.t  a  given 
curve.     Find  the  principal  radii  al  a  poinl  distant  r  from  the  curve. 
The  coordinates  of  the  poinl  are  given  l>y 

and  are  functions  df  a  and  r.    Taking  u=a  and  0    /-,  and  applying 
Frenet's  formulae,  we  obtain 

E=l+^t    F=0,    0=1,    If=<\Jl+'" 


ir- 


Therefore  the  principal  radii  are  given  by 

Ex.  3.      Find  the  measure  of  curvature  at  the  line  of  striction. 
The  curve  is  the  line  of  striction,  and  when  r  =  0,  the  measure  of 
curvature  is  —  1/cr2. 

Ex.  4.     Apply  the  method  of  curvilinear  coordinates  to  prove  that 
the  principal  radius  of  a  developable  at  a  distance  I  along  a  generator 

7 

from  the  edge  of  regression  is  — . 

Ex.  5.     Apply  the  method  of  curvilinear  coordinates  to  prove  that 

It"  -4-  C" 

for  the  helicoid  x  =  ucos  0,  y  =  usir\  0,  z  =  c9,  p\  =  -  p*= — ■ — >  and  that 
the  lines  of  curvature  are  given  by  dd  =  —== 

Vtt'^  +  C2 

Ex.   6.     Find   the   locus   of  points   on  the  helicoid  at  which  the 
measure  of  curvature  has  a  given  value. 

Ex.  7.     For  the  surface 

x_u  +  v     y  _u  —  v       _uv 

prove  that  the  principal  radii  are  given  by 

a2b*pp  +  kahp  (a-  -  lr  +  u v)  —  k*  =  0, 
where  4&2  =  4«202 +a2(u-  r)-  +  b- ( u  +  » )'-, 

and  that  the  lines  of  curvature  are  given  by 
du  ±  dp 

*Ja?  +  b2  +  u*     *Ja?  +  b-  +  r-' 
Ex.  8.     For  the  surface 

#=3tt(l  +  i'2)  -  ms,    y  =  Zv (1  +  v-)  -  r-\     :  =  3»2  -  3c2, 
the  principal  radii  at  any  point  are 

and  the  lines  of  curvature  are  given  by  u=al,  v  —  a.,,  where  <ir,  and  n.: 
are  arbitrary  constants. 

B.G.  Z 
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Ex.  9.     The  squares  of  the  semi-axes  of  the  confocals  through  a 
point  P  on  the  conicoid 

a      o      c 
are    ax  =  a-X,  bt  =  b  —  X,  Cj  =  c-A;    a2  =  a  —  p,  b2  =  b-p.,  c2  =  c-p. 
Taking  A  and  p.  as  the  curvilinear  coordinates  of  the  point,  prove 

tf.^W  F=0,      4G=^-V; 

iST  '  A//   a^^ '  '      i?"       '  Aju,   a2&2c2 ' 

Deduce  that  ;T?-  .^— = 

and  that  the  lines  of  curvature  are  A  =  constant,  p  =  constant. 
If  I,  in,  n  are  the  direction -cosines  of  the  normal  to  the  surface, 

E' 

rr  =  ~'"XUU:=        <-,vuXU) 

since  2fo?„=0. 


We  have  also  l=tL  =  a/- ,  etc. 

a       "  Au  a 


A/a 

Ex.  10.     Prove  that  if  i^  and  F'  are  zero,  the  parametric  curves 
are  lines  of  curvature. 


Examples  XIII. 

1.  Prove  that  along  a  given  line  of  curvature  of  a  conicoid,  one 
principal  radius  varies  as  the  cube  of  the  other. 

2.  Prove  that  the  principal  radii  at  a  point  of  the  surface  xyz=a? 
are  given  by  9  _,_  6 

where  p  is  the  perpendicular  from  the  origin  to  the  tangent  plane  at 
the  point.     Shew  that  this  equation  can  be  written  in  the  form 


„2  yl  £2 


3x2+pp    3y2+pp    3z2+pp 
and  that  if  (£,  77,  Q  is  a  centre  of  principal  curvature  at  (.?•,  y,  z), 


,+^-+: 


2x-g    2y-rj    2z-{; 

3.  Find  the  principal  radii  of  the  surface  a2x2=z2(x2+y2)  at  the 
points  where  x=y=z. 

4.  Prove  that  the  cone 

hxy  =  z  {\lx2+z2  +  sly2 + z2) 
passes  through  a  line  of  curvature  of  the  paraboloid  xy  =  az, 


ch.  xvi. |  EXAMPLES   XIII. 

5.  For  t  be  surface 

X      a  COS  0,      //      "in  <K 

prove  that  tin-  angles  that  tin;  lines  "I  curvature  make  with   tin: 
generators  are  given  l>y 

tana </>+•£-  ~t-^ tan  ci  -  1  =0. 

f  «/&»+/» 

6.  For  a  rectangular  hyperboloid,  (in  which  tin-  asymptotic  cone 
has  three  mutually  perpendicular  generators),  tin-  normal  chord  it 
any  point  is  tin;  harmonic  mean  between  the  principal  radii. 

7.  PT  is  tangent  at  P  to  a  curve  on  an  ellipsoid  along  which  the 
measure  of  curvature  is  constant.  Prove  that  tin;  normal  section  of 
the  ellipsoid  through  PT  is  an  ellipse  which  has  one  of  its  vertices  ;it  P. 

8.  Prove  that  at  a  point  of  the  intersection  of  the  cylindroid 
z(x'1+yi)  =  mxy  and  the  cylinder  (.<-•'+, '/-)"=■  k-(i-  -  >/•)•  the  measure  of 

curvature  of  the  former  varies  as  — =. 

9.  The  principal  radii  at  a  point  P  of  a  surface  arc  p,  and  />.  and 
the  radius  of  curvature  of  a  normal  section  through  P  is  It.  Shew 
that  the  normal  to  the  surface  at  a  neighbouring  point  Q  on  the  section 
distant  s  from  P,  makes  with  the  principal  normal  to  the  section  at  Q 
an  angle  ,,      ,      n  1W ,,  .  IMi 

10.  Prove  that  the  lines  of  curvature  of  the  paraboloid  xy  =  a:  lie 

on  the  surfaces 

sinh-1  -  ±  sinh-1  -  =  A, 

a  a 

where  A  is  an  arbitrary  constant. 

11.  Shew  that  the  sum  or  difference  of  the  distances  of  any  point 
on  a  line  of  curvature  of  the  paraboloid  xy=az  from  the  generators 
through  the  vertex  is  constant. 

12.  A  curve  is  drawn  on  the  surface 

2z  =  rx"  +  2sxy  +  ty2 

touching  the  axis  of  x  at  the  origin  and  with  its  osculating  plane 
inclined  to  the  2-axis  at  an  angle  <p-     Prove  that  at  the  origin 

x"  =  0,    y"  =  r  tan  <£,     z"  =  r,     x'"  =  -  r°-  sec2<p,     :'"  =  3rs  tan  c/>. 

13.  Prove  that  the  whole  curvature  of  the  portion  of  the  paraboloid 
xy  =  az  bounded  by  the  generators  through  the  origin  and  through  the 
point  (x,  y,  z)  is  « 

-  tan-1  

vy'¥  +  :-x-  +  x-/r 

14.  Prove  that  the  differential  equation  of  the  projections  on  the 
.ry-plane  of  the  lines  of  curvature  of  the  ellipsoid 

a-     o-     c- 
is  pbixydx*-(pbW+<m^2+aab^)dxdy+a.a*xydy*t=Oi 

where  a  =  62-r2,     {3  =  <"-«-,     y  =  a--b-. 
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Deduce  that 

(ou»y  -  fib2)  (xy  -£,  +p*x  -pyj  =  0, 

where  p  =  —  ,  and  hence  shew  that  the  integral  of  the  equation  is 
r     dx 

X       k  -0La%-j8&8' 
where  k  is  an  arbitrary  constant. 

Prove  that  if  k  =  ^  2)  2 — r{  this  reduces  to 

a2{a2-k)     62(62-A)      ' 

and  deduce  that  the  lines  of  curvature  are  the  curves  of  intersection 
of  the  ellipsoid  and  its  confocals. 

15.  Prove  that  the  measure  of  curvature  at  points  of  a  generator 
of  a  skew  surface  varies  as  cos4#,  where  6  is  the  angle  between  the 
tangent  planes  at  the  point  and  at  the  central  point. 

16.  Prove  that  the  surface 

4a  V  =  (x2  -  2a2)  ( y2  -  2a2) 
has  a  line  of  umbilics  lying  on  the  sphere  x2+y2  +  z2  =  4a2. 

17.  A  ruled  surface  is  generated  by  the  principal  normals  to  a 
given  curve  ;  prove  that  at  the  point  of  a  principal  normal  distant  r 
from  the  curve  the  principal  radii  are  given  by 

>V(^[£-£(H)K(^)*+£j=* 

What  are  the  principal  radii  at  points  of  the  curve? 

18.  If  I,  m,  n  are  the  direction-cosines  of  the  normal  at  a  point  to 
the  surface  z=f(x,  y)  the  equation  for  the  principal  radii   can   be 

Written  1      \m     3m\     S(U)=Q 

p2     p\dx     ~dyj     ~d(x,  y) 

19.  Prove  that  the  osculating  plane  of  the  line  of  curvature  of  the 
surface  2     ,.2     i 

2s = — +tL  + ±  (ax3  +  Zbx2y  +  3cxy2  +  dy5)..., 
Pi     P2     3 

which  touches  OX,  makes  an  angle  <j>  with  the  plane  ZOX,  such  that 

tanc/>=^M, 
Pa- Pi 

20.  Prove  that  for  the  surface  formed  by  the  revolution  of  the 
tractrix  about  its  axis 

z  =  a(  logtsm~-  +  cos(f) J,     «  =  asin<£, 

and  that  the  surface  has  at  any  point  a  constant  measure  of  curvature 
-<xr\ 


(ii.  xvi. I  EXAMPLES  Xlll. 

21.  If  i be    hi  face  of  revolut ion 

x  —  uvo^tj,    y    unn$,    t     f(u) 

is  a  minimal  surface,  /'(I  +f'")  +  vf"=0. 

Hence,  shew  that  the  only  real  minimal  olution  i 

formed  by  the  revolution  of  a  attenarj  aboul  il    directrix 

22.  At.  a  point  of  the  curve  of  intei  lection  ol  the  paraboloid 

;iml  the  byperboloid  ,'-+//'■- i-  +  c-  —  0  the  principal  radii  "t  the  para- 

Idtloid  arc  —  (1  I  x-J.). 

23.  The  principal  radius  of  a  cone  at  any  poinl  "i  its  curve  of 

intersection  with  a  concentric  sphere  varies  ae  (sin  Asm/*)*,  where 
A  and  ju  are  the  angles  that  the  generator  through  the  point  makes 
with  the  focal  lines. 

24.  A  straight  line  drawn  through  the  variable  poinl 

P, (acos<£,  a  sin  ./»,  0), 

parallel  to  the  zr-plane  makes  an  angle  (i,  where  0  is  some  function 
of  </>,  with  the  2-axis.  Prove  that  the  measure  of  curvature  at  P  of 
the  surface  generated  by  the  line  is 

cos2<ft  (<W\2 

^(l-siiiWinVO-  ™V  ' 

25.  A  variable  ellipsoid  whose  axes  are  the  coordinate  axes  touches 
the  given  plane px+qy+rz—l.     Prove  that  the  locus  of  the  cent  I 
principal  curvature  at  the  point  of  contact  is 

(p.v  +  qy  +  1-2-1)  (p3//-  +  </[:.>:  +  r\n/)  =  xi/z(p2  +  <f  +  /•-)-. 


[CH.  XVII. 


CHAPTER  XVII. 
ASYMPTOTIC  LINES. 

242.  A  curve  drawn  on  a  surface  so  as  to  touch  at  each 
point  one  of  the  inflexional  tangents  through  the  point  is 
called  an  asymptotic  line  on  the  surface. 

243.  The  differential  equation  of  asymptotic  lines.    If 

lx,  mv  nt  are  the  direction-cosines  of  the  tangent  to  an 
asymptotic  line  on  the  surface  z=f(x,  y),  we  have,  from 
§181,  rZ^+^ij^+tfrn^'O; 

whence,  as  in  §  232,  the  differential  equation  of  the  pro- 
jections on  the  «2/-plane  of  the  asymptotic  lines  is 
r  dx2 +  2sdxdy-\-tdy2  =  0. 
It  is  evident  from  the  definition  that  the  asymptotic 
lines  of  a  hyperboloid  of  one  sheet  are  the  generators. 
This  may  be  easily  verified  from  the  differential  equation. 
If  the  equation  to  the  hyperboloid  is  x2la2  +  y2/b2  —  z2/c2  =  l, 

_c2x         _c2y         _--cY-I     qj"\        _—cixy 
P~¥~z'    q~¥z>     r~a2zA      t2)'     S~^W' 

l~b2zAl     aV 
Whence  the  differential  equation  becomes 

or  y  =  yxx  +  sjdly2  +  b2,     where  y1  =  -£. 

This  equation  is  clearly  satisfied  by  the  tangents  to  the 
ellipse    0  =  0,   x2/a2  +  y2/b2=l,    or   the    projections   of  the 


or  j  - 
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asymptotic  lines  are  the  tangents.     We  also  have  proved, 

($104),  that  the  projections  of  the  general  the 

tangents. 

244.  The  osculating  plane  of  an  asymptotic  line.  If  /, , 
mv  nx  are  the  direction-cosines  of  the  tangent  to  an 
asymptotic  line, 

plx  +  qmx  —  7ij  =  0. 

Therefore,  by  Frenet's  formulae, 

A+?m.2-»,  ft 

P 

Whence = =  

mln2  —  m.2ril     nxL1  —  n^l     llm.,  —  l2ml' 

P  _  9  _  ~~  1 
8~m8"  n:i  ' 

Therefore  the  binomial  of  the  asymptotic  line  is  the 
normal  to  the  surface,  or  the  tangent  plane  to  the  surface 
is  the  osculating  plane  of  the  asymptotic  line. 

Cor.  1.  The  two  asymptotic  lines  through  any  point 
have  the  same  osculating  plane. 

Cor.  2.  The  normals  to  a  surface  at  points  of  an 
asymptotic  line  generate  a  skew  surface  whose  line  of 
striction  is  the  asymptotic  line. 

245.  The  torsion  of  an  asymptotic  line.  Consider  the 
asymptotic  lines  through  the  origin  on  the  surface 

*.*+*+.„. 

Fi     P-2 
The  tangents  make  angles  +«.  with  the  .'-axis,  where 

tan  a  =  a/ — — .     Hence,  for  one  asymptotic  line, 

^=cosa,        7)^  =  sin  a,     9^=0 
and  l2=  —sinoL,     m.2  =  Qosa.,     )?.2  =  0. 

Also,  from  S  244,       L=   ,      -- 
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Therefore  if  d(3  is  the  differential  of  the  arc  of  the  line, 

o-      VI+F+?2     Pdpl+P+q)    ■ 

But  at  the  origin,  r  =  l/p1,     s  =  0,    £>  =  0,     q  =  0. 

mi       j,  sin  a     cosoc 

1  nereiore  = , 

a  Pl 

1      1      ,  [=1 

or  -  =  — cota  =  A/ 

o-     Pi  P1P2 

Cor.     The  two  asymptotic  lines  through  a  point  have 

the  same  torsion. 

The  asymptotic  lines  of  a  developable  surface  are  the  generators, 
and  the  osculating  plane  of  an  asymptotic  line  is  the  same  at  all 
points  of  the  line.  Hence  l/cr  =  0.  But  one  of  the  principal  curva- 
tures is  also  zero,  and  thus  the  equation  -  =  \/ is  verified  for 

developable  surfaces.  °"         ^2 

For  a  hyperboloid  of  one  sheet,  the  asymptotic  lines  are  also  the 
generators,  but  the  osculating  plane  of  an  asymptotic  line  is  not  the 
same  at  all  points  of  the  line.     The  osculating  plane  at  each  point  of 

the  line  is  determinate,  however,  and  -  has  a  definite  value  A/ 

at  each  point.  The  value  is  the  rate  at  which  the  tangent  plane  is 
twisting  round  the  generator.  We  have  thus  an  instance  of  a  straight 
line  with  a  definite  osculating  plane  at  each  point. 

Ex.  1.     Prove  that  the  projections  of  the  asymptotic  lines  of  the 

paraboloid  %z=—^—  %»  on  the  ^y-plane  are  given  by  -±t  =  A,  where  A 

is  an  arbitrary  constant. 

Ex.  2.  Find  the  differential  equation  to  the  projections  of  the 
asymptotic  lines  of  the  conoid 

x  =  u  cos  6,    y = u  sin  6,    z  =/(  6). 

Using  the  values  of  p,  q,  r,  s,  t,  given  in  Ex.  12,  §  232,  we  obtain 

(i)  dd=0,     or     (ii)  2^=z^d9. 

u       z 

From  (i)  6  =  a.,  where  a.  is  arbitrary,  and  hence  one  asymptotic  line 
through  each  point  is  the  generator. 
From  (ii)  u2  =  kz',  where  A  is  arbitrary. 

Ex.  3.     Prove  that  the  asymptotic  lines  of  the  helicoid 

x=ucos0,    y=usind,     z=c9 

consist  of  the  generators  and  the  curves  of  intersection  with  coaxal 
right  cylinders. 
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Ex.4.     Prove  thai  the  projection  on  the  ry-plan<  tsymptotic 

line  of  the  cylindroid 

X  =  u  cos  #,    .y  =  U  si n  0,     ~  =  in  >\w  -Hi 
is  a  Lemniscate. 

Ex.  5.     Prove  that  the  projections  on  the  ry-plane  .V"M'' 

totic  linos  of  the  conoid 

./•  =  u  cos  6,    y  =  u  sili  6,    z  =  uc"i(> 

aie  equiangular  spirals. 

Ex.  6.     Prove  that  the  differential  equation  to  the  projections  on 

the  .<y/-plane  of  the  asymptotic  lines  of  the  Burface  of  revolution 

x=iicosd,    y=uam0,    «=/(«) 

is  fdu2+usfddi—0.  where  z'=~-,     z"^ 

du  du- 

Ex.  7.     Find  the  asymptotic  lines  of  the  cone  z=  //  c<»t  </_ 

Ex.  8.  For  the  hyperboloid  of  revolution  ----^  =  1,  prove  that 
the  projections  of  the  asymptotic  lines  on  the  .ry-plane  are  given  by 

u  —  asec(8-0L), 
where  a.  is  an  arbitrary  constant. 

Ex.  9.  The  asymptotic  lines  of  the  catenoid  u=ccosh  '  lie  on  the 
cylinders  2u  =  c(aee  +  a^c6),  where  a  is  arbitrary. 

Ex.  10.  Find  the  curvatures  of  the  asymptotic  lines  through  the 
origin  on  the  surface 

p,     p.,     .3  9 

Differentiating  rll2  +  2sl-l;m1  +  fm{:  =  0,  we  obtain 
—  2 

For  one  line,  ^cosa.,  w1  =  sina.,  nr=0  ;    fo=-sina.,  mucosa., 

n.,—0,  where  tan2a.=  — — •    And  at  the  oriein,   r=— a  s—0,  t=—, 
Pi  />,  fH 

s-*  dy=d^=b>  ^=?i-=c'  ^7rd-  * hencc  (1)  becomes 

1-        -PIP2       f     Cpl       ,„,     /-,„,    / *P%] 

P     2(pl-p2)*  W-pa  '-     sV1 

To  obtain  the  curvature  of  the  other  line  we  must  change  the  sign 
of  s/ -p». 

Ex.  11.  The  normals  to  a  surface  at  points  of  an  asymptotic  line 
generate  a  skew  surface,  and  the  two  surfaces  have  the  same  measure 
of  curvature  at  any  point  of  the  line. 
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Ex.  12.     In  curvilinear  coordinates  the  differential  equation  to  the 
asymptotic  lines  is 

E'dui  +  2F'dicdv  +  G'dv'i=0. 

Apply  the  method  of  curvilinear  coordinates  to  Exs.  3,  4,  6. 

Ex.  13.     Prove  that  the  asymptotic  lines  of  the  surface 

x—v  —  2w  —  e~u,    y  =  ev~u,     z=eu  —  v 

lie  on  the  cylinders 

zy  +  ay  —  ea  =  0,     xy  +  by  +  e~b  =  0, 

where  a  and  b  are  arbitrary  constants. 

Ex.  14.     For  the  surface 

x  _u+v     y_u  —  v      ,_iiv 
a~    2    '     b~    2    '     S~~2~' 

the  asymptotic  lines  are  given  by  u  —  X,  v  =  fx,  where  A.  and  //,  are 
arbitrary  constants. 

Ex.  15.     For  the  surface 

x  =  3io(l+v2)-zis,     y=Sv(l  +  ic2)-vi,     z=2u2-3v2, 

the  asymptotic  lines  are  u  ±  v  =  constant. 

Ex.  16.     Prove  that  the  asymptotic  lines  on  the  surface  of  revolu- 

.r  =  Mcos#,     y=usm9,     z=f(u), 

where  z=a(  log  tan  ^  +  cos  c£  j   and   u  =  asin<j} 

are  given  by  d6=±  — 


sin  (f) 


GEODESICS. 

246.  A  curve  drawn  on  a  surface  so  that  its  osculating 
plane  at  any  point  contains  the  normal  to  the  surface  at 
the  point  is  a  geodesic.  It  follows  that  the  principal  normal 
at  any  point  is  the  normal  to  the  surface. 

An  infinitesimal  arc  PQ  of  a  geodesic  coincides  with  the 
section  of  the  surface  by  the  osculating  plane  at  P ;  that  is, 
with  a  normal  section  through  P.  Therefore,  by  Meunier's 
theorem,  the  geodesic  arc  PQ  is  the  arc  of  least  curvature 
through  P  and  Q,  or  the  shortest  distance  on  the  surface 
between  two  adjacent  points  P  and  Q  is  along  the  geodesic 
through  the  points. 
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Ex.  1.  The  principal  normal  to  a  righl  helis  u  the  norma]  to  the 
cylinder,  and  hence  the  geodesies  on  a  cylinder  are  the  beiioet  that 
can  be  drawn  on  it. 

Ex.  2.  If  a  geodesic  is  either  a  plan''  curve  or  a  line  of  curvature, 
it  is  both.    (Apply  g  230.) 

247.  Geodesies  on  developable  surfaces.     11  the  surface 

is  a  developable,  the  infinitesimal  arc  PQ  is  unaltered  in 
length  when  the  surface  is  developed  into  a  plane.  There- 
fore if  a  geodesic  passes  through  two  points  A  and  B  of  B 
developable,  and  the  surface  is  developed  into  a  plane,  the 
geodesic  develops  into  the  straight  line  joining  the  points 
A  and  B  in  the  plane. 

Ex.  1.     The  geodesies  on  any  cylinder  are  helices. 
When  the  cylinder  is  developed  into  a  plane,  any  helix  develops 
into  a  straight  line. 

Ex.  2.  An  infinite  number  of  geodesies  can  be  drawn  through  two 
points  A  and  B  of  a  cylinder. 

If  any  number  of  sheets  is  unwrapped  from  the  cylinder  and 
A',  A",  A'",  ...  ,  B',  B",  B"',  ...  are  the  positions  of  A,  B  on  the  plane  so 
formed,  the  line  joining  any  one  of  the  points  A',  A",  A'",  ...  to  any 
one  of  the  points  B',  B",  B'",  ...  becomes  a  geodesic  when  the  sheets 
are  wound  again  on  the  cylinder. 

Ex.  3.     If  the  cylinder  is  .v2+>/2  =  a'2,  and  A  and  B  are 
(a,  0,  0),     (a  cos  ex.,  a  sin  a.,  b), 
the  geodesies  through  A  and  B  are  given  by 

a  •    a       '        hQ 

x=acosU,    i/  =  a$mv,    z  =  - -. 

•'  2mr  +  a. 

248.  The  differential  equations  to  geodesies.  From 
the  definition  of  a  geodesic,  we  have 

d2x     d2y     d2z 

ds2  _  ds2  _  ds2  . 

Fx~y;~y; (l) 

for  geodesies  on  the  surface  F(x,  y,  z)  =  0,  and 
d2x    d2y     d2z 
ds2  _  ds2  _  ds2  ■ 

~"  9.      ~ (" 

for  geodesies  on  the  surface  z=f(pc,  y). 

If  an  integral  of  one  of  the  equations  (1)  can  be  found,  ir 
will  contain  two  arbitrary  constants,  and  with  the  equation 
to  the  surface,  F(x,  y,  z)  =  0,  will  represent  the  geodesies. 
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Similarly,  an  integral  of  one  of  the  equations  (2)  and  the 
equation  z=f(x,  y)  together  represent  the  geodesies  of 
the  surface  z  =f(x,  y). 

Ex.  1.     Eind  the  equations  to  the  geodesies  on  the  helicoid 

x=ucos9,    y  =  usin9,     z  =  c6. 

tti  j     •  n         n     n  -,  sin  0  dz  cos  0  dz 

h or  a  geodesic,    qx  -py  =0,     and    p= =-=,  q  = --tt>', 

u     ad  u     do 

therefore  x"  cos  0+y"  sin  9  =  0 

or  u"-u&2=0 (1) 

But  x'2  +  y'2  +  z>2  =  l   . 

therefore  u'2+(u2  +  e2)9'2=l (2) 

Hence,  from  (1 ),  u{\  —  u'2)  =  {u2 + c2)  u", 

which  gives,  on  integrating, 

1-11*=       .-,  .„ 

where  k  is  an  arbitrary  constant. 

Eliminating  ds  between  this  equation  and  equation  (2),  we  obtain 

a  first  integral  ,  ,  , 

s  ,„_ ±  kdu 

whence  the  complete  integral  can  be  found  in  terms  of  elliptic 
functions. 

Ex.  2.     Find  the  differential  equation  to  the  projections  on  the 
ay-plane  of  the  geodesies  on  the  surface  z=f(x,  y). 

If  lx,  mx,  nx  are  the  direction-cosines  of  the  tangent  to  a  geodesic, 

and  -  is  its  curvature, 

l_rlx2+2slxmx  +  tmx2     (§225) 
P  \'l+p2  +  q2 

But  by  Ex.  10,  §  204,  the  radius  of  curvature  of  the  projection  on 

the  .zy-plane  is  p"   ~ni'  . 

n3 

And  n3  =  lxm2  -  l2mx  =  -J3™1  ~  ^  *= . 

v  1  +p2  +  q2 

Therefore  the  radius  of  curvature  of  the  projection  is 

(  pm^  ~qlx)  (rlx2  +  2slxmx  +  tmx2) ' 
Hence,  at  any  point  of  the  projection  we  have 

{l+(!)f    oW){1+(!)f 


%     (pS-?)(r+2'^+<(l)!} 
Sa^+?^{,+2s|+((|)2}(,g-?). 
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249.  Geodesies  on  a  surface  of  revolution.  The  equa- 
tion to  any  surface  <>i'  revolution  ia  of  the  form 

:    ,/u  .<■'  I  y  I    or    z=f(u). 

Hence  p  =  -f     and     Q=     f. 

(1  il         ( i~  c 

But  for  a  geodesic,    p^  =  q-^r2- 

Therefore 

'/->■       cZ2?/     _  d(   doc       <ly\     « 

•''./»=-'\w=°  or  ;/,(■",/«-'■,/ J =°- 

TT  cfcc       cZv 

Hence  v  —, —  x  -f2  =  —  c, 

•',ls       da 

where  c  is  an  arbitrary  constant. 
Change  to  polar  coordinates,  where 

x  =  ucosO,  y  =  us\nO, 

x'  =  u'  cos  6  —  uB'  sin  0,     y'  =  u'  sin  0  +  uO'  cos  0, 

and  we  get  u2-r-  =c. 

Ex.  1.     If  a  geodesic  on  a  surface  of  revolution  cuts  the  meridian 

at  any  point  at  an  angle  cf>,  wsin  cf>  is  constant,  where  u  is  the  distance 

of  the  point  from  the  axis. 

d  ft 
We  have  sin<£  =  ?t-^-,  whence  the  result  is  simplv  another  form  of 

that  of  §  249.  ds 

Ex.  2.    Deduce  that  on  a  right  cylinder  the  geodesies  are  heli    - 

Ex.  3.  The  perpendiculars  from  the  vortex  of  a  right  cone  to  the 
tangents  to  a  given  geodesic  are  of  constant  length. 

If  O  is  the  vertex,  the  perpendicular  on  to  the  tangent  at  a  point  P 
=  OP  sin  <f>=u  cosecoLsin  <$>. 

Ex.  4.  Investigate  the  geodesies  through  two  given  points  on  a 
right  cone. 

Let  the  points  he  A  and  B.  (fig.  67),  and  take  the  :. '-plane  through  A. 
Let  the  semivertieal  angle  of  the  cone  be  <<_  and  the  plane  B07  make 
an  angle  /3  with  the  r.r-plane.  Suppose  that  A  and  B  are  distant 
a  and  b  from  the  vertex. 

If  the  cone  is  slit  along  OA  and  developed  into  a  plane,  the  distance 
of  the  vertex  from  any  tangent  to  the  geodesic  remains  unaltered, 
and  therefore  the  geodesic  develops  into  a  straight  line,  (cf.  >;  _47\ 
Figures  67  and  68  represent  the  cone  and  its  development  into  a 
plane.  The  circular  sections  of  the  cone  through  A  and  B  become 
ares  ,.f  concentric  circles  of  radii  a  ami  />,  and 
a  «r>      arcA.D,     are  AD      n   . 

-A>OD'=  o,a,  =  oa  -0«*«y.-y. 
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The  geodesic  develops  into  AjB,,  and  if  P,  any  point  on  AjBj,  has 
polar  coordinates  ;■,  \}r  referred  to  O^  as  initial  Tine, 
since  -O^Pj-f-  AOjPjB^  .lOABi, 

or  sin  ^js+br  sin  (y  —  \{r)=ab  sin  y. 

Now  the  relations  between  the  cylindrical  coordinates  11,  6  in  space 
and  the  polar  coordinates  ;•,  \fr  in  the  plane  are 

!/  =  /'sincx.,     ylr  =  6  sin  a., 

and  therefore  the  coordinates  of  any  point  of  the  geodesic  satisfy  the 
equation 

2r[ «  sin  (#  sin  ol) +  ?>  sin  (y-0  sin  a)}  =  a&  sin  a.  sin  7 (1) 

3, 


Pig.  67.  Fig.  6S. 

This  equation  represents  a  cylinder  which  intersects  the  cone  in  the 
geodesic. 

If  the  arcs  DjD.t,  DoDs.  ...  are  each  equal  to  the  circumference  of 
the  circle  in  the  plane  ADC.  the  positions  of  OB,  when  in  addition  to 
the  curved  sector  OAB  of  the  surface  of  the  cone,  one,  two,  ...  com- 
plete sheets  are  successively  developed  into  a  plane,  are  01B2,  OjBg  ... . 
If  Ax  and  B.2  are  joined  and  the  plane  sector  A^Bj  is  wrapped 
again  on  the  cone,  AjB2  becomes  a  second  geodesic  passing  through 
A  and  B  and  completely  surrounding  the  cone.  Similarly  AjB3  be- 
comes a  third  geodesic.  A-^,  however,  does  not  lie  on  the  sheets 
that  have  been  unrolled  from  the  cone,  and  hence  the  only  geodesies, 
(in  our  figure),  through  A  and  B  are  those  which  develop  into  Aj^Bj, 
AjB,,,  AXB3. 

It  is  clear  from  the  figure,  that  if  (ft  +  1)  geodesies  pass  through  two 
points  A  and  B,  and  the  angle  between  the  planes  through  the  axis 
of  the  cone  and  A  and  B  is  (3, 

sinoL((3  +  2)nr)<-. 

The  equations  to  surfaces  through  all  the  geodesies  through  A  and 
B  can  be  obtained  from  equation  (1)  by  writing  (/3  +  2;<— )sina.  for  y. 

If  A  and  B  are  points  on  the  same  generator  of  the  cone,  (3  =  ~2-. 
So  that,  if  we  are  to  have  any  geodesic  through  A  and  B, 

sin  a..  f3<—  or  sin  a.  <  i. 


§260]  GEODE8IC8   ON    I    I  OND  OID 

A  geod<   ic  "ii  a  cone  will  therefore  no(  ■ 

points  unleea  the  jemivertical  angle  "f  th<  cone  if  i*---  tha 

1 
Ex.  5.     Bind  the  length  of  t }i<-  geode  it  AB. 

i  I  na  AB-  —  «-  +  lr  -  -lull  coa  ([j  rin  '/.;. 

Ex.  6.     Find  tli»-  distance  of  tlie  vertex  from  anj   I 
geodesic  AB. 

Am   absin(ftH'ni(/-> 
AB 

Ex.  7.     If  A  and  B  are  pointfl  on  the  same  generator  OAB 
cone  aemivertical  angle  ol,  and  a  geodesic  through  A  and  B  rata  OA 
at  right  angles  at  A,  then  8ina<i.     Also  OB=acoeec(2s-suiaJ  and 
the  length  of  the  geodesic  air  AB  is  '/  tan(2-sin  «.). 

Ex.  8.     Shew  that  a  first  integral  of  the  equations  of  the  geodesies 

of  the  cone  u=z  tan  a  is  sin  u.<ltj  =  ± —  ,  and  deduce  the  equa- 

"\  /'-  -  k- 
tion  to  the  projections  of  the  geodesies  in  the  form 

tt  =  £sec(#sina.  +  <£), 

where  k  and  4>  are  arbitrary  constants. 

Ex.  9.     Determine  the  values  of  k  and  <£  if  the  geodesic  passes 
through  A  and  B,  and  deduce  the  equation  (1)  of  Ex.  4. 

250.  Geodesies  on  conicoids.  The  following  theorem 
is  due  to  Joachimsthal :  If  P  is  any  point  on  a  gee  - 
a  central  conicoid,  r  is  the  central  radius  parallel  to  the 
tangent  to  the  geodesic  at  P,  and  p  is  the  perpendicular 
from  the  centre  to  the  tangent  plane  to  tlie  surface  at  P, 
pr  is  constant. 

Let  the  equation  to  the  conicoid  be  ax2 +  by'2 +  (■:-  =  1. 

Then  at  any  point  of  a  geodesic, 

x^_£_z^_±Jx"2  +  y"2  +  z'^  ■  p  =  x  m 

"■'■     %     '■:      s --,•--'•-;  --     :        -  r       '       '  

where  p  is  the  radius  of  curvature  of  the  geodesic 
We  have  also      p  -  2  =  a2x-  +  //->/-  +  e- : '-. 

Whence  —  p  ~  :5y  >'  =  a  -xx'  +  b-yy'  +  < ■- : : '. 

—  r-3r'  =  ax'x"  +  by'y"  +  i:  :  . 

=  \{a'2xx'  +  b-i/>/'  +  c-::').  by  (1> 

Therefore  C  =  \P-. (2) 
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Again,  since  the  tangent  to  the  geodesic  is  a  tangent  to 
the  conicoid,  ,,:,v,/ _j_ hyy'  +  czz '=  0, 

and  therefore 

ax  -  +  by'-  +  cz'-=- (axcc" + byy"  +  czz") 
or  r~-  =  -A(aV  +  &y  +  c%2),  by  (1), 

=  -*p-2 (3) 

Hence,  combining  (2)  and  (3), 

r'p-\-p'r=0, 

and  therefore  pr  is  constant. 


^uce  p=  +  — 
(Cf.  §  226,  Ex.  2.) 


Cor,  1.     Since  X=  +  -,  from  (3)  we  deduce  p=  +  — 


"     —  v      ~  k  ? 


Cor.  2.     If  the  constant  value  of  pr  is  &, 

hence  along  a  given  geodesic  the  radius  of  curvature  varies 
as  the  cube  of  the  central  radius  which  is  parallel  to  the 

tangent. 

Ex.  1.  The  radius  of  curvature  at  any  point  P  of  a  geodesic 
drawn  or  a  conicoid  of  revolution  is  in  a  constant  ratio  to  the  radius 
of  curvature  at  P  of  the  meridian  section  through  P. 

If  a.  and  /3  are  the  axes  of  the  meridian  section  and  p1  is  its  radius 
of  curvature,  r/2p> 

and  we  have  from  £  250,  p  =  ±  -^. 

'         p6 

Ex.  2.     For  all  geodesies  through  an  umbilic,  p"=ae. 

Ex.  3.  Shew  that  the  theorem  of  §  250  is  also  true  for  the  lines  of 
curvature  of  the  conicoid. 

Ex.  4.  The  constant  pr  has  the  same  value  for  all  geodesies  that 
touch  the  same  line  of  curvature. 

Ex.  5.  Two  geodesies  that  touch  the  same  line  of  curvature 
intersect  at  a  point  P.  Prove  that  they  make  equal  angles  with 
the  lines  of  curvature  through  P. 

Ex.  6.  PT  is  the  tangent  to  a  geodesic  through  any  point  P  on  the 
ellipsoid  :e-  a'-+  ■/-  V-  —  z-  c-  =  l,  and  A,  //  are  the  parameters  of  the 
confocals  through  P.     PT  makes  an  angle   6  with   the  tangent   to 


§§260,261]  CUEVATURB  AND  TORSION  OF  GEODEfi 

n,,.  curve  of  intersection  of  the  ellipsoid  and   the  oonfocaJ    • 
parameter  is  A.     Prove  that 

kcosPB+ptAi  •    (where  pr=  I). 

The  central  Bection  parallel  to  the  tangent  plane  at  P,  referred 
to  ite  principal  axes,  baa  equation 

,/-     ,        .  cos-'/     Wk*6      1 

— \-'Ar  =  1,  whence 1 »— =— :• 

fx       A  p  A         /- 

We  have  also  p2=a-b-c-l  A/x,  and  the  result  immediately  follows. 

Ex.  7.  The  tangents  to  a  given  geodesic  on  an  ellipsoid  all  touch 
tin-  same  confocal. 

One  confocal  touches  the  tangent.  Suppose  that  its  naramfltar 
is  v.  If  the  normals  to  the  ellipsoid  and  confocals  through  P 
are  taken  as  coordinate  axes,  the  equation  to  the  cone,  vertex  P, 
which  envelopes  the  confocal  is 

-^-+-^+-=0. 

v  —  [M     r  —  A       v 

The  tangent  at  P  to  the  geodesic  is  a  generator  of  this  cone,  and 
since  its  equations  are 

x         y    _  £ 

cos  6    sin  0    0' 

v  =  A  cos2  6 4-  fj-  sin-  6  =  constan t . 

Ex.  8.     The  osculating  planes  of  the  geodesic  touch  the  confocal. 

251.  The  curvature  and  torsion  of  a  geodesic.  Consider 
a  geodesic  through  the  origin  on  the  surface 

P\      Pi 

If  the  tangent  makes   an   angle   0   with   OX.  then,  at 

the  origin, 

?j  =  cos  0,     n&j  =     sin  6,     nx  =  0  ; 

l2  =       0,     m.2  =  0,     7?.2  =  1: 

hence,  l3  =  sm0,     ?>?3=— cos0,     n$  =  0. 

We  have,  generally, 

7  -p  —q  1 

I.  = - in  -,  =  — = — 7?  ■>  = • 

-   vi+2>2+92'      a   si+p'+r      -   s'l+p'+r 

Whence,  differentiating  /.,  with  respect  to  a.  the  arc  of  the 
geodesic,  and  applying  Frenet's  formulae. 

P      cr      N/l_(-p--(-^-         c/a 

B.fS.  -  A 
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which  gives,  at  the  origin, 

cosfl     sinfl     cos  9 

P  °"  Pi 

Similarly,  differentiating  m2,  we  obtain, 

sinfl     cos  6  _  sin  6 

P  <r  P2 

Eliminating  <r,  we  have,  -  =  — \-  — — ,  a  result  obtained 

in  §§220,  221.  p        Pl  p* 

Eliminating  p,  we  have 

-  =  sin  6  cos  6  ( ). 

<r     •  \Pl     p2/ 

Cor.  1.     If   the   surface   is   developable,   so   that   —  =  0, 

Pi 
o-=  —  pt&nO,  where  6  is  the  angle  at  which  the  geodesic 

crosses  the  generator.     For  a  geodesic  on  a  cylinder,  6  is 

constant,  and  we  have  the  result  of  §  202. 

Cor.  2.  If  a  geodesic  touches  a  line  of  curvature,  its 
torsion  is  zero  at  the  point  of  contact. 

Cor.  3.  If  a  geodesic  passes  through  an  umbilic,  its 
torsion  at  the  umbilic  is  zero. 

Ex.  1.    Shew  that      i-=(I-JL)(J__I\ 

Ex.  2.  A  geodesic  is  drawn  on  the  ellipsoid  x2/a2+y2/b2  +  z2/c2=l 
from  an  umbilic  to  the  extremity  B  of  the  mean  axis.  Find  its 
torsion  at  B. 

a2  c2 

At  B,  Pi  =  -r,  />2=7">  and  therefore 

-=cos  tmn  u[-2 — 2  /• 

Also  pr  =  ac,  and  at  B,  p  =  b,  and 

1  _cos2#    sin20. 
r2       a?  e2 

1     b*ja?^b2sJW^c2 

whence  -= -^ 

o-  a-<y 

252.  Geodesic  curvature.  Let  p,  o,  c,  (fig.  69),  be 
consecutive  points  of  a  curve  traced  on  a  surface.  Along 
the  geodesic  through  P  and  O  measure  off  an  arc  OG  equal 
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to  po,  and  along  po  produced  a  length  ot  also  equal  to  po. 

po  is  ultimately  the  tangent  al  Oto  the  curve  or 

and  the  geodesic  touches  the  curve  at  o.     Denote  the  angle 

got  by  3\fs0,  tin:  angle  toc  by  o'«//.  tli.-  angle  goc  I 
Then,  if  OP  =  o\ 

Lt  ■■„    =  curvature  of  curves     ; 
on  p 

Lt  --—  =  curvature  of  geodesic  =  —  ; 

and  Lt  ,    is  defined  to  be  the  geodesic  curvature   of   the 
88  3 

curve.     Let  us  denote  it  by  — . 

'  Po 


G 


P  O  T 

Fig.  69. 

The  points  CGT  lie  on  a  sphere  whose  centre  is  O,  and 
therefore  the  arcs  CT,  TG,  GC  can  be  taken  to  measure  the 
angles  COT,  TOG,  GOC.  And  since  the  plane  OCG  is 
ultimately  that  of  the  indicatrix,  and  OGT  a  normal  section, 
the  angle  CGT  is  a  right  angle.     Hence, 

CT2  =  CG2  +  GT2 
or  S\Is'2  =  Se2  +  8\Js02. 

Therefore  *       *  +  J*; 

P      Pi     Po~ 
whence  the  geodesic  curvature  is  expressed  in  terms  of  the 
curvatures  of  the  curve  and  the  geodesic. 

Again,  if  the  angle  CTG  is  denoted  b}^  to,  u>  is  ultimately 
the  angle  between  the  planes  OCT  and  OGT.  which  become 
respectively  the  osculating  planes  of  the  curve  and  the 
geodesic,  or  the  osculating  plane  of  the  curve  and  the  normal 
section  of  the  surface  through  the  tangent  to  the  curve. 
From  the  right-angled  triangle  CGT, 

S\fs0  =  S\fs  cos  (o,     (>e  =  ov^sin  w ; 
whence      (i )  p  =  p0  cos  w,     (ii)  pg  =  p  cosec  w  =  p0  cot  to. 
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We  have  thus  (i)  another  proof  of  Meunier's  theorem 
and  (ii)  the  relation  between  the  geodesic  and  ordinary- 
curvatures  of  the  curve. 

Cor.  If  a  curve  of  curvature  p'1  is  projected  on  a  plane 
through  the  tangent  which  makes  an  angle  a  with  the 
osculating  plane,  the  radius  of  curvature  of  the  projection 
is  p  sec  ol,  (§204,  Ex.  10).  Hence  the  geodesic  curvature 
of  a  curve  on  a  surface  is  the  curvature  of  its  projection 
on  the  tangent  plane  to  the  surface. 

Ex.  1.  Shew  that  the  geodesic  curvatures  of  the  lines  of  curvature 
through  the  origin  on  the  surface 

r2     v2      1 
22=' — \-*-  +  -(ax3  +  3bx2y  +  3cxy2  +  dy3)  +  ... 
Pi     Pi     6 

are  '        bP^2  ,   -«L. 

P1~P2      P1~P2. 

Use  Ex.  16,  §  232. 

Ex.  2.  Prove  that  at  the  origin  the  geodesic  curvature  of  the 
section  of  the  surface  ax2  +  by2  =  2z  by  the  plane  lx+mg  +  nz  =  0  is 

n(bl2  +  am2) 

(I2  +  m2)5 

Ex.  3.  A  curve  is  drawn  on  a  right  cone,  semivertical  angle  ex., 
so  as  to  cut  all  the  generators  at  the  same  angle  p\  Prove  that  at 
a  distance  R  from  the  vertex,  the  curvature  of  the  geodesic  which 

touches  the  curve  is    ^m  P     an(j  that  the  geodesic  curvature  of  the 
•     n  R  tan  a. 

■    sinn 
curve  is  — -£-. 
K 

Ex.  4.  By  means  of  the  results  of  Ex.  3  and  the  result  of  Ex.  7, 
§  204,  verify  the  equation  p~2  =  pg~2 + p0~2  for  the  curve  on  the  cone. 

Ex.  5.  If  u  and  v  are  the  curvilinear  coordinates  of  a  point  on  a 
surface  and  the  parametric  curves  cut  at  right  angles,  shew  that  the 
geodesic  curvatures  of  the  parametric  curves  are 

1     'dslG  1      ?>sJE 

slGE   du  '       sJOE    dv  ' 

Consider  the  curve  U=u.  Let  w  be  the  angle  between  the  osculat- 
ing plane  and  the  normal  section  through  the  tangent.     Then  the 

geodesic   curvature   is  given   by  — = .     Let  L,   m9,   n0  be  the 

pg        p  -'      2'      2 

direction-cosines  of  the  principal  normal  to  the  curve,  then  since  w  is 
the  complement  of  the  angle  between  the  principal  normal  to  the 
curve  TJ—u  and  the  tangent  to  the  curve  V=v, 

cin  to  -  l^u + m°J/v: + n2Zu 

*je 
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Now 


P      *J(J    Ov\*jG's 


J<;     A  J  a/ 


Pa     *J72Q      I ''       '     nV//!' 

But,  since  the  parametric  curves  are  at  right  angli    .  _  0,  ind 

therefore 

ZX„Xm  —       ^X„XUU  —  --         {^£v  )-  _     . 


Therefore 


2  3wv~  "  /_ 
J.=_-1_S^=  -1  av# 
Pi/  2CrV/£  3w  sjGE  du  ' 
1       -1    dJE 


Similarly  for  the  curve  V=v, 

P:,    s.'GE     dv 

(This  solution  is  taken  from  Biauchi's  Geometric/,  Differentiate.) 

Ex.  6.  If  the  parametric  curves  are  at  right  angles  and  G  is  a 
function  of  v  alone  and  E  a  function  of  u  alone,  the  parametric  curves 

are  geodesies. 

Ex.  7.  By  means  of  the  expressions  given  in  £241,  Ex.  9,  shew 
that  the  squares  of  the  geodesic  curvatures  of  the  curves  of  inter- 
section of  the  ellipsoid  '— +'4  +  --  =  1  and  its  onfocala  whose  para- 
meters are  A  and  /z,  are 

ajbjCi  «2^2C2 

Shew  how  this  result  may  be  deduced  from  that  of  Ex.  18,  £  232. 

253.  Geodesic  torsion.     If  ot,  (fig.  70),  is  the  tangent  at 

O  to  a  curve  drawn  on  a  surface,  and  the  osculating  plane 

of  the  curve  makes  an  angle  w  with  the  normal   section 

through  OT,  then  to  is  the  angle  between    the   principal 

normal  to  the  curve  and  the  normal  to  the  surface,  and 

therefore  _w  -qm,+  n .. 

cos  (0  =     J.  -     *   ^=— - (II 

The  binomial  makes  an  angle  90°  +  ^  with  the  normal  to 
the  surface.  Let  us  take  as  the  positive  direction  of  the 
binomial  that  which  makes  an  angle  90°  —  w  with  the  normal 
to  the  surface,  and  then  choose  the  positive  direction  of  the 
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tangent  to  the  curve,  so  that  the  tangent,  principal  normal 
and  binormal  can  be  brought  into  coincidence  with  OX, 
OY,  OZ  respectively.     Then 

—  pL  —  qmo  +  7io 
sin  co  -     Li         „  —  -     . 
Jl+pi  +  qz 


Fig.  70. 


Differentiate  with  respect  to  st  the  arc  of  the  curve,  and 
we  have,  by  (1), 

dco     cos  to     thirty  +  smx)  +  mz{slx  +  tmx) 


cos  to 


ds 


s/l-\-p'2  +  q2 

d  -* 


•(2) 


Now  take  O  as  the  origin,  and  let  the  equation  to  the 
surface  be 


2: 


:-  +  £+.... 

Pi        P-2 


Then  at  the  origin  (2)  becomes 

doe     cos  to     l.X     rti^ni, 

cosco-7-  = — a. — t 

as        cr        px        p.2 

Let  OT  make  an  angle  6  with  OX. 

Then  lx  =  cos  0,  mx  =  sin  6,  nx  =  0 ;  and  since  n2  —  cos  to, 

l3  =  m^o  =  sin  6  cos  w, 

ms  —  —  l{n2  =  —  cos  6  cos  w. 


•(3) 
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Therefore  (.'3)  becomes 

1      <l(,y        .     Q         J\        1  \  . 
=  sin  0  cos  6[ ) » 

a      ds  ^pl       (>,/ 

and  hence,  by  §251j  the  value  of     —  ,'   is  the  torsion  oi 

the  geodesic  that  touches  the  curve  at  o.    It  is  called  the 

geodesic  torsion  of  the  curve,  and  is  evidently  the  -;nn>-  for 
all  curves  which  touch  OT  at  O. 

Cor.  1.     If  a  curve  touches  a  line  of  curvature  at  O  its 
geodesic  torsion  at  O  is  zero. 

Cor.  2.  The  torsion  of  a  curve  drawn  on  a  developable  is 
sin  6  cos  6  dw 
p  +ds' 
where  6  is  the  angle  at  which  the  curve  crosses  the 
generator,  p  is  the  principal  radius,  and  a  is  the  angle 
that  the  osculating  plane  makes  with  the  normal  section 
of  the  surface  through  the  tangent. 

Ex.  1.  The  geodesic  torsion  of  a  curve  drawn  on  a  surface  at  a 
point  O  is  equal  to  the  torsion  of  any  curve  which  touches  it  at  O  and 
whose  osculating  plane  at  O  makes  a  constant  angle  with  the  tangent 
plane  at  O  to  the  surface. 

Ex.  2.  The  geodesic  torsion  of  a  curve  drawn  on  a  cone,  semi- 
vertical  angle  a.,  so  as  to  cut  all  the  generators  at  an  angle  /3,  is 

s—fJ- — ,  where  R  is  the  distance  of  the  point  from  the  vertex. 

it  tan  a. 

Ex-  3.  A  catenaiy,  constant  c,  is  wrapped  round  a  circular  cylinder, 
radius  a,  so  that  its  axis  is  along  a  generator.  Shew  that  its  torsion 
at  any  point  is  equal  to  its  geodesic  torsion,  and  deduce  that 

1  _c\U2  -c'1 
cr  az* 

where  z  is  the  distance  of  the  point  from  the  directrix  of  the  catenary. 

Examples  XIV. 

1.  A  geodesic  is  drawn  on  the    urface 

touching  the  ,r-axis.     Prove  that  at  the  origin  its  torsion  is  h. 

2.  For  the  conoid  g==fvUY  prove  that  the  asymptotic  lines  consist 
of  the  generators  and  the  curves  whose  projections  on  the  xy-plane 
are  given  by  stP=cfyl\  where  c  is  an  arbitrary  constant. 
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3.  Prove  that  any  curve  is  a  geodesic  on  its  rectifying  developable 
or  on  the  locus  of  its  binomials,  and  an  asymptotic  line  on  the  locus 
of  its  principal  normals. 

4.  A  geodesic  is  drawn  on  a  right  cone,  semivertical  angle  a.. 
Prove  that  at  a  distance  R  from  the  vertex  its  curvature  and  torsion 

p2         p>jR2  —  p2 
R3  tan  cl       if3  tana, 
where  p  is  the  perpendicular  from  the  vertex  to  the  tangent. 

5.  Prove  that  the  p-r  equation  of  the  projection  on  the  .ry-plane  of 
a  geodesic  on  the  surface  x2+y2  =  2az  is 

k2(a2+r2) 


p~  =  - 


k2  +  d 


where  k  is»an  arbitrary  constant. 

6.    Prove  that  the  projections  on  the  .ry-plane  of  the  geodesies  on 

the  eaten oid  M=ccosh-  are  given  by 
c 

7/1  kdu 

do 


*J(u2-c2)(u2-k2) 
where  k  is  an  arbitrary  constant. 

7.  Geodesies  are  drawn  on  a  catenoid  so  as  to  cross  the  meridians 
at  an  angle  whose  sine  is  -,  where  u  is  the  distance  of  the  point  of 

crossing  from  the  axis.     Prove  that  the  polar  equation  to  their  pro- 
jections on  the  .ry-plane  is 

u-c_r2(e+a) 

u  +  c 

where  a.  is  an  arbitrary  constant. 

8.  A  geodesic  on  the  ellipsoid  of  revolution 

a2        c2 
crosses  a  meridian  at  an  angle  6  at  a  distance  u  from  the  axis.     Prove 
that  at  the  point  of  crossing  it  makes  an  angle 

,         cu  cos  9 
cos       / 

w-tt'2(a2_c") 
with  the  axis. 

9.  Prove  that  the  equation  to  the  projections  on  the  ^y-plane  of 
the  geodesies  on  the  surface  of  revolution 

,£=mcos#,    y  =  usm9,    z  =  f(u) 


V*S) 


du, 


i\lu2  —  a2 
where  a  and  a.  are  arbitrary  constants. 

10.    If  a  geodesic  on  a  surface  of  revolution  cuts  the  meridians  at  a 
constant  angle,  the  surface  must  be  a  right  cylinder. 
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11.  If  the  principal  normals  <>f  ;i  curve  intei  i  I  line,  the 
curve  is  ;i  geodesic  on  a  Burface  of  revolution,  and  tl  ne  u 

the  axis  of  the  Burface. 

12.  A  curve  for  which  ''  lb  constant   is  a  geodesic  "ii  .1  cylinder, 

and  a  curve  for  which  -  ('' )  is  constant  is  a  geodesic  on  a  cone. 

as  \<r/ 

13.  The  curvature  of  each  of  the  branchea  of  the  curve  "i  inter- 
section of  a  surface  and  its  tangent  plane  is  two-thirds  the  curvature 
of  the  asymptotic  line  which  touches  1  be  branch. 

14.  S,,  So,  S:!  are  the  surfaces  of  a  triply  orthogonal  system  that 
pass  through  a  point.  O.  Prove  that  the  geodesic  curvatures  at  O  of 
the  curve  of  intersection  of  the  surfaces  S,  and  S  .  regarded  fii 
curve  on  bhe  surface  So  and  then  as  a  curve  on  the  surface  S 
respectively  the  principal  curvature  of  S;  in  its  section  by  the  tangent 
plane  to  S-  and  the  principal  curvature  of  S.,  in  its  section  by  the 
tangent  plane  to  S3. 

verify  this  proposition  for  confocal  conicoids. 

15.  Prove  that  the  angles  that  the  osculating  planes  of  the  lines  of 

curvature  through  a  point  of  the  ellipsoid  '  ,  +  ',-,  +  ::r,=  l  make  with 
the  corresponding  principal  sections  are 

tan-i  A  Jn(a*  ~  W1  -  A)(c2  -  A)  ta  „  - .    (L.  J^g(?3 
*bc  V  (A -/a)3  abc  V  („  -A):; 

where  A  and  \x  are  the  parameters  of  the  confocals  through  the  point. 
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